L10: Spectral Clustering

September 22, 2025



Clusterings

Input: Data set X = {xy,...,x,} and metric/distance
d: X x X — R>p.

» Hierarchical Clustering: Bottom-up - Merge the two closest
clusters - (Extended: Density Based)

» Assignment-based Clustering: Find centers

C ={c1,...,ck} and update — Voronoi Diagrams A

» Spectral Clustering;:

1. Top-Down
2. Input: Graphs (Similarities)



Vertex/Edge Set-style: G = (V/, E) where seQ
V ={a,b,c,d,e, f,g} and — -

E = {{a.b}{a,c}{a.d}, {b.d} {c.d} {c.eh. e F}. {e. g {F. g} {F. 0} ).



Matrix-Style: As a matrix with 1 if there is an edge, and 0 otherwise.
(For a directed graph, it may not be symmetric).
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Vertex/Edge Set-style: G = (V, E) where
V ={a,b,c,d, e, f,g} and

E = {{a.b}{a.c}. {a.d}, {b,d}. {c.d}. {c.e}. {e. F}. {e. g} {F. g}, {F, M} }.

Matrix-Style: As a matrix with 1 if there is an edge, and 0 otherwise. 2
(For a directed graphJit may not be symmetric). n
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Clustering on Graphs
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Laplacian Matrix

degree

adjacency

% 42

OO OO OO OoO -

[eoNeNoNeloNo N N e)

OO OO OoOmMmOoOo

OO OO mMmOOoOOo

QOO MmO O oo

OO MO OO oo

O NOOOOOOo

MNoO OO OoOOoO oo

£ I

Q

OO OO O-w OO0

OO OO -+H+H OO

OO OO —-HO =

OO OO O

- -0 OOOO

OO OOO

OO OO0OOOo

Or--Hr-OOOO




Laplacian Matrix

degree

adjacency
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Unnormalized Laplacian Matrix

A| 0O 0278 111 231 346 4 4.82

V|1/V8 0.08 010 0.28 025 1/V2 | a
1//8 0.18 0.64 —.38 0.25 0 b
1//8 —.11 061 0.03 -.25 0 c
1//8 0.08 0.10 028 025 —-1/v2|d
1//8 ~37 021 —54 -—.25 0 e
1//8 —.08 —.10 —.28 0.75 0 f
1/v/8 ~51 —-36 —.56 0.56 0 g
1/V/8 0.73 008 0.1 0.11 o |h
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Unnormalized Laplacian Matrix

V3l

A 0278 1.11

V| -3 008 | a
—.42 018 | b
—20 —-.11 ] c
—-.36 0.08 | d
017 —-.37 | e
036 —.08 | f
031 —-5b1|g
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Laplacian Matrix
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Laplacian Matrix

~\ 1
| | , 2 1
normalized Laplacian — 2. >
2 A L= S .
L=1-D"Y2AD-12= [) ( D- > D =
/‘h
Lo
/ 1 —0.408 —-0.333 —-0.333 0 0 0 0
—0.408 1 0 —0.408 0 0 0 0
—0.333 0 1 —0.333 —-0.333 0 0 0
—0.333 —-0.408 —0.333 1 0 0 0 0
0 0 —0.333 O 1 —0.333 —-0.408 0
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Laplacian Matrix

eigenvectors of L



Laplacian Matrix

eigenvectors of L

A 0 0.125 0.724 1.00 133 142 166 1.73
%4 —.09 000 071 026 -—-.32 0.16
—-.2r 050 000 -—-51 038 -—.18
036 —-.61 000 003 047 -.29
—-.09 000 -—-.71 026 -—-.32 0.16
048 000 000 -—-.57 031 0.33
-.29 000 000 005 —-31 -—-.65
0.27r 050 000 051 0.38 -—.18
—-61 -35 000 -—-.07r 0.27 0.b1



Laplacian Matrix
>

0.125 0.724

038 —.00 | a
036 —.27 | b
0.18 0.36 | c
038 —.09 | d
~28 048 | e
— 48 —29 | f
~36 027 | g
~32 —61|h




Affinity Matrix

» Adjacency matrix A is a 0 — 1-matrix determining hard
similarities.

» For a Similarity: s : X x X — [0, 1], define

A= (a,-j)nxn djj — S(X,',Xj) c [0, 1].

» Define

D = diag(dl, e sy dn) where di — Z aij

and Laplacian Matrix

[o=D—-A



Spectral Clustering and the Fiedler Vector

Q %W - s WV
Set-up Yol Ny Red=> {(NCSD ok %

Build a weighted graph on your data with adjacency matrix A and degree matrix D (D;; =
>_; Aij). The (combinatorial) Laplacian is

Lo=D — A.
The (symmetric, normalized) Laplacian is
L = I-D'Y?AD™Y? = D7'2L,D7'/2,
The clustering quality measure is the normalized cut (NCut) of a bipartition S, S:

= cut(S,9) cut (S, S)
NCut(5,5) = vol(S) * vol(S)

Here, cut(S,S) counts edge weights crossing the split, and vol(.S) is the sum of degrees
in S.
Step 1: Quadratic form for cuts
For any vector x € R",

[L’TL()ZB = %ZAZ‘J'({L'Z‘—J?]')Q.
2%

If  is piecewise constant on a cut—say z; = a for i € S and x; = b for i € S—then only
crossing edges contribute, and

" Loz = (a—b)?cut(S,S).

Also,
' Dx = a*vol(S) + b*vol(9).



Step 2: Encode NCut as a Rayleigh quotient

Choose constants IYZ 1S W
! p———L A R
vol(S)’ vol(.S) /n

a =

Then
2" D1 = avol(S) + bvol(S) =0,

so x is “balanced”, and M)(ﬂ R ( >< )

—
2 G |
T _ (il * ) S oo X Dl=e
z! D voll(S) + voll(g) 7 X & T&n
Thus minimizing NCut is equivalent to minimizing the Rayleigh quotient
" Lox

R(z) = over vectors z taking two values and satisfying «' D1 = 0.

x ' Dx
Avo /
Step 3: Relax the discrete coﬁstraint % \< N(m’t $ (4 />\ 2.

The two-valued constraint makes the problem combinatorial. Relax it: allow any real x # 0
with 7 D1 = 0. By the Rayleigh-Ritz theorem, the minimizer of R(z) is the eigenvector of
the generalized problem

Lox = ADx

corresponding to the second-smallest eigenvalue Ay (the smallest, A; = 0, has eigenvector 1).
Equivalently, with y = D'z, the problem becomes

Ly = My,

so the minimizing vector is the second eigenvector yo,—the Fiedler vector.

Step 4: From relaxed solution to a cut

Sort the coordinates of the Fiedler vector and try all threshold splits (“sweep cut”); select
the split with smallest NCut. This operationalizes the statement: wuse vy to best cut the
graph.

Summary

1. Encode a cut with a vector constant on each side.
2. NCut becomes a Rayleigh quotient under a balancing constraint.
3. Relax the discrete problem = generalized eigenproblem Lox = ADzx.

4. Use the second eigenvector (Fiedler vector), and threshold it to recover a cut.



