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1 Introduction

In our review of 5610 material, we have discussed polynomial interpolation and
its application to generating FD and quadrature formulae. Today, we will apply
these FD and quadrature formulae (in fairly simple form) to the problem of
time integration. More formally, consider an initial value problem of the form

i?; = f(ta y)7 (1)
y(to) = yo- (2)

Let the variable ¢ here represent time. The goal is to solve this ODE using only
samples of the function f. Our first step will be to divide up the time domain
[to,T] into a grid. We will never really form and store this 1D grid, but it is
a conceptually useful tool. Let a typical discrete time level on this grid be ¢,
where t,, = to + nAt, where n is the (integer) number of steps taken from the
initial time ty, and At is the spacing between discrete time levels on this grid;
At is called the “timestep”, and it is common to use the symbol k to represent
this.

Now, consider solving the ODE over the interval [t,,, t,+1], where ¢,+1 = t,+At.
To do so, we merely need to integrate both sides of the ODE; this yields

/dydt /fty 3)

We can apply the Fundamental Theorem of Calculus to evaluate the integral on
the left hand side. This yields

tnt1

U(tsr) — yl(tn) = / f(t, )t (4)



Henceforth, we will use superscripts to indicate time levels. This is fairly com-
mon. Thus, we have y" = y(¢,). In this notation, the above equation becomes

tn+1

Yy =" + / f(t,y)dt. (5)

tn

Note that this is still exact; no approximations have been made thus far. Now,
consider the situation where the solution is known at the current time ¢,, and
must be computed at ¢,41. The above equation seems tailor-made for this
situation. If f was exactly known, we could easily find y"*!; indeed, we could
find y for all time using the techniques from an ODE class! The problem, of
course, is that we may only have limited samples of f. The question then
becomes: “how do we find an integral of f(¢,y) if only samples of f are given?”.
By now, you should know the answer: quadrature. Specifically, you would fit
a polynomial interpolant to those samples of f, and then simply integrate the
Lagrange basis!

In this chapter, we will discuss several schemes for approximating the time in-
tegral based on polynomial interpolation. As always, the schemes will vary in
accuracy and computational cost based on how much information is available to
us. For example, we could have samples of f at t,, alone; alternatively, we could
have samples of f at multiple time levels t,, through ¢,,_,, where 0 < s < n is
some integer. In other words, we could have f values at multiple time-steps; the
resulting numerical time-integration schemes are called Linear Multistep Meth-
ods (LMM). We will also discuss an important class of methods that involves
using FD formulae rather than quadrature to solve these ODEs; these schemes
also fall under the LMM framework, despite their differing philosophy.

2 Two One-Step Methods

Before discussing multistep methods, we will go over 3 one-step methods that
also use the polynomial interpolation-integration idea. At least one of them
should be familiar to you.

2.1 Forward Euler

For some reason, most introductory textbooks and classes refer to this as “Eu-
ler’s method”. More properly, it is referred to as “Forward Euler”. The key idea
is to assume that f stays constant over the interval [t,,t,+1]. In other words,
we assume the “polynomial” that we fit has NV = 0. In this case, we get

YU =yt ALf(ta, y") + O(AL). (6)



One step of Forward Euler incurs a second-order error; this error for one step of
a method is called the local truncation error (LTE). However, over many steps,
the LTE accumulates, reducing the accuracy to first-order i.e., at some fixed
time ¢, Forward Euler will have a global truncation error of O(At).

2.2 Backward Euler

We can still assume that f stays constant over the interval [t,,t,1], but that
the value of f at the end of the interval is what matters. This gives us Backward
Euler. In this case, we get

YU =y Atf (g1, v ) + O(AP). (7)
To find y™ T, we re-arrange the above equation, yielding

Y = Atf (a1, y" ) =y + O(AF). (8)
If f is a linear function of y, then computing y™*' requires solving a linear
equation. For a system of ODEs where we now have a wvector of unknown
functions y, we will end up solving a system of equations using the techniques
you learned in 5610. It is also possible to have a nonlinear system of ODEs.
In this scenario, we will need a nonlinear solver, like Newton’s method or the
Secant method. Again, like Forward Euler, the LTE is O(At?), and the global
truncation error will be O(At).

Why do all this if Forward Euler and Backward Euler have the same errors?
Well, the issue is stability. While both Forward and Backward Euler using a
single value of f to approximate the integral in (5), using the value of f at the
end of the interval results in greater stability for the same value of At. We will
discuss this in greater detail in part I of this discussion on multistep methods.

In general, a time integration method that uses unknown function values f(t,41,y" 1)

is known as an implicit method. An explicit method uses only known values of
f: as a consequence, it is not necessary to solve for y"*1. Computing y"*! in
an explicit method will only require an update of the y™ values.

We will now discuss several multistep methods that integrate higher-order poly-
nomials to obtain smaller LTEs and global errors. The explicit multistep meth-
ods based on this philosophy are called Adams-Bashforth methods, and the
implicit ones are known as Adams-Moulton methods.

We can also generalize (5) to apply to a system of ODEs, and talk about solving
for that system instead. Thus, we have

tn41

Yyl =y"+ / F(t,y)dt, (9)
tn



where y = [y1, Y2, ¥3,-- -,y T is a vector of unknown functions y; . .. yas. Thus,

(9) is really a set of M equations, written explicitly as

—— -
f fl(tayl)dt
tn
y?:i y? trnt1
Yy Yy | fa(t,y2)dt
. =|.|+]| ta (10)
1
y’r]\i[ yxf trnt1
' Fau(t yar)dt
Lty J

We will use the vector notation y to refer to these vectors of unknowns.

3 Adams-Bashforth (AB) Methods

The Adams-Bashforth methods are explicit multistep methods. This means that
they use information from the current and previous time-steps to compute the
solution at t,, 1. These are typically abbreviated by ABs, where s is the order of
the method. For example, AB2 is the second-order Adams-Bashforth method.
Let us derive AB2 now.

3.1 Second-order Adams-Bashforth (AB2)

The idea is to obtain a method that has an LTE of k + 1; in other words, to
obtain AB2, we’ll look for an LTE of O(6t3). Recall that our stated strategy
is to interpolate f with a Lagrange interpolating polynomial (in time). Now,
linear interpolants in time have an error of O(At?); when we integrate the linear
interpolant, we will get an error of O(At?). Thus, our desired interpolant is a
linear interpolant. For a single ODE, we may write this as

p(t) = fltn-1,9" " (t) + f(tn, y™) (), (11)

i b=t wo b —tn
= f(tn1,y" ) + [t y") —— (12)

tn—l - tn tn - tn—l .

We know that t, — t,_1 = At, since this is simply the gap between two time
levels. Using this, we may simplify the above to give

plt) = P by i "), (13




Substituting this in place of the integral from (5), we get

tnit
y" =y 4 / f(t,y)dt, (14)
tn
tnt1
=y + /p(t)dt+O(At3), (15)
tn
tnit1
. on tn — 1 n—1 t—1n n 3
v [ e + ) e+ o),
tn
(16)
. n n—1 _1 (tn_t)z n (t_tnfl)Z b 3
=y" + [f(tnhy )< 5) —ag Tty )72& . + O(At),
(17)
n+1 n 3 n 1 n—1 3
= Yy =y + At if(tnvy )*if(tn_l,y )| +O(At°). (18)

Thus, if we want 3”11, we update y™ using the values of f at time ¢, and ¢,,_1.
By using polynomial interpolation to generate this formula, we automatically
get the LTE; in this case, as desired, it is O(A#?). This means that when the
LTE accumulates over time, the global error will asymptotically tend to O(At?).
This method is called the AB2 method, or “Adams-Bashforth method of Order
2”7, AB2 is a two-step method.

Note 1: For a system of ODEs, we have

3 1 B
YU =y AL S F(ty") = S F (b ") | + O(AE), (19)

Note 2: At this point, you should be at least a little worried about AB2. If it
is a two-step method, we always require two time levels. But, what if we are at
to and wish to advance our system to ¢17 We do not have a t_; available to us,
in general. The practical solution to this is to use one-step of either forward or
backward Euler; recall that for a single step of either Euler method, the error is
exactly O(At?), which is the global error of AB2. By using a method with the
same order of error, we avoid “polluting” the solution of our multistep method.

Note 3: There is something interesting going on here. Let us analyze the
quantity g = 2f(tn,y") — 3 f(tn—1,y" ") a little more carefully. What does
this term signify? To figure out what is going on, we will Taylor expand the
f(tn_1,y™ 1) term in time. Using the shorthand notation f(t,,y") = f(t.), we
have
! At2 11 At?’ 11
Fltn = At) = f(tn) = ALf () + 5= f7(tn) = = 7 () + - (20)



What is the quantity g then? Using the above Taylor expansion, we get

9= 2 f(ta) — 5 70 — A1) (21)
= 350 3 [t = dtg () + S0 - S e+ .
(22)
= e+ ) - A+ 23
— g=f (tn + A;) +0(A1?), (24)
— g:f(tn_,'_%) +O(A#). (25)

This is saying that g is simply a second-order approximation to f (tn +%); more

specifically, it is a second-order extrapolation of f (tn 41 ) from f at t,, and ¢,,_1.
This philosophy gives us an alternative way of generating the Adams-Bashforth
methods: seek successively higher-order extrapolations from past time levels to
approximate the function f at ¢, 1 You will not find this rather useful fact in
any textbook!

3.2 Higher-order Adams-Bashforth Methods

To generate higher-order AB methods, we simply use more steps and higher-
order polynomials. For instance, to generate AB3, we would fit a quadratic
polynomial to f at t,,t,—1 and t,,_o, integrate that polynomial over [t,,t,—1],
and add the result to y,. In general, to obtain an order s AB method, we fit and
integrate a polynomial of degree s — 1 to s points in time (not including ¢,,41).
We can use this fact to come up with a very general formula for AB methods.

Let the Lagrange interpolating polynomial be

s—1

p(t) = Z f(tnfkn ynfk)gk(t)’ (26)

k=0



From our approximation of (5), we have

tott
"ty & / p(t)dt, (27)
tn
tn+1571
= Z f(tn—k, Yn—r )l (t)dt, (28)
tn k=0
s—1 tnt1
= Zf(tn—kvyn—k) / Ly (t)dt. (29)
k=0 4

Thus the s-order AB scheme can be concisely written as

s—1

y”+1 = yn + At Z bkf(tn—ka yn—k)v (30)
k=0

where

b, = — / fk(t)dt. (31)

An AB method has to be at least order 1 to be consistent, much like the FD
formulae we saw earlier. In your assignment, you will be asked to use the
polynomial approach to generate higher-order AB methods.

4 Adams-Moulton (AM) Methods

AM methods are implicit methods; in other words, they use information at
tny1 to compute y" 1. Let us derive AM2, the second-order Adams-Moulton
method.

Again, like the AB method, we will use the Lagrange interpolating polynomial
of degree 1, aka a linear interpolant. However, instead of fitting the interpolant
to f at t,, and t,,_1, we will fit to f at t,, and ¢,,41. Proceeding as for the AB2
case, we have

p(t) = f(tn+1a yn+1)£0(t) + f(tnv yn)£1 (t)a (32)

t—ty ny P tn
= [ltnr1, ") + [t ") —— (33)

tn+]_ — tn tn - tn+1 '
We know that ¢, 11 — t, = At. We simplify the above to give

tpr —t ., t—t, .
p(t) = %f(tn+17y 1y + th(tnvy )- (34)



Substituting this in place of the integral from (5), integrating and simplifying,
we get

1 1
yn+1 =y + At if(tn-&-layn+1) + §f(tn,y") + O(At3), (35)

Notice that the order 2 AM method only requires the use of one previous step
for the same O(At3) LTE; again, the global error is O(At?). In general the s
order AM method requires s —1 steps, despite using the same polynomial degree
as an s order AB method. This is the benefit of going implicit. Of course, we
now have a linear system to solve if we want to compute y"*?!.

Based on the general form of an AB method, we can now also write the general
form of an AM method. We only need to adjust the indices so they go up to
tn+1 on the interpolating polynomial.

s—1
Yyt =y 4+ At Z b f (tn1—k, y" TR, (36)
k=0
i
by, = Kt / Ek(t)dt (37)

tn

5 AB-AM Predictor-Corrector Methods

Though AB methods are commonly used, people rarely use AM methods by
themselves. Instead, AM methods are used in conjunction with AB methods in
a so-called predictor-corrector pair.

The idea is simple: take an AB method and an AM method of the same order.
Use the AB method to predict y™*!, and call the predicted value §"*'; now,
use §" ! within the AM method. This way, the AM method is no longer fully
implicit, and no solve is required, yet, one hopes, we have a better approximation
to y™*! than if we had used AB alone. To demonstrate, consider the AB2-AM2
predictor-corrector pair.

1. First predict y"*! with AB2. This gives us
~n+1 n 3 n 1 n—1 3
g =yt AL S f(te,y") = 5 f(ta1,y" ) |+ O(AE). (38)
2. Next, correct with AM2. This gives
n+1 n 1 ~n+1 1 n 3
YU =yt AL S f (e, §7) 5 (B, y") | + O(AL). (39)

An AB-AM predictor-corrector pair can also be used to dynamically alter the
time-step size At. Basically, we check if a|y™*! — §"*1| < ¢, where € is some



tolerance, and « is some real-valued constant. If we are less than the tolerance,
we increase At or do nothing; if we are greater than the tolerance, we decrease
At. This allows us to use large time-steps when possible, and small time-steps
when necessary.

6 Backward Differentiation Formula (BDF) Meth-
ods

The BDF methods follow a different philosophy from the Adams methods. For
this, we return to the differential form of the IVP

dy
W o fem), (40)
y(to) = vo. (41)

Now, we approximate %’ directly over the interval [t,, 41—, tn41], where s is the
order of the BDF method. We evaluate f only at t,, 1. For illustration, consider
BDF2, the second-order Backward Differentiation Formula.

Since we have s = 2, we must approximate the time derivative over the interval
[tn—1,tn+1]- To do so, we fit the Lagrange interpolating polynomial to these
points and differentiate it. The polynomial is

p(t) = C—tn)t —tnt1)  pq | (E=ta)(E—tnyr) o E—tn)(t=tn) g1
(tn—l - tn)(tn—l - tn-i—l) (tn - tn—l)(tn - tn-‘rl) (tn+1 _(tn—)l)(tn-i-l - tn) .
42

We know that tn,1 —tn = —At, tn,1 —tn+1 = —2At, tn—tn,1 = At, tn—tn+1 =
—At, tpy1 — th—1 = 2At and t, 41 — t, = At. We can plug this in to simplify
the above expression. This yields

p(t) = (t—t)(t —tnt1) no1  E—ta-))t—tnt1) o E—ta1)(E—tn) np1

2AL2 4 At2 Y 2AL2
(43)
Differentiating this expression with respect to t gives
d U — by —bpgr g 2t —tpq — o1 o —tyq —tn
. t S L vl n n n+1.
P oz Y —aez Y 2AL2
(44)

We now need to evaluate 4 p(t) at t = t,41. This gives

d 2tn—i—l - tn —1 tn—&-l - tn—l tn+1 - tn—l - tn +1
—(t — n n n
at’ ®) tetnin oarr Y T T AR * 2A¢2 oo
(45)
1 .., 2 3
_ n-1_ <2 n —_yn L 46
aat? T A Taa (46)



Setting this equal to f(t,11,y" "), we get

1 3
§y"—1 - 2y" + §y"+1 = Atf(thrlv yn+1> + O(At3>7 (47)
n 4 n 1 n— 2 n

) +l = gy — gy ! + gAtf@n-l-lvy +1) + O(At3) (48)

That last error term (the LTE) is a bit surprising. Didn’t we differentiate a
quadratic polynomial which has error O(At3)? Yes, we did. Consequently,
shouldn’t the LTE be O(At?) for BDF2? No! In fact, you can show by Taylor
expanding the y" ™1 and y™~! terms that we get a fortuitous O(At®) LTE. Thus,
the global error here is O(At?). Note that despite being another implicit time-
integration scheme, the BDF method looks very different from the AM method;
rather than f appearing at multiple time levels, we have multiple y values. This
is because of the differing philosophies between these two methods.

We can write down a fairly general formula for higher-order BDF methods as
well. Keeping in mind that the interval of interest is [t,—st1,tnt1], we have

% Z lrn1— k(D) Ynt1-k = f(tns1,y™ ™), (49)
k=0 t=tn41
- Z An41—kYn+1—k = f(tn+1a yn+1)a (50)
k=0
d
Unt1-k = %én—ﬁ—l—k(tn—&-l)- (51)

Note: Backward Euler is both BDF1 and AM1. As such, it can be used to
start both BDF2 and AM2.

7 A Unified Formula for Multistep Methods

We can now generate a very general formula for all multistep methods for sys-
tems of ODEs. Before doing so, we summarize:

1. An order s AB method combines f values in [t,11—s,t,] to update y™;

2. An order s AM method combines f values in [tp41—s,tn+1] to solve for
Yt

3. An order s BDF method combines y values in [t 41—, tnt1], evaluates f
at t,41 alone, and solves for y"*1.

Clearly, the AM and BDF philosophies are compatible! Why not combine mul-
tiple y values and multiple f values to solve for y™*1? This is indeed possible.
Thus, our general formula will encompass all the methods in this document, but

10



will account for possibly new multistep methods as well. Here it is:

Z OkYpp1-k = Z Brfnsi-k (52)
k=0 k=0

We can see how to recover AB, AM and BDF methods from this formula:

1. For AB methods, a =0,k > 1 and 5y = 0.
2. For AM methods, a =0,k > 1, but 8y # 0.
3. For BDF methods, 8y =0,k > 0.

8 Looking ahead

We derived several multistep methods using integrals and derivatives of poly-
nomial interpolants, and presented a general formula that covered all the cases
discussed in this document. Using the polynomial framework, we were also able
to derive estimates for local truncation errors (LTEs) for all these methods. We
remarked on global truncation errors for every method.

However, we never discussed the stability of these methods, beyond pointing
out that implicit methods may be more stable than explicit ones. In the next
chapter, we will revisit these different methods and discuss their stability on
some archetypal ODE problems; this will provide guidelines for choosing implicit
methods. Then, in the chapter after that, we will go over combinations of implict
and explicit methods— the so-called IMEX methods.
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