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53 1 COMMON DEFINITIONS

54

55 1.1 Surface Definitions

56 Surface Language

57

s e =x|n|i|Ax.e|A(x:7).e| (e, e) | app{r?} e e | unop{r?} e | binop{r?}ee|dynbe |statbe
59 T = Nat|Int| Xt | =7
00 7?2 =7|U

6} b = ((ar<?¥)

Z ¢ = countable set of names
64 unop = fst | snd

05 binop = sum | quotient

o I =-|(x:2),T

67

o L = | (x:0),L

69 n =N

70 i - Z

" b =-|bb

72
73
74
75
76

77

78

ZZ eo:to wf iff 3€y.0p I egand F ey : 19
81 eo: U wf iff 3€y.6gIFepand Fey: U
82
83
84
85
86
87

38 L; ¢ I+ e | well-named components

89

90 Lo;fo I €o

o (x0:€0) € Lo (x0:€0), Los €o I eo (x0:€0), Lo; €o IF eg Lo; €o IF €1

92 - - - - - -
93 Lo; €0 IF xo Lo; o IF i Lo; €y IF Axg. eg Lo; €0 IF A(xo:70)- €0 Lo; 4o I+ {eo, e1)
94

95 Lo; 4o IF eg Lo; 4o IF e

0 Lo; o IF e Lo; 6o IF eg Los 6o IF e Los 1 IF eg

97

98 Lo; €y IF app{r?} e €1 Lo; €y IF unop{z?} ey Lo; €y IF binop{r?} ep e Lo; o IF dyn (Lo« o< (1) ey
99

100 Lo; 61 IF e

101

102 Lo;fo I stat (€0< T0<€1) ()

103
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static typing

Torep:1o
(X():T()) el (x():T()),ro Fep:T1 Torer: 1y
To +x0: 10 Io + np : Nat Io Fig: Int rol-/l(xO:T()).eo:ToﬂTl r0F<€0,61>:TOXT1
Toreo:
Toreg: Torer:
Ihre:0=>1n1 A(unop, 10) = 71 A(binop, 19, 11) = 172
Torer:1m 1 <im T < T3 rol-e():w
To+app{ri}teoer:m To + unop{r2} e : 2 Ty + binop{r3}eper : 13 To + dyn (Lo« l1) ey : 19
Toreg:1o
T0 $FT1
Torey: 11
dynamic typing

r()I-E():(L[ r()I-E():(L[

x0 € Iy (xo:(L{),rol-eoi(L[ rol-el:(L[ rol-el:(L[
I‘()"X()Z(Ll r()l-i()z(LI r()l-/lx().e():ﬂ F()I-<€0,61>:q/[ rol-app{ﬂ}e()ellﬂ

TokFeg: Uu
roi-e():ﬂ rol-ell'Ll TorFep:1
To + unop{U} ey : U To + binop{U}eger : U I + stat (Cpemoaly) eg: U
T) ¢ T2 1< T3 2 <1 71 <73
Nat <: Int ToXT] < T XT3 TH=oT Ty >T3 T0 < To
To <7

(Loatgaty) < (Lyamgaly)
A(fst,7oX11) =10
A(snd, 7o X11) = 11
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208

A : binopXTXT—T

A(sum, Nat, Nat) = Nat
A(sum, Int, Int) = Int
A(quotient, Nat, Nat) = Nat
A(quotient, Int, Int) = Int

1.2 Evaluation Definitions

Base Evaluation Language

v =nli|{(v,v)|Ax.e| Ax:7). e
E =
statb E
Err = TagErre | TagErro | DivErr | BndryErr (b,v)
e =
K = Nat | Int | Pair | Fun
T = Nat|Int| X7t | =7
T? =7|U
b = ((ar<?¥)
¢ = countable set of names

unop = fst | snd

binop = sum | quotient

I =-|(x:2).T
L = -|(x:0,L
n =N

i =7

b =.|bb

b = P
= P
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[11<E,e) | (v,E) | unop{r?} E | app{r?} E e | app{r?} v E | binop{r?} Ee | binop{r?} vE | dyn b E |

Err|x|n|i|Ax.e|A(x:7).e| (e e) | app{r?}ee | unop{r?} e | binop{r?}ee|dynbe|statbe
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tag-match : Kxv— B

True
if Ko =Natand vy € n
orKyg =Intand vy € i

or Ky = Pair and

vy € (v,v) U
(mon ({<(tx1)<{) V)
tag-match (Ko, vg) = or Ky = Fun and

vy € (Ax.e) U (A(x:7).e) U
(mon ({<(t=1)«{)v)
tag-match (Ko, v1)

if vy = trace, bpv1

False
otherwise
l-]:T—K
Nat if rp = Nat
Int  ifp = Int
L7l = .
Pair ifry € X7
Fun ifrper=r

rev: E—>E

rev((loemg«{1), -+, (Can« T« lopi1)) = (L2nt1 4 Tn<b2n), - -+, (L1 < 1o« {p)

§ : unopXv—se

Vo

if unop = fst{r?

B(unop. (o0, 01)) =1 p = fst{re)
1

if unop = snd{r?}

§ : binopxvxv—se

io + i

if binop = sum{r?}
DivErr

S(binop, io, 1) = if binop = quotient{z?}
andi; =0

Lio/i1]

if binop = quotient{r?}
andi; #0
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1.3 Ownership Evaluation Definitions

Ownership Evaluation Language

l = countable set of labels, with 1-1 correspondence to names

le = label for the “top” of an expression

t =it

v =nli|(v,v)|Ax.e| Ax:7). e

E =[]] (E)€ | (E,e) | (v,E) | unop{r?} E | app{r?} E e | app{r?} v E | binop{r?} Ee | binop{r?} v E |

dynb E |statb E
Err = TagErre | TagErro | DivErr | BndryErr (b, v)

e = (e)[ |[Err|x|nli|Ax.e|Ax:7).e]| (e e) | app{r?}ee | unop{r?}e | binop{r?}ee|dynbe|statbe
K = Nat | Int | Pair | Fun

T = Nat|Int| Xt | =7

T? =7|U

b = ((ear<?)

4 = countable set of names

unop = fst | snd

binop = sum | quotient

r = | (x:72),T
L = | (x:0),L
n =N

i =Z

b =-|bb

b* = P(b)

r* = P(£)

e:7? wi | well-formed expression

(e0)0 7o WF iff £ TF (e0)* and F (e0)“ : 79
(e0) U WEiff €y T ()™ and F (e0) 0 : U
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L;¢ TF e | (selected rules)

Losto IF e (x0:€0) € Lo (x0:0), Los €o T eg (x0:0), Los €o T eg
Lo; 6o TF (eo)go Lo &o TF xo Lo; &o TF i Lo; o TF Axo. g Los 6o TF A(x0:70)- €0
Lo;to TFeo Lo;to TFeo Lo;to TFeg
Lo;to TF e Lo;to TFeq Lo;to TFeo Lo;to TF ey
Lo; o TF (eo, e1) Lo; £o TF app{r?} eg €1 Lo; £o TF unop{r?} eg Lo; £o T binop{r?} e e1
Lo; o = dyn (Coatoaly) (eo)fl Lo; o IF stat (Coatoaly) (6’0)61 Lo; 4o IF mon (Coatoaly) (vo)fl
Lo;f() Fvo Lo;fo Feo
Lo; 6o TF trace, I;o [ Lo; &o TF trace l;o €

ToFeo: 1o (xO:T()) eIy (X():T()),F() Fey: 1
To F(e())fo 170 To Fxo:1o Io Fng : Nat To Fip: Int To FA(x0:70). €0 : To=T11
1“0 F ey : 70
roFE():T() roFEO:ToﬁTl r()l_-E():To F()I_-elt‘l']
IhFer:7my IoFer:1o A(unop, ) =1 A(binop, 70,71) = T2
Ty F (eg,e1) : ToXT1 Ty Fapp{ri}eoe1:n1 Ty Funop{r1}eo: n1 Ty F binop{r2} ep €1 : 12
ToFeo:1o
ToFeg: U 10 <1y
Iy Fdyn (bo<mo<l1) ep : 10 ToFey: 1

ToFeo: U
r()l_-e():(LI xo € Iy (xo:(L/),rol_-E():(L[ rol:eliu
Io F(e0)€° U ToFxo: U ToFig: U Ty FAxg.e : U Ty F{eg,e1) : U

I‘()I_-e():q/I rol_-e():w
rol_-ell(L[ Fol_-e():(L( rol_-el:w rol_-E():’[o

T Fapp{U}eyer : U To Funop{U} ey : U Ty F binop{U} epe; : U T Fstat ((peto«fly) ey : U
fst:t—1

fSt(T()XTI) =1
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3

=3

1
382
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393
394
395
396
397
398
399
400
401
402
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407
408
409
410
411
412
413
414
415

416

!

snd: 1

snd (toX11)

1
dom:1—>71
dom(70=>r1) =170
cod:1—71

cod(rp=11) =11

]

N

(Cos ) Ems - C8) = Los s b Cas -+ i
if €y # €

(Los - )l Cx) = Love s bns - Ok

b

by =h

(bo, bo)b1 = bo, (bob1)

<
<

— b | append boundaries

|

rev: {—7 | reverse a list of ownership labels

rev(lo, -+ €n) =Ln,- -+ 4o

(boemoaty),- = €1,4

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

—>( | append labels, but remove consecutive duplicates

l;lﬁ

)

2,01

(Coamoalr),by = Ta, 01,60

’ hole-owner : E— ¢ ‘return the ownership label that surrounds the hole

hole-owner (Ey) = h-own (£, Eg)

h-own : (XE—>{

h-own (£o,[ 1) =ty

h-own (€y, (Eo, €1)) = h-own (€, Eo)
h-own (€y, {vo, E1)) = h-own ({y, E1)
h-own (£o, app{7?} Eo €1) = h-own (€, Eo)
h-own (£y, app{7?} vy E1) = h-own ({y, E1)
h-own (£y, unop{r?} Ey) = h-own (€, Eo)
h-own (o, binop{z?} Eg e1) = h-own (€, Eo)
h-own (o, binop{r?} vy E1) = h-own ({y, E1)

h-own (£o, dyn (€1« 19« 2) Eg) = h-own (o, Ep)
h-own (€, stat (€1« 19« {3) Ey) = h-own (€y, Eo)
h-own (6o, (Eo)") = h-own ({1, Eo)
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has-boundary (e, b) | check if a boundary appears in an expression

has-boundary (eg, by) has-boundary (eg, bo) has-boundary ey, by)
has-boundary (Axo. eo, by) has-boundary (A(xo :79). eo, bo) has-boundary ({eo, e1), bo)
has-boundary (e1, bp) has-boundary (eg, bo) has-boundary (e1, bo)
has-boundary ({eg, e1), bo) has-boundary (app{z?} eo e1, bo) has-boundary (app{z?} ey €1, bo)
has-boundary (eg, by) has-boundary (eg, by) has-boundary ey, by)
has-boundary (unop{z?} eo, bo) has-boundary (binop{z?} ey e1, bo) has-boundary (binop{z?} ey e1, bo)

has-boundary (eg, bo)

has-boundary(dyn bg e, bo) has-boundary(dyn by e, by) has-boundary (stat by eg, bo)

has-boundary (eg, bo)

has-boundary (stat by eg, bo)

add-trace : bxv—> v |extend existing trace (if any), otherwise start a new one

add-trace(-,v1) =0

add-trace (by, (trace, b1 o ))fz) = trace, bob1 (01 ))22
ifbo # -

add-trace (l;o, v1) = trace, 50 U1

ifby #-and vy ¢ (trace, Ev))z

get trace (if any) from a value

get-trace (trace, by ((vo))Fl) =bo
get-trace (vy) =
if vy ¢ trace, b (0)!

l rem-trace : v—>v ‘ remove trace (if any) from a value

rem-trace (trace, By (o0)7) ) = (v0) %
rem-trace (vg) _ =79
ifvg ¢ (trace, b ((U))Z))[

owners: v—{
owners(vg) = {€o} U owners(vy1)
if vg = (v1)%
owners(vg) = owners(v1)
if vy = trace, b v1
owners(vg) = {}

otherwise
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senders(-) ={}
senders (bo) = {£1} U senders (b1)
ifl;() = (504 0« fl),l;l

forget:e—e

forget ((e0)®) = forget (eo)

forget (xo) = X0

forget (i) = 1o

forget (Axo. eo) = Axg. forget(eo)

forget (A(xo:70).e0) = A(xp:70). forget(eo)
forget ({eo, 1)) = (forget (eo), forget (e1))

forget (app{r?} eg e1) = app{r?} forget(eo) forget(e1)
forget (unop{t?} eg) = unop{r?} forget(ep)

forget (binop{z?} e e1) = binop{r?} forget(eo) forget(e1)
forget(dyn by e) = dyn by forget(eo)

forget (stat bg eg) = stat by forget(ep)

’ mon-depth : v — n | count monitors around a value

mon-depth (i) = 0

mon-depth ((vo, v1)) = 0

mon-depth (Axo. eg) = 0

mon-depth (A(xo : 79). €g) = 0

mon-depth (trace, bo v0) = mon-depth (vg)
mon-depth (mon by vg) = *1 + mon-depth (vg)

last : £ — € | count monitors around a value

last(Ly -+ €n) ={n

1.4 Abbreviations
ep = (1) = ey =(-+(er)m )"
(trace! byv1) = vy &= rem-trace(vy) = vy and get-trace(vg) = by
(mon’ by v1) = vy &= if vy = mon by vy or vy & mon b v
(mon*?by...byv1) =1y & vy=monby (...monbyvg...)
Eoleo])?> = hole-owner(Ep) = (o

2019-10-03 17:26. Page 10 of 1-148.
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2 Natural

2.1 Normal Natural

’ Natural Language ‘ extends Base Evaluation Language

v=mnl|i|{v,v)|Ax.e | Ax:7).e | mon ({e«r=71<4f)V
extendsF Fe:r

rl—Nvlt(LI

T'+N mon (Coerpefy) v1 i 1

extends Tre: U

SN )

TN mon (boatoaly) v : U

reflexive-transitive closure of -y

compatible closure of >y U by

unop{to} vo >y TagErro
if 5(unop, vp) is undefined

unop{ro} vo >y S(unop, vo)
if d(unop, vp) is defined

binop{to} vo v1 >y TagErro
if 6(binop, vy, v1) is undefined

binop{to} vo v1 >y d(binop, vy, v1)
if §(binop, vy, v1) is defined

app{7o}vo v1 >y TagErro
if vy ¢ (Ax.e) U (mon b v)

app{zo} (A(xo:71). €0) v1 Dy €olxo < v1]

app{ro} (mon (fo« 71« {1) vo) v1 By dyn bo (app{U} vy (stat by v1))

where by = ({y« cod(t1)« 1) and by = (€1« dom (1)« {y)

dyn (Co<(rp=11)«{1) v Dy mon (bo<(ro=11)<{1) vo
if tag-match (L 7o = 11], vo)

dyn (Lo« o« ty) (vg,v1) >y {dyn bo vo, dyn by v1)

kN Err:qg

TeN Err:U

if tag-match (|70, (vo,v1)) and by = (Co« fst(19)« £1) and by = ({o< snd(rp)«{1)

dyn (bo< 9« {7) ip N io
if tag-match (|70, io)

dyn (Lo o< 1) vg Dy BndryErr (€< 70« {1),0)
if =tag-match (|79, vo)
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unop{U} vy >, TagErre
if §(unop, vp) is undefined

unop{U} vy >, S(unop, vo)
if 5(unop, vp) is defined

binop{U} vy v1 >, TagErre
if §(binop, vo, v1) is undefined

binop{U} vy v1 > d(binop, vy, v1)
if 6(binop, vy, v1) is defined

app{U} vy v1 >, TagErre
if vy ¢ (Ax.e) U (mon b v)

app{U} (Axo. e0) v1 > eolxo 1]

app{U} (mon (Lo« 9« (1) vo) v1 Wy stat by (app{r1} vo (dyn by v1))

where by = ({y« cod(1p)« 1) and by = ({1« dom(19)«{y) and 71 = cod (1)
stat (o« (rp=11)< 1) Vg >, mon ({y<(ro=11)<{1) vg

if tag-match (L 7o =11],vo) and vy € (A(x:7).e) U (mon b v)
stat (€p« (9 x11)«{1) (vg,v1) LN (stat (€g« 19« {1) vy, stat ((y« 1« l1) V1)
stat (£o« 1o« {) ip > o

if tag-match (| 7], io)
stat (£o« 19« {1) vy >, TagErro

if ~tag-match (| 7o), vo)

2.2 Natural Ownership Lifting

’ Natural Ownership Language | extends Ownership Evaluation Language

v=...mon({er=>1<4f)V

—*_ | reflexive-transitive closure of —>N
N

compatible closure of >— U »_
N N N

2019-10-03 17:26. Page 12 of 1-148.
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625 (e)[’ . (6)[
626 N

@ (unop{ro} (o)

628

) Do (TagErro)®

20 ifvy ¢ (v)[ and §(unop, vy) is undefined

%0 (unopiro} (eo)™)""

631

v

< (6(unop,v)) ot
if §(unop, vy is defined

o (binoplro) (o) (o)™ oy (TagErr o)l

o3 if vy ¢ (v)[ and v ¢ (v)g and §(binop, vy, v1) is undefined
635 - - ¢
o (binop{ro} (@0)" ()™’ B (8(binop, vo, v1))"
637 if §(binop, vy, v1) is defined
638 - ¢
o (@pp{m} (o) vp) b (TagErro)l
640 if vy ¢ (v)[ U (Ax.e) U (mon b v)
o z() [O foVEV(F()) ZO{O
642 (app{zo} (A(x0:71). €0)™ v1) Do (eolxo = (v1) 1))
643 oo 4 Cyrev (@) a2 Zots
644 (app{zo} (mon (bow 71« (1) (v0)?) " v1) o (dyn bo (app{T} v (stat by (v1) srevito)fzy) 7y
645 where by = ({y« cod(t1)« 1) and by = (€1« dom (1)« {p)
= ¢ = ¢
D dyn (e (=) (20)™) B (mon (lo= (=)< (1) (20))
648 if tag-match (|79 = 71], vo) and vy € (Ax.e) U (mon b v)
- - -0
Tyt (o)) B (dynbo (w0)". dyn by (1))
651 if tag-match (| 7o), (vo,v1)) and by = (Lo« fst(ro)« 1) and by = (£p« snd(zp)« 1)
= L
S (dyn(foxmoaty) (i0)7) Dy (i0)”
653
51 if tag-match (|70}, io)

2]

w5 (dyn (foeroe ) (20)™) oy (BrdryEre (o<« £1). (o))

0 if =tag-match (|70, vo)
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674

675
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677
678
679
680
681
682
683
684
685
686
687
688
689
690

692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
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@) pe (e)f

(unop{U} (o))" > (TagErr o)’
if vy ¢ (v)[ and §(unop, vy) is undefined
(unop(} (o))" > (O(unop, )

if 5(unop, vo) is defined
(binop{U} (20)™ (01)" > (TagErre)f0
if vy ¢ (v)[ and v ¢ (v)€ and §(binop, vy, v1) is undefined
(binop{d) (o) (1)) < (8(binop, 00, v1)
if §(binop, vy, v1) is defined
(app () (20) 01)' > (TagErre)l
if vy ¢ (v)g U (Ax.e) U (mon b v)

- I
(app{U} (Ax0. €0)" v1)

Ly
)

v

- enlxo (o) orer @)

v

7 0 - 2, Dots
(app{U} (mon (Coa 704 (1) (20)®) " v1)  wg (stat bo (app{ri} oo (dyn by (1) 7)) )

where by = ({y« cod(1p)« 1) and by = ({1« dom(19)«{y) and 71 = cod (1)

(stat (fp«(r0 = 1)« £1) (o)) b (mon (fo« (0 = 1) £1) (o))
if tag-match (|79 = 1], vo) and vy € (Ax.e) U (mon b v)

(stat (fg= o+ 1) (0. 02))) > (dyn bo (@), dyn by (01)70))”
if tag-match ((vg, v1), 70) and by = (Lo« fst(rp)«£1) and by = (Lo« snd ()« 1)

(stat (ly <704 ) (i) ) b ()"

if tag-match (iy, 70)

(stat (b0 (1) (00)7)
if —tag-match (vy, 79)

l P
>N (TagErro)*2
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729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779

780

Complete Monitoring for Gradual Types: Supplementary Material

3 Transient

3.1 Normal Transient

’ Transient Language ‘extends Base Evaluation Language

= countable set of heap locations
iln|p

Ax.e | Ax:1).e| (v,0)

... | p|checkzr?ep

... | checkz?Ep

P((p > W)

P((p > b))

| (p:T), T

£ e o
[

e m e
Il

heap dereference

wo ifvy € pand (vg — wq) € H
Ho(wo) = 0 ifo p and (vo 0) € Ho
vy ifovy ¢p

-(+) : Bxv—>b* | blame map dereference

b: ifvgepand(vy > b)) e By
Bo(vo) = { 0 P 0

0  otherwise

[ -] : Bxoxb* — B |blame map replace
{vo = by} U (Bo \ (vo — b7))
Bolvo = by] = if v € p and (v = b}) € By

By otherwise

[-U-]: Bxv—>b* |blame map update
Bolvo Ubgl = Bolvo — by U Bo(vo)]

2019-10-03 17:26. Page 15 of 1-148.
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781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832

16

(po:10) € To To;To Fr

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

eo : Ko To;To Fr1 €0 : Uu (X():To) el

To;To 1 po : L7o]

To;To +1 check o ep po : [70]

T0;To F1 check 7o eg po : L70] To; To F1 x0 = L70]

T0; (x0:70), To FT €0 : Ko To; (x0:U),To FT €0 : U

Jo;To FT no : Nat To;To b1 g =

‘7';1"0 FT €0 : Ko
‘7';1"0 FT €1 : Ky

T;Fo FT <€0,el> : Pair

T0;To +1 €0 : Ko
To;To k7 e1: Ky
A(binop, Ko, K1) = Ko
Ky <t |

To;To F1 binop{zs} ege1 : [ 73]

Int TJo0;To FT A(x0:70). €9 : Fun To;To F1 Axg. €o : Fun

T;F() FT €o : Ko
A(unop, Ko) = K3
K1 <t |12

J0;To 71 €0 : Fun
T;F() FT €1 : Ky

To;To 1 app{ri}eger : 1] To;To 1 unop{ra} eo : 2]

T;FO FT €o : Ko

To0;To FT €0 U Ky <1 Kq

To;To +1 dyn (bo< o« L1) o : | 70] To;To +1 €0 : Ky

(po:(L[)G% T;FO FT €o U 76;1"0 FT €o : Ko (xo:(Ll)Gro
90; To FT po U 90; To FT CheCk(L[(?() Po U 90; To FT check’Lleo Po U T0;To FT Xo U
To; (x0:70), To +1 €0 : Ko To5 (xo:U), To b1 eo : U
90;To F1 no U To;To F1 o U To;To FT A(Xo:‘['o).@o U J0;To FT /1X().€0 U
T;r() I-Teoi(lzl 75;1"0 I—TE():(L{
T0; 1o I-Teliw 90;To I—Teli(Ll T0;To I—TE(]:(L(

T0;To F1 eo,e1) : U

T;r() FT € U
T;r() FT €e1 U

To;To F1 app{r1i}teo e1 : U To;To +1 unop{r2} eo : U

T;FO FT eo : Ko

To; To +1 binop{rs} eo

v(

e1: U To;To 7 stat (fp«To«ly) eg : U

po = vo) € Ho . To5- 1 2o = To(po)

To F1 Ho

2019-10-03 17:26. Page 16 of 1-148.



833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
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Nat <! Int

reflexive-transitive closure of -

’e;‘H;B - e;H; B
Eleo]; Ho; Bo  —r1 Eler]; His; B4
if eg; Ho; Bo > e1;H1; By

E[Err]; Ho; Bo - Err; Hoy; Bo

2019-10-03 17:26. Page 17 of 1-148.
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885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917
918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935

936
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esH; By e;H; B

wo; Ho; Bo B po; ({po = wo} U Ho); ({po - 0} U By)
where po fresh in Hy and By

(unop{o} vo); Ho; Bo D TagErro; Ho; Bo
if 5(unop, Hy(vy)) is undefined

(unop{U} vy); Ho; Bo D TagErr o Ho; By
if §(unop, Hy(vyp)) is undefined

(unop{r?} po); Ho; Bo D (check 72 3(unop, Ho(po)) po); Ho: Bo

if §(unop, Ho(po)) is defined
(binop{ro} vo v1); Ho; Bo > TagErro; Ho; By
if 6(binop, vy, v1) is undefined
(binop{U} v v1); Ho; Bo D= TagErr e;Ho; By
if §(binop, vy, v1) is undefined
(binop{t?} ig i1); Ho; Bo D 8(binop, io, i1); Ho; Bo
if (binop, ig, i1) is defined
(app{ro} vo v1); Ho; Bo Dy TagErr o; Ho; By
if Ho(vp) € (Ax.e) U (A(x:7). e)
(app{U} vy v1); Ho; Bo D TagErr o;Ho; By
if Ho(vg) € (Ax.e) U (A(x:7). e)
(app{7?} po v0); Ho; Bo D (check 72 eg[xo < vo] po); Ho; Bol[vo U rev(Bo(po))]
if Ho(po) = A(xo:70)- €0 and tag-match (| o], Ho(vo))
(app{z?} po vo); Ho; Bo D BndryErr (Bo(po), vo); Ho; Bo
if Hoy(po) = A(xo:70). eo and —tag-match (| 7o), Ho(vo))
(app{z0} po vo); Ho: Bo >r (check 7o eo[x0 <= vo] po); Hos Bol[vo U rev(Bo(po))]
if Ho(po) = Axo- eo
(app{U} po vo); Ho; Bo > (eo[xo «—vol); Ho; Bo
if Ho(po) = Axo. €o
(dyn (fo« o= 1) vo); Hos Bo By vo; Hos (Bolvo U {(Lo< o« £1)}])
if tag-match (| 7o), Ho(vo))
(dyn (bo« o« 1) vo); Ho; Bo > BndryErr ({(bo« r0« 1)}, v0); Hos Bo
if =tag-match (| 7o, Ho(vo))
(stat (€o«mo« €1) vo); Hos; Bo B vo; Ho; (Bolvo U {(€o« o« €1)}])
if tag-match (| 7o), Ho(vo))
(stat (Lo« o« £1) vo); Ho; Bo D TagErr o; Ho; Bo
if =tag-match (| 79|, Ho(vo))

(check U vy po); Ho; Bo > vo; Hos Bo
(check 7o vg po); Ho; Bo > vo; Hos (Bolvo U Bo(po)])
if tag-match (| 7o), Ho(vo))
(check 7o vg po); Ho; Bo B BndryErr (Bo(vo) U Bo(po), vo); Ho; Bo

if ~tag-match (| 0], Ho(vo))
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937 3.2 Transient (Path-Based) Ownership Lifting
938

’ Transient Language ‘extends Ownership Evaluation Language

939

940 p = countable set of heap locations

Mo =ilnlpl @

942

03 w = Ax.e | A(x:7).e | {(v,v)

944 e = ...|p|checkr?ep|(e)€

945 E = ...|checkf?Ep|(E)[

= P w)

s B =P(pr b))

949 0 =Ppr1)

950 T =-1(p:t2), T

951

952

053 [ ] : Oxvx£* — O | ownership map replace
{0 £33 U 00\ (o0 - £})
:ZZ if vy € p and (vy 5;) € Oy
057 Oolvo = {51 =1 Oolor = &1

958 if vg = (v1)%

959 Op otherwise

960

961

962 ’ [- U ]: Oxv—>€* | ownership map update

963 Op[vo U f:;] = Oylvy — f:; U O()(U())]

964

965

966 extends Fr

967

968 T0;To 1 €0 : Ko
969

To:To +1 (e0)’ : Ko

970

971

972
o T5T b1 e : U | extends 1

974

975 J0:To FT €o U
e To:To F1 (e0)" : U
977

978

o7 O;L; ¢ Tt e |lifts and extends I and enforces ownership consistency
980

981

Oo; Lo; Lo TFr e

982

983 003 Lo; €0 TFr eo po — €o € Og
984 _— —
N Og; Lo; £y IFr ((4‘0)€0 Oo; Lo; €0 Iy check 72 eg po
985
986 —* |reflexive-transitive closure of —=
T
987
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989 e;H; B —= e;H; B
990

991 E[ep]0; Ho; By —= Eler]%; Hy; B4
7 if (e0)0; Ho; Bo D= (en)lo; Hy; By
993

E[Err]; Ho; Bo —= Err; Hoy; By

994

95 (e);H; B > (e)';H; B

996

997 (wo)“; Ho: Bo Do (P0); ({po +> o} U Ho): ({po — 0} U Bo)
:zz where po fresh in Hy and By

= ¢
wo (unop{zo} (v0)") '3 Ho: By > (TagErro):Hp: By
1ot if §(unop, Ho(vo)) is undefined
1002 -
s (unop{U} (v0)") ' Hos By Br (TagErr o)t Ho; Bo
1004 if 5(unop, Hy(vyp)) is undefined
1005 - ¢ -
s (unop{r2} (p0)™) s Ho: Bo B (check 2 8(unop, Ho(po)) po)*“': Ho: Bo
1007 if 8(unop, Ho(po)) is defined

= 5 ¢
o (binop{ro} (w0)™ (1)11) s Hos By B (TagErro)%%; Ho; By
1010 if §(binop, vy, v1) is undefined

> = €
" (binop{ ) (o) (21)7) i Hos By b (TagErr )% Hos By
1013 if §(binop, vy, v1) is undefined

- > £
W (binop{e?} (o)™ ()i Hos Bo B (S(binop. io, 1)) Ho: B
1015

if 6(binop, ig, i1) is defined

1016

> 4
1017 (app{m} (00)"* v1) 'sHo; Bo > (TagErr 0)1; Hy; By
122 if Ho(vo) & (Ax. €) U (A(x:7). €)
- &
w0 (app{UY ()" v1) sH:Bo By (TagErre)t; Ho: By
ozt if Ho(vo) ¢ (Ax.e) U (A(x:7). e)
1022 _ ¢ _ _ 7
ws (app{r?} (po) o) iHoiBo B (checkr?eolxo (20) ") po) T Hos Boloo U rev(Bo(po))]
10z if Hoy(po) = A(xo:70). €0 and tag-match (| o], Ho(vo))
1025 - ¢ - £
wo (@pp{r2} (o) wo) s Ho;Bo By (BndryErr (Bo(po))”, w0) s Hos Bo
1027 if Ho(po) = Mxo:70). e9 and —tag-match (| 7o), Ho(vo))
1028 - ¢ - - f ¢
wo (app{ro} (po)™® v0) s HoiBo B (checkm eglxo —(20)" ™0 po) s Hos Bolwo U rev(Bo(po))]
1030 if Ho(po) = Axo. €o
10 7 b Zyrev(Zy) 0oty
o @pp{U}(po)" v0) s Ho: Bo Do (eolxo —(w0) "] s Ho: By
1033 if(]‘(o(po) = /1)((). €0
1034 - £ -
o (dyn(Coaoa ) (o)) i Hos By B (00)0%5Ho: (Bolwo U {(lo< o< (1)} ])
1036 if tag-match (| 7o), Ho(vo))
: = L = £
o (dyn Gy ) (o)) s Hos By o (BrdryErr ({(Co« < (1)} (20)™) 3 Hos By
1039 if =tag-match (| 7o, Ho(vo))
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1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091

1092
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- L. -
(stat (Lo« o £1) (v0)7) s Ho: Bo > (00)20%2; Ho; (Bolwo U {(Lo« 9« £1)}])
if tag-match (| 7o), Ho(vo))
= {.
(stat (fo« o= £1) (20)"*) "3 Ho: Bo o (TagErr)2; Hos Bo
if =tag-match (| 7o |, Ho(vo))
- [l -
(check U (v0)® po) ;Ho: Bo Do (v0)"1; Ho: By
- [ -
(check 7o (v0)7° po) '+ Ho: Bo P (v0)*%; Ho; (Bo[vo U Bo(po)))
if tag-match (| 7o), Ho(vo))
- [1
(check 7o (20)% po) ;Ho; Bo
if ~tag-match (| 0], Ho(vo))

(BndryErr (Bo(on) U Bo(po). (v0)7))' s Ho: Bo

"y

3.3 Transient Heap-Based Ownership Lifting

’ Transient Language ‘ extends Transient Ownership Evaluation Language

0 =P(p—)

O TFr H | enforces ownership consistency for the heap

Y(po — vo) € Hy . Oo;+;0(po) TFr vo
Oo TFr Ho

—>* | reflexive-transitive closure of —)Tz
T2

e;H; B;0 —= e;H; B;0

E[eo]%0; Ho; Bo; Oo —= E[e1]%; Hy; 81500
if (e0)0; Ho; Bo; 0o e (e)f0; Hy; B1; 0o
E[Err]; Ho; Bo; Oo —= Err; Ho; Bo; Oo
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v (@G H: B0 b (i H:B:0

1094

1095 (wo)“; Ho: Bo: O Do (p0)“; ({po > wo} U Ho): ({po > 0} U Bo); ({po > £o} U Oo)
10 where pg fresh in Hy and By and Oy
1097 - ¢
s (unop{ro} (v0)%) ;s Ho; Bo; Oo > (TagErr 0){1; Ho; Bo; Op
1099 if 6(unop, Ho(vp)) is undefined
1100 - ¢
1101 (unop{U} (v0)") '; Ho: Bo; O > (TagErr )15 Hy; By; O
1102 if 5(unop, Hy(vy)) is undefined
1103 = ¢ -
e (unop{2} (po)™) s Ho: Bo; O P (check 72 5(unop, Ho(po)) po){0%1; Ho; Bo; Op
1105 if 6(unop, Ho(po)) is defined

; 7 7 ¢
11':7 (binop{ze} (v0)" (1)) *: Ho: Bo: Oy >, (TagErr 0)%2; Ho: Bo: Op
1108 if §(binop, vo, v1) is undefined

- - ¢

M (binop(U) (20)" (@1)) " Ho: Bos O B, (TagErr )% Ho: Bo: O
. if §(binop, vg, v1) is undefined

> = £
e (binop{r?} (i0)™ (1)) 3 Ho: Bos Oo B (8(binop, o, i1))"%; Hos Bos Oo
e if 8(binop, io, i) is defined

1114

115 (app{zo} (wo)® vl)[l;ﬂo;Bo; Op Do (TagErr o) 1; Ho; Bo; O

111: if Ho(vo) ¢ (Ax. e) U (A(x:7). €)

1118 (app{U} ((Uo))z" 01)61;7{0;30;00 e (TagErr #)(1; Ho; Bo; O

“119 if Ho(vo) ¢ (Ax.e) U (A(x:7). e)

@ o ) B0y b

s (check £7alxo — (20) 1™ @] po) " Ho: Bloo U rev (Balpo))l: Ol U Oolpo) U (61}]
124 if Ho(po) = A(x0:70). €0 and tag-match (| 7o, Ho(vo))

ii: (app{z?} ((Po))FO Uo)gl ; Ho; Bo; Oo Pz

(BndryErr ((Bo(po))™. (v0) 7" 0))) ™" Ho: Bo; Oo[wo U Oo(po) U 1]

1128 if Ho(po) = A(x0:70)- eo and —tag-match (|79 ], Ho(vo))

bl (0P o) HsBk0y b

e (check 70 eo[xo — (e0) 7" ] o) **"; Ho; Bolop U rev(Bo(po))J; Oollon U Oo(po) U {40} ]
153 if Ho(po) = Axo. eo _

S (appl) (o) w) s Ho B0y e (eolio () ) Ho; Bs Oglen U On(po) U (20}

1135

1136 if7_{0(PO) = Axp. €0

3 ., ]
o (dyn (low o< €1) (20)™) "+ Ho: Bo: 0o > (00)092; Hy; (Bo[wo U {(Lo« 104 £1)}]); Oolvo U €2]
“jj if tag-match (| 7o), Ho(vo))
113 _ ] )
1140 (dyn (Lo« 1« {y) ((UO))fo) 2;7‘{0;30;00 DTZ (BndryErr ({(€o« 19« £1)}, ((’U()))[O)) 1;7‘{0;80; O
1141 if ~tag-match (| 7o), Ho(vo))

1142

1143
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1145
1146
1147
1148
1149
1150
1151
1152
1153
1154
1155
1156
1157
1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195

1196
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- £
(stat (€« 702 €1) (0) ) '3 Ho: Bi O B

if tag-match (| 7o), Ho(vo))

7 0
(stat (om0 £1) (v0)™) s Ho: Bos Op B

if =tag-match (| 7o |, Ho(vo))
- 4
(check U (v0)"* po) s Ho; Bo; Op
- ¢
(check g ((Uo))fo po) l;7{0; Bo; Oo
if tag-match (| 7o), Ho(vo))
- 4
(check 7o (vo) £ po) ;Ho; Bo; Oo
if ~tag-match (| 70|, Ho(vo))
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Do
T2

Do
T2

(Uo)f°€2;7’{0; (Bo[vo U {(£o«to«4£1)}]); Op[vg U {€2}]
(TagErr 0){1; Hy; Bo; Op

(v0)70%1; Ho; Bo; Oolvo U Op(po)]

()71 Ho; (Bolvo U Bo(po)]); Oolvo U Op(po)]

(BndryErr (Bo(vo) U Bo(po), ((vo))‘-’o))g1 s Ho; Bo; Oo[vo U Oo(po)]
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1197 4 Amnesic
1198

1199 4.1 Normal Amnesic

1200 ’ Amnesic Language ‘ extends Base Evaluation Language

1201 -
... | trace,bv | mon (f4r=714Y) (v)[ | mon ({<«txT<?l) ()¢

Q
I

1202

1203 e ... | tracebe
1204 E = ...|tracebE

1205

1207
1208 Trave: U

1209 T A mon (petp<ly) vy : 1 T taErr:g

1210

1211 extendsT +e: U

1212

1213 T'kavo: 1o Traeo: U Frae: U
1214

1215 T Fa mon ((o<toaly) vy : U T ka tracebg ep : U T kA trace, boeo: U Trp Err: U

1216 -
. short for a v such that get-trace (v1) = by and rem-trace(v1) = vy

1218

& . oy
1219 reflexive-transitive closure of — A

1220
1921 compatible closure of >, U b,
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244
1245
1246

1247
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1249 e, e

1250

1251 unop{o} vo >, TagErro
1252 if vy ¢ (mon (£« (tX7)«{)v) and §(unop, vy) is undefined
1253 unop{ro} vo >, S(unop,v)

1254

if 5(unop, vp) is defined

1256 fst{ro} (mon (€o« 71« {1) vg) Dy dyn by (fst{U} vp)
1257 where 7 = fst(r1) and by = ({o« 24 {7)

1258 snd{zo} (mon ((o« 114 £1) vy Dy dyn by (snd{U} vp)

1259

1255

o where 1 = snd(r1) and by = ({y« 2« (1)

1261 binop{ro} vo v1 >, TagErro

1262 if §(binop, vy, v1) is undefined

128 binop{zo} vo v1 >, 8(binop, vg,v1)
zf: if 8(binop, vg, v1) is defined

1266 app{zo} vo v1 >, TagErro

1267 if vg ¢ (A(x:7).e) U (mon ({«(r=1)«{)v)

1268 app{ro} (A(xo:71). €0) 1 >, eolxo < v1]

1269

app{ro} (mon (fo« 1« 1) vo) v1 >, dyn by (app{U} vy (stat by v1))
- where by = ((y« 9« 1) and by = ({1« dom (1)« {p)
1272 dyn (bo« o< {1) v >, mon (Cparpaty) vy

1273 if tag-match (|70 ], vo) and vy € (traces b(A(x:7).e) U (trace b (mon (L« (r=71)<{) v))
1274

1270

e dyn (€o< 1o« ty) (traceg by i) Dy o

1276 if tag-match (|70}, io)
1277 dyn (bo< o< {1) v Dy BndryErr ((£p« 79« fl)l;o,vo)
1278 if ~tag-match (|70 ], vo) and by = get-trace (vy)
1279

1280

1281

1282

1283

1284

1285

1286

1287

1288

1289

1290

1291

1292

1293

1294

1295

1296

1297

1298

1299
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unop{U} vy >, TagErre

if v1 = rem-trace(vo) and v; ¢ mon (£« (rX7)<€) v and §(unop, v1) is undefined

unop{U} vy >, add-trace(get-trace (vo), 6(unop, v1))

if v1 = rem-trace(vo) and §(unop, v1) is defined

fst{U} (trace3 by (mon (¢« 9« £1) vg)) >, trace bo (stat by (fst{r1} vo))

where 71 = fst(rp) and by = ({o« 114 {7)

snd{U} (tracee by (mon (£o< o< £1) vp)) >, trace bo (stat by (snd{r1} v0))

where 71 = snd(1p) and by = (Lo« 11«4 {7)

binop{U} vo v1 >, TagErre

if vy = rem-trace(vg) and v3 = rem-trace (v1) and 8(binop, vy, v3) is undefined
binop{U} vy vy >, d(binop, v, v3)

if vy = rem-trace(vo) and v3 = rem-trace(v1) and 8(binop, vo, v3) is defined
app{U} vo v >, TagErre

ifvy ¢ (trace\?, b(Ax.e)) U (trace\?, b (mon (L« (r=1)<{) v))
app{U} (trace?, bo (Axo. €0)) vo >, trace bo (eg[xo < v1])

where vy = add-trace (rev(by), vo)

app{U} (trace3 by (mon (¢« 19« £1) vg)) v1 >, trace by (stat by (app{r2} vo (dyn by v2)))

where 15 = cod(ry) and by = ({y<« 2« 1) and by = ({1« dom (1p)«{p)

and vy = add-trace (rev(by), v1)

stat (£o« 1o« l1) vy >, mon (Coampety) vg
if tag-match (| 79],vo) and vy € (A(x:7).e) U (v, v)
stat by (mon by (trace3 by 0)) >, trace (bobll;o) [N

if by = (Lo« 19« {1) and tag-match (| 79],vp) and vy € (Ax.e) U ({(v,v)) U (mon b (A(x:7).e)) U (mon b (v, v))

stat (o« o« {1) ip >, io
if tag-match (| 7o]ip,) and by = (o< o« 1)

stat ({p« o« 1) vy >, TagErro
if =tag-match (| 79 vo,)

trace l;o Vo >, U1

where vy = add-trace (by, vo)

4.2 Amnesic Ownership Lifting

Amnesic Ownership Language | extends Ownership Evaluation Language

s tracevl;v | mon ({<«t=r7<4f)v | mon ({4rXxT<l)v

v =
e = ... |tracebe
E=...] trace b E
extends L; ¢ | e enforces sound and complete blame
Lo; €1 TFa vo bo=(ln---€0)  LoilnTFaeo
Lo; €o TFA mon (Co« g« £y) (vo)[1 Lo; o TFA trace bo ((eo))(f""'[")

bo = (€n -+ - o) Lo; tn TFA €

Lo; €o TFa trace, l;o ((eo))([""'(")
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1353 —7 | reflexive-transitive closure of —=

*
1354 A

1355 reflexive-transitive closure of I>N U >N
1356

1357 (e)[ o (e)[

1358

1% (unop{zo} v9)*® >, (TagErr o)l

1960 if vy ¢ (mon (£« (rx7)«{) v) and §(unop, vy) is undefined

v (unmop{ro} vo)® Bp (8(unop. o))"

1363 if 5(unop, vp) is defined

1364 ity

« £y
(fst{ro} (mon (o= 714 £1) (v6)) ) By (dyn by (fst{U} v9)2)"?
where by = ((p« 19« {1)

1365
1366

Ly ¥
ST (snd{ro} (mon (e £y) (0)) ) B, (dyn by (snd{U} vp)2) 3"

252 where by = ({p« 9« (1)

1370 (binop{zo} vo Ul)fO Pa (TagErr O)KO

1371 if §(binop, vy, v1) is undefined

572 (binop{ry} vy v1)% B, (8(binop, vo, v1))"
EZZ if §(binop, vy, v1) is defined

1375 (app{ro} vo v1)" >, (TagErr o)l

1376 if oo ¢ (A(x:7).e) U (mon (t<(r=1)<l) v)’

T Gappln} (o). )i o) By (ool (1) arer @ o

R by L3l
s (applro} (mon (Goari<61) (0)2) " v1) B, (dyn bo (app{T} v (stat by (w1)7eV(E)2)))

1380 where by = (o« 79« (1) and by = (€1« dom(r1)«{p)

1381 « £ N4

e (dyn(Goamgaty) (o)) B (mon (o<« £1) (v0)%2)”

1383 if tag-match (|79}, vo) and rem-trace(vg) € (Ax. e))[* U (v, v)))g* U (monb v)){*
1384

27 NN
(dyn (loa o= t1) (tracel Bo (1)) ") &, (1)
if tag-match (7o), ip)

1385
1386
s (dyn (Go< o< £1) (o))" B, (BndryErr (€« 704 £1)bo, (20))"
1388 if —tag-match (||, vo) and by = get-trace (vy)
1389
1390
1391
1392
1393
1394
1395
1396
1397
1398
1399
1400
1401
1402
1403
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1405 (e)[’ > (e)f

1406

1407 (unop{U} vy)*® >, (TagErr o)f0

1408 if v1 = rem-trace(vo) and v; ¢ mon (£« (rX7)<€) v and §(unop, v1) is undefined

1409 (unop{U} vg)%0 >, (add-trace(get-trace (vo), 6 (unop, )b
1410

1 if v1 = rem-trace(vo) and §(unop, v1) is defined

1412 2= RN 29 & & - AN Gl
(fst{U} (trace;, by (mon (Lo« o« ty) (v1)?)*) ) >, (tracebo (stat by (fst{r1} v1)"?) ?)

1413

where 71 = fst(19) and by = (Lo« 114 ¢1)

1414

1415 2= AN 4 b - RN 49 005
. (snd{U} (trace, by (mon (Lo« o« ty) (V1)) *) ) >, (traceby (stat by (snd{r1}v1)) )
1416

1 where 71 = snd (1) and by = ({y« 11« {y)

1418 (binop{U} vy vy)bo >, (TagErr o)bo

1419 if vy = rem-trace(vg) and v3 = rem-trace(v1) and 8(binop, vo, v3) is undefined

M (binop{UY vo v1) >, (8(binop, vz, v3))"

1421

1422 if vg = rem-trace(vg) and v3 = ;em—trace (v1) and 8(binop, v, v3) is defined

M (app{T) (trace] Bo (w0) D) o) | >, (TagErre)C

1:;‘ if vy ¢ (x. e) U (mon (£« (1= 1) < 0) v)

) - Lo 0 - . L1
W (app{U} (trace] By (Axo. e0) D) v1) >, (trace by (eolxo —2])")"
127 where vy = add-trace (rev(by), (vy) 2V (E)rev(6o))

1428 ) - ol e ls _ PN tyts
129 (app{U} (trace; b (mon (Lra 9« (1) (v0)?) *) v1) B, (traceby (stat by (app{zs}vo (dyn bz v2))") *)
1430 where 73 = cod(79) and b1 = (o<« 2« {1) and by = ({1« dom (r9)«{p) and 73 = forget(z2)
1431 _ .

e andoy = (add-trace(rev(Bo). (01) " (i40)))"

1433 (stat (fpe g« ly) vo)f2 >, (mon (fremo«l1) vo){')2

1434 if tag-match (|70, vo) and vy € (A(x:7). )’ U ((v, )¢

1435 - o %3 - «pxp Ly
s (stat by (mon by (trace] by wg) ) ') >, (trace (bob1by) (wo) 0 1%2)
1437 if by = ({3419« {l4) and tag-match (| 7o), vo)

ij and vy € (Ax. e)’ U ((v,0))!" U (mon b (A(x:7). )’ U (mon b (v,v))’"

o (stat (fgam= 1) (10)%)" by (i0)"

1441 if tag-match (L 7o], vo)

L (stat (fga e (1) (00) ) >, (TagErro)®

1443

" if =tag-match (| 0], vo)

1445 (trace by vo)fﬂ >\ (v1)%

1446 where vy = add-trace (by, vo)

1447

1448

1449

1450

1451

1452

1453

1454

1455
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5 Natural THEOREMS, LEMMAS, AND PROOFS
5.1 Natural Theorems

THEOREM 5.1 (TYPE SOUNDNESS). If e :79 wf then one of the following holds:

&

N
o ¢ diverges

e ¢y > voand - kN vy : T

° ¢ —>’,‘\1 Eo[dyn by E[e1]] and e; >, TagErre
° ¢ —>T\1 DivErr

° ¢ —>L BndryErr(l;l,vl)

PRrOOF. By progress and preservation lemmas (lemma 5.6 & lemma 5.7).

THEOREM 5.2 (DYNAMIC SOUNDNESS). If eg: U wf then one of the following holds:
. eo—>L voand - +N vyt U
o ¢ diverges
® ¢ _)T\J Eole1] and ey >, TagErre
° ¢ _)T\l DivErr

® ¢ —)”‘\I BndryErr(l;l,vl)

PRroOF. By progress and preservation lemmas (lemma 5.6 & lemma 5.7).

THEOREM 5.3. If e :7? Wi then forget(eg):7? wf and eg —ze iff forget(eo) —y forget(e1)

ProoF. By the definition of —g

THEOREM 5.4 (COMPLETE MONITORING). If eg:7? wf and ey —~_ eq then ;€ F e;.
N

ProoF. By lemma 5.20 and lemma 5.21.

THEOREM 5.5 (CORRECT BLAME). If e:7? Wf and e —>*N BndryErr (I;O, Vo) then:

o senders(by) = owners(vg)
o [;0 = (504 0« 51)

o cither has-boundary ((€o< 9« (1), ey) or has-boundary ((£1 < 19« £y), €9)

Proor.
1. Either eg —* vy where vg:7? Wf or ey diverges, or eg —>*N Err
by lemma 5.20 and lemma 5.21
2. ASSUME g —>*N BndryErr(l;o,vo)
2.1. A6y, 79, £1 by = (Cpa 9« £1)
2.1.1. QED
2019-10-03 17:26. Page 29 of 1-148.
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by definition of —>*N
2.2. owners(vy) = €1
2.2.1. QED
by lemma 5.21
2.3. vy, Eg such that e —>*N Eoldyn (€p< o« 1) v1]
by lemma 5.24
2.4. (Lyatpaly) € ey or ({1 e1p«aly) € e
by lemma 5.35
3. QED

5.2 Natural Lemmas

LEMMA 5.6 (FN PROGRESS). If - FN € : 72 then one of the following holds:

® ¢y €V
e ¢y € Err

e de; such that e -\ €1

PRrooF. By case analysis of e.
By lemma 5.10 it suffices to consider the following cases.
1. CASE ey € v
1.1. QED
2. CASE ey = Eg[Err]
2.1. QED
3. cASE ey = Eo[app{r1}vo v1]
3.1. vg € (AM(x:7).e) U(mon b v)
by inversion Fy
3.2. SCASE vy = A(x2:72). €2
3.2.1. QED
eo Dy Eolez[xz «v1]]
3.3. SCASE vg = mon ({p« (11 = 12)« 1) vy
3.3.1. QED
eo By Eoldyn (€42« 1) (app{U} vz (stat ((1« 114 o) v1))]
4. cASE ey = Eglapp{U} v v1]
4.1. SCASE vy = Axy. ey
4.1.1. QED
eo Py Eolez[x2 —v1]]
4.2. SCASE vg = mon ({y« (11 =12)«{1) vy
4.2.1. QED
eo Py Eolstat (fo«r2«£1) (app{r2} vz (dyn ((1am14 ) v1))]
4.3. SCASE vg & (A(x:7).e) U (mon b v)
4.3.1. QED

2019-10-03 17:26. Page 30 of 1-148.



1561
1562
1563
1564
1565
1566
1567
1568
1569
1570
1571
1572
1573
1574
1575
1576
1577
1578
1579
1580
1581
1582
1583
1584
1585
1586
1587
1588
1589
1590
1591
1592
1593
1594
1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610
1611

1612

Complete Monitoring for Gradual Types: Supplementary Material

eo Py Eo[TagErre]
5. CASE ey = Eg[unop{7?} vo]

5.1. QED

by lemma 5.11 and lemma 5.13

6. CASE ey = Eo[binop{r?} vy
6.1. QED

1]

by lemma 5.11 and lemma 5.13

7. CASE ey = Ep[dyn (€p« 9« {1) vo]

7.1. QED

by lemma 5.11 and lemma 5.15

8. CASE ey = Eo[stat (504 To < 51) Uo]

8.1. QED

by lemma 5.11 and lemma 5.16

LEMMA 5.7 (bN STATIC PRESERVATION). If - N €g : 77 and eg —y e1 then - by e : 72

Proor. By lemma 5.8 and lemma 5.9.

LEMMA 5.8 (I PRESERVATION). If - kN € : 7o and e I ey then - N €1 : 7.

Proor. By case analysis of >y .

1. casE unop{ro}vg > Sn(unop,vo)

1.1. QED
by lemma 5.14

2. cASE binop{ro} vo v1 >y N (binop, vy, v1)

2.1. QED
by lemma 5.14

3. cAsE app{ro} (A(x1:71). 1) V2 >y e1[x1 —v2]

3.1. QED
by lemma 5.19

4. case app{ro} (mon (o« (11 =19)« 1) vg) V1
>y dyn (b« o« {1) (app{U} vo (stat ({14 71« L) v1))

4.1. QED

by inversion Fy

by inversion Fy CEN VLT

“FNVo U - kN stat (f1emy«lp) vy U

- N app{U} vy (stat (L1ar1<lp)v1): U

- kN dyn (bo< o« l1) (app{U} v (stat (L1« 71« o) v1)) : 0
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5. CASE dyn by vy B>y 01
5.1. QED
by lemma 5.17

O
LEMMA 5.9 (b PRESERVATION). If - kN €0 : U and e > €1 then kN e U.
Proor. By case analysis of by .
1. casE unop{U}vo »y TagErre
1.1. QED
- +N TagErre : U
2. case On(unop,vo) is defined and unop{U} vy »y Sn(unop, vo)
2.1. QED
by lemma 5.14
3. cAsE binop{U} v v1 >, TagErre
3.1. QED
- +N TagErre : U
4. case On(binop, vy, v1) is defined and binop{U} vy v1 > N (binop, vy, v1)
4.1. QED
by lemma 5.14
5. CASE app{U} (Axi.e1) vz > e1[x1 —v2]
5.1. QED
by lemma 5.19
6. cASE app{U} (mon (£o« (11 = 19)<{1) Vo) V1
>, stat (fo«mo« (1) (app{ro} vy (dyn (61«71« {p) v1))
6.1. QED
by inversion Fy
by inversion Fy kN U
*EN V0 i T1=T1) *EN dyn(€1<’[1<€0)211:’[1
- N app{7o} vo (dyn (f1a114o) v1) : 10
- kN stat (fo« o« {1) (app{ro} vo (dyn ((ra 11« lo) v1)) : U
7. CASE stat by vo Py U1
7.1. QED
by lemma 5.18
[m}

LEMMA 5.10 (UNIQUE DECOMPOSITION). If - kN € : 72 then either:
® ¢ey)EV
o ¢o = Eo[app{r?} vo v1]

o ¢y = Eo[unop{r?} vo]
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o ¢ = Eo[binop{r?} vp v1]
e ¢o = Eo[dyn by vq]

e ¢y = Eg[stat by v1]

e ¢y = Eo[Err]

Proor. By induction on the structure of ep.
1. CASE eg = X
1.1. CONTRADICTION:
‘kFN e T?
2. CASE ey = 1
2.1. QED
3. CASE ey = {e1,e2)
3.1. SCASE €1 € v
3.1.1. QED
by the induction hypothesis
3.2. SCASE e1 €vandey ¢ v
3.2.1. QED
by the induction hypothesis
3.3. SCASE e] € vandes € v
3.3.1. QED
ey €V
4. CASE ey = app{r?} e ez
4.1. QED
by the induction hypothesis
5. CASE ey = unop{r?}e;
5.1. QED
by the induction hypothesis
6. CASE eg = binop{r?} e1 €2
6.1. QED
by the induction hypothesis
7. CASE ey = dyn b €1
7.1. QED
by the induction hypothesis
8. CASE ey = stat by eg
8.1. QED
by the induction hypothesis
9. CASE ¢g € Err

9.1. QED

LEmMA 5.11. If - +N Eoleo] : 72 then one of the following holds:
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1717 o Fneg: U
1718 e Jd7p. kN €0 :TO
1719
1720 Proor. By induction on the structure of Ey and case analysis of Fy.
1721

1. cASE Eg =
1722 0 []
1723 1.1. QED

1724 2. CASE Ey = (E1, e2)
1725 2.1. - kN Eileo] = 7?

1726 . .
by inversion Fy

1727

1728 2.2. QED

1729 by the induction hypothesis
1730 3. cASE Eg = (v1, Ep)

1731

- 3.1. QED

1733 by the induction hypothesis

1734 4. casE Ey = app{r?} E1 ez
1735 4.1. QED
1736

by the induction hypothesis

1737
1735 5. CASE Eg = app{r?}v1 E2

1739 5.1. QED
1740

by the induction hypothesis

6, casE Eo = unop{r?} E;

1742

1743 6.1. QED

1744 by the induction hypothesis
1745 7. caSE Eo = binop{r?} E1 ez

1746

D7 7.1. QED

1748 by the induction hypothesis

1749 8. casE Ey = binop{r?} v1 E2

1750 8.1. QED

75
175; by the induction hypothesis

1753 9. cAsE Eg = dyn b E;
1754 9.1. QED
1755

by the induction hypothesis

17 10. CASE Ej = stat by E;

1757
e 10.1. QED
1759 by the induction hypothesis
1760
O
1761
1762
s LEMMA 5.12 (N REPLACEMENT).
1762
1764 o If - N Eoleo] : 72 and the derivation contains a proof of - N ep : o and - FN e : 7o then - kN Eole1] : 72.
1765 o If - N Eoleo] : 72 and the derivation contains a proof of - Fn eo : U and - +N e1 : U then - FN Eole1] : 72.
1766
1767 Proor. By induction on Ey.
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1. case Eg =]
1.1. QED
2. CASE Ey = (Eq, e3)
2.1. QED
by the induction hypothesis
3. cASE Ey = (v1, Eg)
3.1. QED
by the induction hypothesis
4. case Ey = app{r?} E1 e2
4.1. QED
by the induction hypothesis
5. CASE Eo = app{r?}v; E
5.1. QED
by the induction hypothesis
6. CASE Eg = unop{r?} E;
6.1. QED
by the induction hypothesis
7. caSE Ey = binop{r?} E;1 ez
7.1. QED
by the induction hypothesis
8. caSE Ey = binop{r?} v1 Ey
8.1. QED
by the induction hypothesis
9. cAsE Ep = dynb; Eq
9.1. QED
by the induction hypothesis
10. caSE Ej = stat by E;
10.1. QED
by the induction hypothesis

LEMMA 5.13 (6N TYPE PROGRESS).

o If - N unop{r1} vo : 79 then Sn(unop, vy) is defined.

o if - kN binop{r1}vov1 : 79 then S (binop, vy, v1) is defined.
o If - N unop{U} vo : U then unop{U} vy Wy er1.

o if - tn binop{U} vo vy : U then binop{U} vy v1 By er1.

PRrROOF. By case analysis of d, FN, and >y
1. caSE - kN fst{r1} vy : 70
1.1. vy = (v1,v2)
by kN canonical forms
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1.2. QED
SN (unop, vp) = v1
. CASE - FN Snd{Tl}‘Uo )

2.1. vy = (v1,v2)
by kN canonical forms
2.2. QED

On(unop, vy) = v

. CASE - kN sum{r} vg vy : T

31. vp€iand vy €

by kN canonical forms
3.2. QED

ON (unop, vy, v1) € i

. CASE - kN quotient{z; } vp v1 : 79

4.1. vp €iandv; € i
by kN canonical forms
4.2. QED
dn(unop, vy, v1) € i U DivErr

. CASE - kN unop{U} vy : U

5.1. sCASE On(unop, vy) is defined
5.1.1. QED
unop{U} vy Wy, SN (unop,vo)
5.2. SCASE dn(unop, vp) is not defined
5.2.1. QED
unop{U} vy »y TagErre

. CASE - kN binop{U}vov1 : U

6.1. scasE Oy (binop, vy, v1) is defined
6.1.1. QED
binop{U} vo v1 wy SN (binop, vo, v1)
6.2. scASE On(binop, vy, v1) is not defined
6.2.1. QED
binop{U} vy v1 Wy TagErre

LEMMA 5.14 (5N TYPE PRESERVATION).

o If - N unop{r1}vo : 79 then - +N SN (unop,vp) : 7.
o If - N binop{t1} v v1 : 19 then - kN SN (binop, vy, v1) : Tp.

o If - +N unop{U} vy : U and S (unop, vy) is defined then - +n Sn(unop, vy) : U.
o If - N binop{U} vy v1 : U and Sn(binop, vy, v1) is defined then - FN Sn(binop, vy, v1) : U.

PRrOOF. By case analysis of §y and .

. CASE - kN fst{rp}vo : 10
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1.1. vy = (v1,v2) and - kN V1 : T
by inversion y
1.2. QED
2. CASE - kN snd{7o} vg : 7o
2.1. vg = (vy,vg)and - kN V2 : T
by kN canonical forms and Fy inversion
2.2. QED
3. CASE - kN sum{71} 0o v1 : 70
3.1. 79 € Int U Nat
by inversion Fy
3.2. SCASE 19 = Int
32.1. - kN g : Intand - Fy v ¢ Int
by inversion Fy
322 . vg€iandv; €1
by kN canonical forms
3.2.3. QED
On(binop,vg,v1) € i
3.3. sCASE 19 = Nat
3.3.1. - kN g : Nat and - Fn ©7 : Nat
by inversion y
332. vgenandv; €n
by kN canonical forms
3.3.3. QED
SN (binop,vg,v1) € n
4. CASE - +yN quotient{r; } vov1 : 7o
4.1. 19 € Int U Nat
by inversion Fy
4.2. SCASE 19 = Int
42.1. - kN g : Intand - Fy v7 ¢ Int
by inversion Fy
422. vg€iandvy €1
by kN canonical forms
4.2.3. QED
SN (binop, vy, v1) € i U DivErr
4.3. SCASE 719 = Nat
43.1. - +N vp : Nat and - +y o7 : Nat
by inversion +y
432. vgenandv; €n
by kN canonical forms
4.3.3. QED
On(binop, vy, v1) € nU DivErr
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5.

1.

2.

3.

CASE - kN fst{U} vy : U
5.1. vg = (v1,v2)
because S (unop, vg) is defined
52. kN UL U
by inversion ry
5.3. QED

On(unop,vy) = vy

. CASE - kN snd{U} vy : U

6.1. vy = (v1,0V2)

because Sn(unop, vp) is defined
6.2. - FNV2: U

by inversion Fy
6.3. QED

SN (unop,vp) = vy

. CASE - kN sum{U}vovy : U

7.1. Sn(binop, vy, v1) € i
by definition dn

7.2. QED
- kN ON(binop, vy, v1) : U

. CASE - kN quotient{U}vpv; : U

8.1. Sn(binop, vy, v1) € i U DivErr
by definition §x

8.2. QED
- +N ON(binop,vo,v1) : U

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

LEMMA 5.15. If - kN dyn by vy : 79 and by = (£« 1o« £1) then T ey such that dyn by v >y €1

ProoF. By case analysis of tag-match (| 7o], vo).

CASE tag-match (| 10|, Ax1. e1)
1.1. QED

dyn by vg >y mon bo v
CASE tag-match (o], A(x1:71). €1)
2.1. CONTRADICTION:

- kN dyn bg vg : 10
CASE tag-match (|79, mon by v1)
3.1. QED

dyn by vg >, mon bo vo

4. cask tag-match (| (1 X12)], (v1,v2))

4.1. QED

dyn by vp B (dyn (Lo« 114 {1) v1,dyn (Cpay«ly) v2)

5. CASE tag-match(|Int],vp)
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1977 5.1. QED
1978 dyn by vo Dy Vo
1979

losy O CASE tag-match ([ Nat], vg)

1981 6.1. QED
1982 dyn by vg B>y Yo
Y8 7. casE —tag-match ([ 10], vo)
1984
1985 7.1. QED
1986 dyn by vg > BndryErr (bo, vo)
1987
O
1988
1989 LEMMA 5.16. If - b\ stat by v : U and by = ((g« 1o« (1) then T ey such that stat by vy By e1.
1990
1991 PRrROOF. By case analysis on vy.
1992 1. CASE vy € Ax. e
1993
1904 1.1. CONTRADICTION:
1995 - kN stat bp vo : U
199% 2. CASE vy € Mx:7).e
1997 2.1. QED
1998
199 stat by vy >, mon bo v
2000 3. CASE vp € monbe
2001 3.1. QED
2002 stat by vy P, mon by vy
2003 N
2004 4. CASE vy = {(v1,v2)
2005 4.1. 70 =TI X1
2006 by inversion Fy
2007 4.2. QED
2008
2000 stat by vy > (stat (€p« 114 {1) vy, stat ((y« 34 l1) V)
2010 5. CASE Vo € i
2011 5.1. QED
2012 stat by vy >y V0
2013
2014 [m}
2015
2016 LemMma 5.17 (N-dyn PRESERVATION). If - b dyn bg vg @ 79 and by = (Lo to« €1) and dyn by vo Dy e1 then- n e1 : 7.

2017

Jois Proor. By case analysis of >y .

2019 1. casE dyn by vg >\ mon by vy

2020 and vy € (Ax. e) U (mon b v)
2021
1.1. QED
2022
2023
s by inversion Fy
2025 kN Vot U
2026
oy - kN mon by vy : 1
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2. CASE 19 = 71 XT2

and dyn ({p« (11 X12) < {1) (v1,02) >y (dyn (Lo« 114 {1) v1,dyn (Lpa 1y« 1) V)

2.1. QED
by inversion -y by inversion Fy
'I-Nvltw 'I-sz:w
*FN dyn (f0< T1<f1) v1:T1 kN dyn (5041'2451) V21 T2

- kN {dyn (Lo« 1« £y) v1,dyn (Lpa a2 €1) V) : 11 X T2
3. cAsE dyn by ip By o
and tag-match (| 70], io)
3.1. QED
by case analysis of tag-match (|19, io)
4. case dyn by vy >y BndryErr (bg, vo)
4.1. QED
- +N BndryErr (bg, vg) : o

O
LEMMA 5.18 (N-stat PRESERVATION). If - ky stat by vy : U and by = (£p« 19« 1) and stat by vy >, el then - Fy e1.

Proor. By case analysis of by .
1. caSE vy € (Ax:7).e) U (mon b v)
and stat by vg >, mon by v

1.1. QED

by inversion Fy
kN V0 : To

- kN mon by vy : U
2. CASE T) = T1 X1y

and stat (€p« (11 X12)«{1) (v1,V2) > (stat (Lo« 714 {1) vy, stat (Lo« T2« €1) V2)

2.1. QED
by inversion Fy by inversion Fy
cFN Y1 TT cEN V2 1 T2
- kN stat (fp«Ti«ly) vy U - by stat (fp« o< ly) vy : U

- kN (stat ((o« 1y« 1) vy, stat ((pamoaly) v2) : U
3. CASE stat by iy >y o
3.1. QED
“kN B0 U
4. cask stat (Cp« o« 1) vo Wy TagErro
4.1. CONTRADICTION:
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*FN Y0t T0

LEMMA 5.19.

o If (x0:70),To kN €1 : T2 and - kN g : 7o then Ty kN e1[x0 —vo] : 72
o If (xo:U), Ty FN €1 : 72 and - N vo : U then Ty FN e1[xo —vo] : 72

Proor. By induction on e;.
1. CASE e1 = x2
1.1. SCASE Xxp = X2
1.1.1. QED
e1[xo < vo] = vo
1.2. SCASE x0 # x2
1.2.1. QED
e1[xo —wvo] = €1
2. CASE e1 = iy
2.1. QED
e1[xo —vo] = e1
3. CASE €1 = Axy. ey
3.1. SCASE Xg9 = X2
3.1.1. QED
by the induction hypothesis
3.2. SCASE Xg # X2
3.2.1. QED
e1[xo —vo] = e
4. CASE €1 = A(x2:12). €2
4.1. SCASE x0 = x2
4.1.1. QED
by the induction hypothesis
4.2. SCASE X # X2
4.2.1. QED
e1[xo vl = e
5. CASE e1 = {ez, e3)
5.1. QED
by the induction hypothesis
6. CASE e; = app{r?} ez €3
6.1. QED
by the induction hypothesis
7. CASE ej = unop{r?} ey
7.1. QED
by the induction hypothesis
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8. CASE ej = binop{r?} e e3
8.1. QED
by the induction hypothesis
9. CASE e; = dyn b ey
9.1. QED
by the induction hypothesis
10. CASE ej = stat by e
10.1. QED
by the induction hypothesis

LemMa 5.20 (F-prOGRESS). If (€)% :7? WE and -; £y I e then one of the following holds:

o e € ()
o ¢ € E[Err]f

e de; such that e —>N €1

PRroOF. By case analysis of e.
By lemma 5.25, it suffices to consider the following cases.
1. CASE ¢ € ((v))[
1.1. QED
2. CASE eg € E[Err]¢
2.1. QED
3. case eg = Elapp{r1} (20)% (v1)%]%
3.1. vg € (A(x:7).e) U(mon b v)
by kN canonical forms and Fy inversion
3.2. SCASE vy = AMx2:72). €2
3.2.1. QED
e0 D Elealxy (o) 00%07) o
3.3. SCASE vy = mon ({y« (12 = 13) 4 (1) V2
3.3.1. LET b3 = (€pa 134 (1)
and by = ((1 424 {p)
3.3.2. QED
eo b Eldyn bs (app{TU} vz (stat by (v1)(00)) |6
4. cast eg = Elapp{U} (20)" (1)1
4.1. SCASE vy = Axy. e
4.1.1. QED
e0 P Eleafxz e (2g) 000])
4.2. SCASE vg = mon ({y« (12 =13)«{1) vy
4.2.1. 1ET b3 = (o« 134 (1)
and by = ({1« 24 4p)
and 74 = forget(t3)
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2185 4.2.2. QED

. 0,
eo W Elstat by (app{zs} o2 (dyn by (01)00%0)) 10
2187

s 4.3. SCASE vy ¢ (Ax.e) U (mon b v)

2189 4.3.1. QED

2190 ep »— E[TagErr o]t

2191 N £01€,

oo 5. CASE ey = E[unop{r?} (vo)°]*°

2103 5.1. QED

2194 by lemma 5.11 and lemma 5.28

296, casE eg = E[binop{r?} (vo)" (v1)"0]%

2o 6.1. QED

2197

2108 by lemma 5.11 and lemma 5.28

219 7. CASE eg = E[dyn b; (v1)f1%

2200 7.1. QED

ZZ; by lemma 5.11 and lemma 5.30

s 8. CASE eg = E[stat by (v1)0]%

2204 8.1. QED

2205 by lemma 5.11 and lemma 5.31

2206

2207

2208 _ ‘ _ _
9200 LEMMA 5.21 (IF-PRESERVATION). If (ep)“°:7? wf and ey —ge then -; €y I eq
zi? ProoF. By lemma 5.22 and lemma 5.23.

2212

2213

2214 LeEmMa 5.22. If (e9)?: 7o WF and e >g e then -; €o TF e
2215

2216 PRrooF. By case analysis of I>N'

217 1. cask Sn(unop, (vo)%) is defined

99 E €
ji: and (unop{r?} (vo)%)"° 5 (8n (unop, (v0)"))"*
2920 1.1. QED

2221 by lemma 5.29

222 2. case Sn(binop, (vo)%, (v1)%) is defined

4 14
o and (binop{r?} (v0)* (01)*)"* b (8 (binop. (o). (01)))"
2225 2.1. QED
2226 by lemma 5.29

273 case (@pp{no} (Axoim). e0)® (21)0)" e (eolivo (1))
jzzz 3.1. QED

by lemma 5.34

2230
2231 0 £yy60 N

4. cast (app{no} (mon (b= (1= 7)< 41) (v0)2) " (01)") )
2232 L 0
B (dyn (o< 2 61) (app{TU} vo (stat (f1 <714 o) (02)©%))™)
2234 4.0.1. {1 =40,

2235 by inversion -
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4.0.2. QED

by inversion I

S f() F U1
by inversion - Lo T (1) foloto
01 TF g 01 TF stat (1«7« bo) (01) 000

561 TF app{U} vy (stat (£1< 714 6) (v1)700%)

00 T (app{TU} vy (stat (61471 Lo) (1) 00000

6o T dyn (Co 12« £1) (app{T} vy (stat (34714 Lo) (wp)0f0f0))

6o TP (dyn (Co r2< 1) (app{T} vy (stat (14714 Lo) (w1)00%0))"?

- case (dyn (G0 £1) (20))" e

by lemma 5.32

LEmmA 5.23. If (eo)f0 U wf and ey >ﬁ e1 then €y [F e

PRroOF. By case analysis of >

. CASE On(unop, (v0)?) is not defined

and (unop{z?} (o))" > (TagErr o)
1.1. QED

. case Sy (unop, (v9)?) is defined

and (unop(r?} (20))"* w6 (unop. () )
2.1. QED
by lemma 5.29

. case Sy (binop, (vo)?, (v1)?) is not defined

and (binop{r?} (v0) (01))" w: (TagErr )
3.1. QED

. casE Sn(binop, (v0)%, (v1)%) is defined

and (binop{z7} (20) (o))" w (B (binop, (20) . (01)))”
4.1. QED
by lemma 5.29
lo
5.1. QED
by lemma 5.34

¢ £5y,f0 20,60
. CASE (app{U} (mon (fo« (o= 11)"1 «{1) (v9)2) ~ (v1)™) >

£
(stat (Co« 1< £1) (app{forget (r1)} vo (dyn (€14 79 Lo) () 0l0)) )"
6.1. {1 =0y
by inversion IF

6.2. QED

&
)
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by inversion |-

i f() F U1
by inversion IF Lo TF () foloto
€0 F oo =6 TF dyn (€1 <19« tp) ((vl))fofofo

6o T app{forget (1)} vo (dyn (1«9« o) (v1)0“%0)
6o TV (app{forget (1)} vo (dyn (€14 79« £o) (w1) %))

;€0 T stat (€o« 71« £1) (app{forget (r1)} vo (dyn (£1< 0« (o) ((Ul))gof‘)[o))g2

<ty T (stat (€o= 714 1) (appdforget (1)} 0 (dyn (€24 1< £g) (o1) 50000 %)
7. case (stat (o« o< €1) (o))" b e
7.1. QED
by lemma 5.33

O

LEMMA 5.24 (UNWIND BOUNDARY ERROR). If - kN € : 72 and e —>*N BndryErr (b, v1) then vy, E such that

€y —>*N Eo[dyn by v1] —y Eo[BndryErr (bo, v1)]

Proor. By the definitions of > and &, only dyn expression can step to a boundary error.

LEMMA 5.25. If - N eo : 2 and -; £o TF e then either:

o ¢ € (v)°

o ¢o = Eglapp{r?} (v0)®® (v1)?]%
o ¢y = Eo[unop{z?} (vo)“]%
Eo[binop{z?} (vo)* (v1)?]%

[ ] eo =

o ¢o = Eo[dyn by (v1)0]%
o € = Eo[stat by (01)"]%
e ¢y =E Err]‘)0

Proor. By induction on the structure of e.
1. CASE ¢y = ((xo))[0
1.1. CONTRADICTION:
6 TF ey
2. CASE e € ((v))["
2.1. QED
3. casE €0 = ((e1, e2))"
31. - kN ep:r?and - kN et T?
by inversion ry
3.2. 4o F e and ;€ [Fey
by inversion IF
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3.3. SCASE e1 ¢ ((v))f
3.3.1. QED
by the induction hypothesis
3.4. scast e; € (v) and e; ¢ (V)
3.4.1. QED
by the induction hypothesis
3.5. SCASE e € ((v))'? and ey € ((v))g
3.5.1. QED

e € (v)7

. CASE ey = app{7?}e1 ez

4.1. QED
by the induction hypothesis

. CASE ey = unop{r?}e;

5.1. QED
by the induction hypothesis

. CASE eg = binop{t?} ej ez

6.1. QED
by the induction hypothesis

. CASE e = dyn ((y< 19« {y) (el)f1

7.1. 6 Fep
by inversion IF
7.2. QED
by the induction hypothesis

. CASE eg = stat by e1

8.1. QED
by the induction hypothesis

LEMMA 5.26. If - € IF Eo[eo] then 3£y such that - €1 IF eg

Proor. By induction on the structure of Ey.

. Ey =[]

1.1. QED

. Eo = (Eq,€2)

2.1. QED
by the induction hypothesis

. Eo = (e1, E2)

3.1. QED
by the induction hypothesis

. Ey = unop{r?} E1

4.1. QED
by the induction hypothesis
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5. Ey = binop{r?} E1 ez
5.1. QED
by the induction hypothesis
6. Eg = binop{r?} e1 Eo
6.1. QED
by the induction hypothesis
7. Eg = dyn (b« o« £2) (E1)®
7.1. ;€5 IF E1[eo]
7.2. QED
by the induction hypothesis
8. Eg = stat ((p« 1o« {a) (El)‘)3
8.1. QED
by the induction hypothesis
9. Eg = (En)’
9.1. QED
by the induction hypothesis

[m]

Lemma 5.27 (F REPLACEMENT). If -; €o IF Eoleo] and the derivation contains a proof of -; €1 IF ey and -; €1 IF 1 then
Lo; 6o TF Eo[e1]

Proor. By induction on the structure of Ey.
1. Eg =[]
1.1. QED
2. Eo = (E1, €2)
2.1. QED
by the induction hypothesis
3. Eo = {e1, E2)
3.1. QED
by the induction hypothesis
4. Ey = unop{r?} E1
4.1. QED
by the induction hypothesis
5. Eg = binop{r?} E1 €3
5.1. QED
by the induction hypothesis
6. Eo = binop{r?} e1 E2
6.1. QED
by the induction hypothesis
7. Ey = dyn (o< rpala) (El)[3
7.1. -4y IF E1[eo]
7.2. QED
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by the induction hypothesis
8. Eg = stat ((p« 1o« {2) (E1)€3
8.1. QED
by the induction hypothesis
9. Eg = (Ep)’
9.1. QED
by the induction hypothesis

LEMMA 5.28 (6ny LABEL PROGRESS).

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

o If - by unop{r1} vo : 1o and -; £y IF unop{r1} vo then Sn(unop,vy) is defined and unop{r; } vg I>N SN (unop, vy).

e if - N binop{ri} vov1 : 19 and -; €y IF binop{r1} vy v1 then Sn(binop, vy, v1) is defined and binop{ri} vy v1 >
P P 2 P N

On(binop, vy, v1).

o If - by unop{U} vy : U and -; € TF unop{U} vy then unop{U} vy > et
o if - kN binop{U} vy vy : U and -; Ly TF binop{U} vy vy then binop{U} vy vy ’ﬁ eq.

PRrooOF. By case analysis of d, FN, IF, and >N.

1. casE - +N unop{ri} v : 70
1.1. vy = (v1)%
by inversion IF
1.2. v1 = (v2,v3)
by inversion Fy
1.3. QED
by definition §xr
2. CASE - kN binop{r1}vov1 : 1o
2.1. vp = (v2)" and vy = (3)"
by inversion IF
22. vg€iandvy €1
by inversion ry
2.3. QED
by definition §xr
3. CASE - kN unop{U} vy : U
3.1. QED
by inversion IF
4. CASE - +yN binop{U}vov1 : U
4.1. QED

by inversion I+

LEMMA 5.29 (7 LABEL PRESERVATION).

o If ;£ IF unop{r?} vy and (unop{z?} vo)f‘) (l>N U >ﬁ) (el)[‘] then -;€o TF ey.
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o If - £y IF binop{r?} vo v1 and (binop{r?} vy vl)[‘) (l>N U >N) (el)&’ then €y TF eq.

Proor. By case analysis of (|>N U >N).
£
L (fst{z2} ((01,22))®)" (g U ) (01)
1.1. 56 Foy

by inversion I+

1.2. QED
2. (snd{r2} (o1, 020)0)" (B U b (@2)
2.1. 4y IFoy
by inversion IF
2.2. QED
3. sum{2} (1) (12))" (g U o) (i1 +i2)8
3.1. QED
4. (quotient{r?} (1) (i2)®)" (g UPo) (DivErr)to
4.1. QED
5. (quotient{r?} (i) (i2)")" (g U p) (Lin /1))
5.1. QED

LEMMA 5.30. If -y dyn bg vg : 7o and -; o TF dyn b vg then ey such that (dyn by vo)f0 I>N (el)fo.

PRroOF. By inversion of IF and case analysis of tag-match (| 79], o).
1. by = (Cpa 1o« lq)
and -;¢; Fog
by inversion IF
2. v = (1)
by inversion IF
3. CASE v1 = Axy.e; and tag-match (| 7o), v1)
3.1. QED
(dyn by vo)f" l>N (mon by vo)["
4. CASE v1 = A(x1:71). 1 and tag-match (| 7o), v1)
4.1. CONTRADICTION:
- kN dyn bg vg : 70
5. CASE v1 = mon by vy and tag-match (| 7], v1)
5.1. QED
(dyn b vo)fo I>N (mon by vg)?0
6. CASE vy = (U2, v3) and tag—match([(rlxrg)flj,vl)
6.1. QED
(dyn by vp)® Do ({dyn (o1« £1) vz, dyn (boe 2 b1) vs))bo
7. CASE vj € i and tag-match(|Int], v1)
7.1. QED
(dyn by 00) B (01)
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8. CASE v; € n and tag-match (| Nat],v1)
8.1. QED
(dyn bo ©0)® > (1)
9. cASE —tag-match (|10, v1)
9.1. QED
(dyn by vg)bo I>N (BndryErr (bo, vo))’0

LEMMA 5.31. If - +y stat by vg : U and -;€g IF stat by vg then ey such that (stat by vo)f‘) >N (e1)€°.

PRrROOF. By case analysis on vg.
1. by = (Cpatpaty)
and ;¢ TF vy
by inversion IF
2. v = (01)"
by inversion IF
3. CASE v1 € Ax.e
3.1. CONTRADICTION:
- kN stat bg vg : U
4. CASE v1 € A(x:7). e
4.1. QED
(stat by vo)g‘) ’N (mon by vo)go
5. CASE v1 € monbe
5.1. QED
(stat by vo)&’ »N (mon by vo)["
6. CASE vy = (U2, V3)
6.1. 79 = (T]XTz)fl
by inversion Fy
6.2. QED
(stat b vg)% »N ((stat (Lo« 71« £1) vp, stat (Lo« T £1) v3))5
7. CASE vy € i
7.1. QED
(stat by vp)% ’N (v7)f0

LEMMA 5.32. If - kN dyn bg vg : 19 and +; £y TF dyn by vy and (dyn by vo)[" |>N (el)€° then -; € TF ey.

Proor. By case analysis of [>N'
1. by = (Lo rpaty)
and ;¢ IF [N
by inversion IF
2. v = (1)
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2601 by inversion IF

202 3 cASE v1 € (Ax.e) U (mon b v)

2603 ¢ ¢

- and (dyn by vg)"° I>N (mon by vg)*°

2605 3.1. QED

2606

2607 by inversion IF

2608 —_

2609 -;fl IS Vo

2610 -+ €0 TF mon by v

2611

o 4. CASE vy = (U2, 03)

2613 and by = (Lo« (rax73)"1 <€€1) .

2614 and (dyn b (o0, 01)))"" g ((dyn bs (v2) . dyn by (23) )"
2615 4.1. b3 = (Cpa 2« tq)

jfj: and by = (Lo« 13401)

2618 by definition Do

2619 4.2. QED

2620

2621 by inversion IF by inversion TF
2622 E—— EEEE——
223 10 TF (02)" 10 TF (03)
o 0o Fdynbs (v2)" 5t Fdyn b (03)"
2625

ez 6o TF (dyn b3 (02). dyn by (03))

2627 5. CASE v1 € i

e and (dyn by v9)? > (v1)%

2629 N

2630 5.1. QED

2631 6. CASE (dyn by vo)€° Dﬁ (BndryErr (bo,vo))fo

2632 6.1. QED

2633

2634 0
2635

2636

2637 LEMMA 5.33 (N-stat PRESERVATION). If - N stat by vg : U and -; €y [F stat by vy and (stat by vo)fo >N (e1)?0 then
2638 N fo F e1.

2639

2640

2641

2612 Proor. By case analysis of >

2643 1. by = (Cpatoaly)
2044 and -;¢; Fog
Y andog = (01)

by inversion |-

2646
2647
2645 2. CASE v1 € (A(x:7).e) U (mon b v)

2049 and (stat by 7.10)[0 ’N (mon by vo)["
2050 2.1. QED
2651
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by inversion IF
';fl F ()

-+ €o TF mon by v
3. CASE vy = (v2,v3)
and 7y = (TgXT3)[1
and (stat by vo)g‘) ’N ((stat (Lo« Ty« {1) vy, stat (Lo« T34 {7) 03))50
3.1. QED

by inversion IF by inversion IF
50 TF o 50 TF o3
B IF stat (Coa 2 ty) v 4o IF stat (Coar3afy) v3

- 6o TF (stat (Lo« T2« £1) Vo, stat (Ly« T34 £1) v3)
4. CASE vy €1
and (stat by vg)% »N (vy)%0
qedstep

O

LEMMA 5.34. If (x0:72),T0 FN €1 : 72 and (xo:€p), Lo; €1 = e1 and - FN vy : T2 and - €y F vy then Ty kN e1[xo —

vo] : 72 and Ly TF e [xg < vg].

Proor. By induction on the structure of eg.
1. eg = x2
1.1. SCASE x9p = X2
1.1.1. QED
1.2. SCASE X # X2
1.2.1. QED
e1[xo —vo] = e1
2. CASE ey € i
2.1. QED
e1[xo —vo] = €1
3. CASE ey = Axy. e
oreg = Mxz:12). €2
3.1. SCASE xp = X2
3.1.1. QED
e1[xo <—vo] = e
3.2. SCASE Xg # X2
3.2.1. QED
by the induction hypothesis
4. CASE ey = (e1,€2)
4.1. QED
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by the induction hypothesis

. CASE ey = app{r?}e;j e

5.1. QED
by the induction hypothesis

. CASE ey = unop{r?} e;

6.1. QED
by the induction hypothesis

. CASE ey = binop{t?} ej ez

7.1. QED
by the induction hypothesis

. CASE eg = dyn by e;

8.1. QED
by the induction hypothesis

. CASE ey = stat by e1

9.1. QED
by the induction hypothesis

10. CASE ey = (el)gl

10.1. £y = £
by inversion IF
10.2. QED
by the induction hypothesis

53

O

LEMMA 5.35 (BOUNDARY PRESERVATION). If eg:7? wf and e —>T\] Eoldyn by v1] then either has-boundary (e, by) or

has-boundary (ey, flip (bo)).

Proor. By case analysis of > and by, evaluation does not create new labels and only creates a new boundary by

flipping an existing boundary.

LEmMMA 5.36. If ey:7? wf and e —>’;\1 E[mon (£y« (1o =>T1)€1 < {2) vy] then tag-match (|79 = 11], vo)

Proor. Surface expressions do not contain monitors, and the only ways to create one via W and > require

tag-match as a precondition.
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6 Transient THEOREMS, LEMMAS, AND PROOFS
6.1 Transient Theorems

THEOREM 6.1 (INCOMPLETE MONITORING). There exists eq:7? Wt such that eg; 0; 0 —>f_r e1; Hi; By and for all Oq such

that O1 Ty Hi, we have Oq; - € I e1.

Proor. Let
ef = stat(fo«(Int=Int)« (1) (dyn ({1« (Int=Int)«{2) (Axo. (sum{xo} 1 ))‘)2){?1
e = (app{U} ey (Axo.(sumfxo} 1))’
vp = (po):0te
et = (app{U}vs (Ax1.0)"

By the reduction rules:

e; 0; 0 —>f_r e1; Hos Bo

where Hy = {po — Axp. (sum{xp} 1)}

and By = {po — {(Co<(Int=Int)« 1), ({1« (Int=Int)«£2)}}
In the result, WT fails because uf has multiple owners.

]

THEOREM 6.2 (UNSOUND BLAME). There exists eq : 72 W such that eg; 0; 0 —>’% BndryErr ({p« 14 (1),v1); H1; By

and senders (by) ¢ owners(vy).

Proor. Consider the following example ey where the let-expressions are sugar for untyped function applications:
eo = (let fo = (Axo. (x0,x0)) in
let fi = (stat (o<« (Int=Int)«{1) (dyn ({1« (Int= Int)«{y) (fo)fo)fl) in
stat (€« Int«£2) (app{Int} (dyn ({2« (Int= Int)«{p) (fo)[") 5)[2)[0
By the reduction rules:
ep;0; 0
* toty oyl
< (stat (fo« Int« £) (app{int} (o)™ 5)7) s Ho: Bo
4
— % (stat (o« Int« () (check Int (p1)%0% po)*) s Hi; By
—2 BrdryErr (Bo(p1) U Bo(po). (p1) 0% ); Hi: By
where Hy = {po = Axo. (x0,%0), p1 — (5,5}
and B1 = {po — ({1« (Int=Int)«{p), (Lo« (Int=Int)«{1), (2« (Int= Int)«{p), p1 — 0}
Thus senders(Bo(p1) U Bo(po)) = {€o, 1} & {Co. 2} = owners((p1)%2).

]

THEOREM 6.3 (INCOMPLETE BLAME). There exists ey:7? Wt such that eg; 0; 0 —>*T BndryErr (Lo« 11« £1), v1); Hi; By

and senders (by) 2 owners(vy).

Proor. Consider the following example ey where the let-expressions are sugar for untyped function applications:
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(let fo = stat ((o« o« £1) (dyn ({1« 19<ls) (Axp. x0)) in
let fi = stat ((o« (1o = 11)<£3) (dyn ({34 (0= 11)«{y) (Ax1.x1)) in
stat (o« (IntxInt)«{s5)
(app{Intxint) (dyn (€514 o) (app{TU) fi f0)"0) 42))"*;0;0
—>"T (stat (€o« (IntxInt)«{s5) , ot
(app{Intxint} (dyn (£s« 71 o) (app{T} (p1) 4 (po)210)") 42) ) Ho: Bo

—>*T (stat (€o« (IntxInt)« {s5) (app{IntxInt} ((po))z" 42)65)50;7{1; By
—>"T (stat (£o« (IntxInt)«{5) (check (IntxInt) ((42))71 po)fs)go;(Hzg By
—% BrdryErr (By(po). (42)7): Ho: By

where 79 = (Int=Int)

and r; = (Int= IntxInt)

and €y = €61 60l3Lsl30005

and ¢1 = €58y (rev(&y))

and Hz = {(po +> Axo. x0), (p1 > Ax1.x1)}

and B; = {(po = {(loe 0« l1), ((1 a0« b2), (L5114 p)}),

(p1 = {(loe(ro=11)t3), (L34 (ro=11)« la)})}

Hence, senders(B2(po)) = {€o, (1, €2} 2 {Co. 1, €2, €3, s, 5} = owners (((42))71 ). The crucial labels ¢3 and {4 are nowhere
to be found.

THEOREM 6.4 (ALL-PATH SOUND BLAME). If eq:7? Wf:

L) —f% Eo[dyn (61«71« 62) v1]; Hos Bo; Oo D BndryErr (€1« 11« £2),v1); Hy; B1; 01 then
(1) has-boundary(eq, ({14 114{2))

(2) o1 = (@)

e ¢ —>’% Eolapp{z?} v v1]; Ho; Bo; Op l>T BndryErr (by,v1); Hi; B1; O1 then

(1) V by € by, either has-boundary (eq, b1) or has-boundary (e, flip (b1))

@) v1 = (p1)%, 37, . 71 ~ by and Ty U O1(py) € 1.

e ¢ —>’% Ey[check(zo, vo, p1)]; Ho; Bo; Op l>T BndryErr (b1, vo); Ho; Bo; Op then

(1) YV by € by, either has-boundary (eg, b1) or has-boundary (eg, flip (b1))

2) vy = ((01))?0, 37, .0, = by, andly U O1(v1) U O1(p1) € senders(l;l).

Proor SKETCH. The proof relies on a straight-forward subject reduction argument showing that the evaluation trace

of any well-formed term e satisfies two invariants:

o for all dyn ({1« 71« {3) v1 that occur in all configurations e; H; B; O in the trace, has-boundary (ep, ({1« 114 {2))
and vy = ((v))gn_,_gz;
o for all configurations e; H; B; O in the trace, (i) if e # BndryErr (b, v) then for all p in the domain of O, O(p) C ¢*
where £* ~ B(po) and (ii) V¥ b1 € B(po), either has-boundary ey, by) or has-boundary (eo, flip (b1)).
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We employ the first invariant to establish the first case of the theorem and the second for the others. O

THEOREM 6.5 (ALL-PATH INCOMPLETE BLAME). There exists ey such that -;€e I e,
e ¢ —>’% Ey[check(zo, vo, p1)]; Ho; Bo; Op [>T BndryErr (l;l,vo);ﬂo;Bo;Ooand
(1) YV by € by, either has-boundary (eg, b1) or has-boundary (eg, flip (b1))
@) v = (1), 0 #p, l1...kn ~ by and 1.6, D O1(p1) U €*.

Proor. Consider the following example ey where the let-expressions are sugar for untyped function applications:
eo = (let fo = stat (Cop<to«f) (dyn ({14 9<L2) (Axp. x0)) in
let fi = stat ((o« (1o = 11)<{3) (dyn ({34 (0= 11)«{y) (Ax1.x1)) in
stat (£o« (IntxInt)« {5)
(app{IntxInt} (dyn (5 714 o) (app{T} fi f3)0) 42))00
With a straight-forward application of the reduction rules we obtain:
eo; 0;0;0
—>_’|‘_ stat ({o« (IntxInt)«{5)
04656 0,0:00\00) 40510
(app{IntxInt} (dyn (s« 71« Co) (app{U} (p1)™*"* (po)™*"'"°) ") 42) )" Ho: Bo; Oo
—ﬁ (stat (£p«IntxInt<{s) (app{IntxInt} ((po))z" 42)€5)£0;7‘(1;31; 01

—ﬁ (stat (£o« IntxInt« {5) (check IntxInt ((42))zl po)fs)go;ﬂz;Bg;Og
By BndryErr (Ba(po), (42)71); Ha; Bz; 02
where 1y = (Int=Int) and 71 = (Int= IntxInt)
and 8y = Lo€160l3L4l360 5 and U1 = €50y(rev(Zy))
and Hy = {(po — Axp. x0), (p1 — Ax1.x1)}
and By = {(po > {(Lo< o« ly), ({1 agaly), ({5411 4by)}),
(p1 = {(bo(ro=11)l3), (L34 (ro=11) < la)})}
Thus {€o, €1, €2, {5} = Ba(po) and {€o, {1, €2, 5} 2 O2(po) U {€o, {1, €2, {3, L4, €5} independently of the details of Oo.

]

THEOREM 6.6 (TYPE SOUNDNESS). If eg:7? wf then one of the following holds:
® ¢y;0;0 —)? vo; Ho; Bo and 375 . To;- b1 vo : | 72]
o ¢o;0; 0 diverges
® ¢);0;0 —ﬁ Eo[dyn by E[e1]]; Ho; Bo and e1; Ho; Bo By TagErr o; Hi; By
® ¢p;0;0 —ﬁ DivErr; Hy; Bo
e ¢p;0;0 —>_’|‘_ BndryErr (b1, v1); Ho; Bo

PRrROOF SKETCH. By progress and preservation lemmas; preservation constructs a heap typing (7°) at each step. O
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2913 7  Amnesic THEOREMS, LEMMAS, AND PROOFS

2914

s0;s 7.1 Amnesic Theorems

2916 THEOREM 7.1. If eg:7? WE then forget(eq):7? wf and ey —z e iff forget(eg) —, forget(e1)

2917

2918 Proor. By the definition of =

2919

2920 g
. THEOREM 7.2 (TYPE SOUNDNESS). If eq:79 wWf then one of the following holds:

2922

2923 ® € —>Z (o) and - FA D0 & To

2924 o ¢ diverges

22 e ¢) =" Eo[dyn by E[e1]] and e; », TagErre

2926 A A

yor ° ¢ —>/’; DivErr

2928 ® ¢ —>Z BndryErr (b1, v1)

2929

2030 PRrooOF. By progress and preservation lemmas (lemma 7.11 and lemma 7.12).

2931 o
2932

2933 THEOREM 7.3 (DYNAMIC SOUNDNESS). If eg: U wf then one of the following holds:

2934 *

Joss * e =, U and - +p vy : U

2036 o ¢ diverges

2937 ° ¢ —>: Eole1] and e1 », TagErre

2938 e ¢y —* DivErr

* BndryEr &

»ot0 * ¢p —, Bndry rr(b1,v1)

2ou PRroOF. By progress and preservation lemmas (lemma 7.11 & lemma 7.12).

2942

2943 [m]
2944 - _
2015 THEOREM 7.4 (INCOMPLETE MONITORING). There exist e, e1, £, T2 such that (eo)[" :7? wi and e —>’% ey and ;€ |F eq.
:Z: Proor. Let .

Jous e = stat(fo«(Int=Int)« (1) (dyn ({1« (Int=Int)«{3) (Axo. (sum{Int} xo 1))52) !

2949 eo = (app{U}ep (Axo. (sum{Int} xo 1)))60

. £

2950 vp = (trace, {(fo«(Int=Int)« £1), ({1« (Int=Int)« £)} (Axo. (sum{Int} xo 1))/241)"

2951

e = (app{U} e (Axy.0)"

,05;  With a straight-forward application of the reduction rules we obtain:

£
2954 (ef)go —»*K (stat (£o« (Int=Int)«£1) (mon ({1« (Int=Int)« {2) (Axp. (sum{Int} xo 1)){2)51) ’
2955

yo56 —>*K (trace, {(€o< (Int= Int)« (1), ({1« (Int= Int)«£2)} (Axp. (sum{Int} xo 1)))(')2[1)60

2957 = vf
2938 therefore

2959

2960 €o —L e

2961 o
2962

2963 THEOREM 7.5 (SOUND AND COMPLETE BLAME). If -;{e I eg and ey —>j_\ BndryErr ((€p« 71«4 £1),v1) then

2964 2019-10-03 17:26. Page 57 of 1-148.



58 Ben Greenman, Matthias Felleisen, and Christos Dimoulas

2965 o either has-boundary(({p« 1< {1), ) or has-boundary(((1 <114 ¢p), ep), and
266 o senders(b1) = owners(v;)

2967

2968 THEOREM 7.6 (BLAME CORRECTNESS). If (e0)%0 : 72 WT then one of the following holds:
2969

* . =
Y70 ® ¢ _)K vo and +; €y IFA v

2071 o ¢ diverges
2972 e ¢yg —. TagErre
A
27 e ¢y —>= DivErr
2974 A _
2975 ® ¢ _)*K Eoldyn ({1« 114 87) v1] —z BndryErr (b1, v1) and furthermore:
2976 (1) V by € by, either has-boundary (eo, b1) or has-boundary (e, flip (b1))

2977

(2) one of the following holds:
2979 (a) v1 ¢ (trace, l;((v))g) fnd by TFA v1
2980 (b) vy = (trace, by (v2)/2%) and by ~ £oTs€s and -; last (€3) Fp vs

2981

2978

2082 ProOF.

29083 1. SUFFICES ASSUME e —>"‘K Eo[dyn (61«11« ¢2) v1] —= BndryErr (b1,01)
. PROVE (1) V by € by, either has-boundary ey, by) or has-boundary(eq, flip (by))
2086 (2) one of the follo_wing_holds: ~

2987 (a) vy ¢ (trace, b (v)%) and ;5 TFA v

2988 (b) v1 = (trace, by (v2)72%2) and by = 7505 and - last (£3) Fa vz

2989

2985

by lemma 7.26 and lemma 7.27
2. (L1« by« TFA)7y and £y TFp v1

2990

2991

2992 by lemma 7.27

2993 3. Vb € by either by € e or flip(b1) € ep

24 by lemma 7.41

2995 ) -

oos & either by = (61 4_524) _ _

2997 or v1 = (trace, bp vg) and by = ({1« la<4)by

2998 by the definition of ——

. A

2999

3000 o
zz:z COROLLARY 7.7 (MINIMAL BLAME INFO). If eg:7? wf and ey —>;‘\ BndryErr(l;l,vl) thenb; # -

3003 ProOF. by THEOREM 7.6

3004

3005 ]

3006 _— -— -
2007 COROLLARY 7.8 (BLAME/OWNERSHIP MATCH). If Lo;{o IFa eo then for all subterms (trace, by e1) there exists {1 such

308  thatey = ((ez))Fl and by ~ 0y
3009

2010 PRrOOF. by definition of I

3011 O
3012

3013 THEOREM 7.9. If ey :79 wf and e —>Z v1 then mon-depth(vy) < 2

3014

015 Proor. 1. surrICEs if dyn by vz 1>, v3 then mon-depth(vs) < 2
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because the only way to increase the mon-depth of a value is by crossing a boundary
2. QED
by lemma 7.10 and the definition of »,

o
THEOREM 7.10. If eo: U wf and ey —>/’f\ vy then mon-depth(v1) < 1
PrOOF. 1. SUFFICES if stat by v >, U3 then mon-depth(v3) < 1
because the only way to increase the mon-depth of a value is by crossing a boundary
2. QED
by definition of »,
[m}

7.2 Amnesic Lemmas

LEMMA 7.11 (kA PROGRESS). If - kA €g : 72 then one of the following holds:
® ¢) €V
e ¢y € Err

e deq such that e -, e

PRroOF. By case analysis of e.
By lemma 7.15 it suffices to consider the following cases.
1. CASE eg €V
1.1. QED
2. CASE ey = Eg[Err]
2.1. QED
3. cASE ey = Eo[app{r1} vo v1]
3.1. vg € (AM(x:7).e) U(mon b v)
by lemma 7.16 and inversion 4
3.2. SCASE vy = A(x2:72). €2
3.2.1. QED
eo >, Eolea[xz —v1]]
3.3. SCASE vg = mon ({p« (11 = 12)« (1) vy
3.3.1. QED
eo >, Eo[dyn ({o« 1« ¢1) (app{U} vz (stat ({1« 114 p) v1))]
4. cASE ey = Eglapp{r1}vo v1]
4.1. SCASE vy = trace\?, bo (Alx2:72). €2)
4.1.1. QED
eo », Eo[trace bo (e2[x2 —v1])]
4.2. SCASE vy = tracez bo (mon (Lo« (11 = 12)« 1) v2)
4.2.1. QED
eo ®, Eo[trace by (stat (Co« 12« (1) (app{forget(r2)} vz (dyn ({14 714 (p) v1)))]
4.3. SCASE vg ¢ (tracez B(A(x:1).e) U (trace\?, b (mon b v))
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4.3.1. QED
eo , Eo[TagErre]
5. CASE ey = Eg[unop{r?} vo]
5.1. QED
by lemma 7.16 and lemma 7.18
6. CASE ey = Eg[binop{r?} vy v1]
6.1. QED
by lemma 7.16 and lemma 7.18
7. CASE ey = Ep[dyn (€p< 9« {1) vo]
7.1. QED
by lemma 7.16 and lemma 7.20
8. CASE ey = Eg[stat ({p« o« {1) vg]
8.1. QED
by lemma 7.16 and lemma 7.21
9. CASE ey = Eg[trace bo vo]
9.1. QED
eo », Eo[add-trace (b, vo)]

LEMMA 7.12 (FA TYPE PRESERVATION). If -k eg : 72 and e

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

A

Proor. By lemma 7.13 and lemma 7.14.

LEMMmA 7.13 ([>A PRESERVATION). If - A € : 70 and ep >, el then - kp e1 : Tg.

Proor. By case analysis of >, .
1. casE da(unop,vy) is defined

and unop{r?} vy >, Sa(unop, vo)

1.1. QED
by lemma 7.19

2. cast fst{ro} (mon (o< 11« 1) vo) >, dyn (bo< o« {1) (fst{U} vo)

2.1. QED

by inversion r4
0 : Uu
kA fst{U} vy - U

—, e then-tp e : 72

kA dyn (bo< o« ly) (fst{U} vy) : 10

3. cask snd{zo} (mon ({o« 1< {1) vo) B>, dyn (b« o« ¢1) (snd{U}vo)

3.1. QED
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by inversion
vt U
kA snd{U}tovy: U

- +a dyn (boa o« fy) (snd{U} vp) : 7o
4. case binop{r?} v vy B>, da(binop,vo,v1)

4.1. QED
by lemma 7.19
5. caSe app{ro} (A(x1:71). €1) v2 >, e1[x1 —vz]
5.1. QED
by lemma 7.25
6. CASE app{ro} (mon ({p« (11 = 12)<{1) Vo) V1
>, dyn (Co« 1o« 1) (app{U} vo (stat ({1« 114 4p) v1))
6.1. QED

by inversion Fa

by inversion +4 “FA VLT

“kpa v U - kp stat (et «ly) v U

kA app{U} vy (stat (L1ary<bp) v1) : U

kA dyn (b« o« L) (app{U} vo (stat (L1714 o) v1)) : 70
7. cAsE dyn by vg Dy V1
7.1. QED
by lemma 7.22

LEMMA 7.14 (>A PRESERVATION). If -+ € : U and ey >, el then - +p e1 : U.

Proor. By case analysis of », .
1. case unop{r?} vo », TagErre
1.1. QED
- kA TagErre : U
2. casE unop{r?}vg >, S4(unop, vo)
2.1. QED
by lemma 7.19
3. cAsk fst{U} (trace\?, by (mon (£1 <19« £2) 1)) >, trace by (stat by (fst{fst(z0)} v1))
where by = (1« fst(19) < {2)
3.1. QED
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by inversion Fa
“FA V15T
-k fst{fst(n)} v1 : fst(zo)
- k4 stat by (fst{fst(z0)} v1) : U
- kA trace by (stat by (fst{fst(ro)} v1)) : U
4. case snd{U} (trace\?, bo (mon (61«19« £2) v1)) », trace bo (stat by (snd{snd(z9)} v1))

where b7 = ({1« snd (1)« {3)
4.1. QED

by inversion ta

cFA U1 170

- ka snd{snd ()} v1 : snd(tp)
- ka stat by (snd{snd(79)} v1) : U
- A trace by (stat by (snd{snd(r9)} v1)) : U

5. cask binop{r?} vov1 », TagErre
5.1. QED
A TagErre : Y
6. CASE binop{r?} vy v1 », da(binop, vo, v1)
6.1. QED
by lemma 7.19
7. caSE app{U} (trace; bo (Ax1. e1)) vy
>, trace bo (e1[x1 —v2])
7.1. QED
by lemma 7.25
8. CASE app{U} (traces bo (mon (Lo« (11 = 10)< £1) vg)) v1
», trace bo (stat (Lo« 9« £1) (app{ro} vo (dyn (€1« 114 £p) v1)))
8.1. QED

by inversion ta

by inversion kp “kpa v U

*FA DY T1 =T -I—Adyn(€1<r1<€0)vl:rl

- kA app{ro} vo (dyn ({1« 11« p) v1) : 79

- kA trace by (stat (£o« o« £1) (app{ro} vo (dyn (1 a1« ) v1))) : U

9. CASE stat by vy >, U1
9.1. QED
by lemma 7.23
10. casE trace by vo >, add—trace(l;o,vo)
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3225 10.1. QED
sz by lemma 7.24
3227
3228
3229
3230 LEMMA 7.15 (UNIQUE DECOMPOSITION). If - Fa eg : 7? then either:
3231
3232 ® € c€v
3233 e ¢ = Eo[app{r?} vo v1]
3234 e ¢ = Eo[unop{r?} vo]
3235
2 o ¢y = Eo[binop{r?} vp v1]
3236
so7 e ¢ = Eo[dyn by v1]
3238 o ¢y = Ep[stat by v1]
3239 o ¢y = Eg[trace by v1]
P e e = BolEn]
3241
3242 . .
Proor. By induction on the structure of ep.

3243
3244 1. CASE ey = x¢
3245 1.1. CONTRADICTION:
3246 kA€o T?
3247

2. CASE ey = 1
3248
3249 2.1. QED

3250 3. CASE ¢y = (e1,€2)

3251 3.1. SCASE e1 ¢ v

sz 3.1.1. QED

3253 i ) )
954 by the induction hypothesis
3255 3.2. SCASE e1 €vandey ¢ v

3256 3.2.1. QED

o by the induction hypothesis
3258

1950 3.3. SCASE e1 €vandey € v

3260 3.3.1. QED

3261 € Ev

P2 4. CASE e = app{r?}e; ez

3263

3264 4.1. QED

3265 by the induction hypothesis
3266 5. CASE ey = unop{r?}e;

sze1 5.1. QED

3268 . . .
2960 by the induction hypothesis

3270 6. CASE eg = binop{r?}e; ez

32m 6.1. QED

e by the induction hypothesis
3273

974 7. CASE ey = dyn by €3

3275 7.1. QED
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by the induction hypothesis
8. CASE ey = stat by eg
8.1. QED
by the induction hypothesis
9. CASE e = trace 51 e1
9.1. QED
by the induction hypothesis
10. CASE ¢g € Err

10.1. QED

LEMMA 7.16. If - +a Eoleo] : 72 then one of the following holds:

o -Fpae: U

.3T0.~I-A€0:T0

Proor. By induction on the structure of Ey and case analysis of 4.

1. casE Eg =[]
1.1. QED
2. CASE Ey = (Eq,e2)
2.1. - kA Eqleo] : 72
by inversion Fa
2.2. QED
by the induction hypothesis
3. cASE Ey = (v1, E2)
3.1. QED
by the induction hypothesis
4. case Ey = app{r?} E1 e2
4.1. QED
by the induction hypothesis
5. CASE Eg = app{r?}v; E
5.1. QED
by the induction hypothesis
6. casE Eg = unop{r?} E1
6.1. QED
by the induction hypothesis
7. caSE Ey = binop{r?} E;1 ez
7.1. QED
by the induction hypothesis
8. CASE Eg = binop{r?}v1 Ez
8.1. QED
by the induction hypothesis
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9. cAase Ep =dynb; Eq
9.1. QED
by the induction hypothesis
10. casE Ej = stat by Eq
10.1. QED
by the induction hypothesis
11. caseE Ejy = trace l;l Eq
11.1. QED
by the induction hypothesis

LEMMA 7.17 (A REPLACEMENT).

o If - +a Eoleo] : 72 and the derivation contains a proof of - Fa ey : 7o and - +a ey : 7o then - +a Eole1] : 72.
o If - +a Eoleo] : 72 and the derivation contains a proof of - +a e : U and - +p e1 : U then - +5 Epler] : 2.

Proor. By induction on E.
1. casE Eg =[]
1.1. QED
2. CASE Ey = (E1, e2)
2.1. QED
by the induction hypothesis
3. cASE Ey = (v1, E2)
3.1. QED
by the induction hypothesis
4. case Ey = app{r?} E1 ez
4.1. QED
by the induction hypothesis
5. caSE Ey = app{r?} v E2
5.1. QED
by the induction hypothesis
6. cASE Ey = unop{r?} E1
6.1. QED
by the induction hypothesis
7. CASE Eg = binop{r?} E1 ez
7.1. QED
by the induction hypothesis
8. CASE Eg = binop{r?}v; Ez
8.1. QED
by the induction hypothesis
9. cAsE Eg = dyn b E;
9.1. QED
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3381 by the induction hypothesis

382 10. cAse Ey = stat by Eq

3383

3384 10.1. QED

3385 by the induction hypothesis

3386 11. cASE Ep = trace 51 Ey

3387 11.1. QED

3388 ] ) )

4380 by the induction hypothesis

3390 O
3391

3392 LEMmaA 7.18.

3393

3394 o If - p unop{r1}vo : 79 then unop{r;} vo >, e

3395 e if - +a binop{r1}vo v1 : 79 then binop{r1}vov1 B>, e1.
e o If - ta unop{U} vy : U then unop{U} vy », e1.

3397

3398 o if -+ binop{U} vgv1 : U then binop{U} vy vy », €1
3399

3400 Proor. By case analysis of 84, kA, and b, .

3401 1. CASE - Fa fst{zo} vo

3402 1.1. vy € (v,v) Umon ({<«tXT<l)V
3403 .

s by Fa canonical forms

2105 1.2. SCASE vy = (v1, v2)

3406 1.2.1. QED

3407 fst{ro} vo >, v1

3408

. 1.3. SCASE vy = mon (£p« 11 X124 {1) U3
3410 1.3.1. QED

3411 fst{zo} vo Dy dyn (fo« o« ty) (fst{U} vo)
312 2. CASE - kp snd{1p} vg

3413 2 1

3414 -1+ QED

415 similar to the fst case

3416 3. CASE - kp fst{U} vy

3417 3.1. SCASE vy = (v1,v2)

3418 3.1.1

o .1.1. QED

3420 fst{U} vo >y U1

3421 3.2. SCASE vy = traceg l;o (mon ({1« 11 X124 l2) V1)
3422 3.2.1. QED

3423 -

s fst{U} vo », traceb (stat ({14114 f2) (fst{r1} 1))
345 3.3. SCASE vy ¢ (v,v) U (mon ({<«rXT<{)v)

3426 3.3.1. QED

3427 fst{U} vo », TagErre

3428

o 4. CASE - Fp snd{U} vy

3430 4.1. QED

3431 similar to the fst case
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3433 5. CASE - ka binop{r1}vov; : 19

i 51. vp €iand vy € i
3435 .
e by k4 canonical forms
3437 5.2. QED
3438 binop{r1} vo v1 >, Sa(binop, vy, v1)
6. cASE - Fp binop{U}vo vy : U
3440
6.1. SCASE vy €Eiand vy € i
3441
3442 6.1.1. QED
3443 binop{'LI} Vo V1 Py Sa(binop, vy, v1)
uaa 6.2. SCASE vg ¢ iorvy €1
3445
246 6.2.1. QED
3447 binop{U} v v1 >, TagErre
3448
3449
3450 LEMMmA 7.19.
3451
445 o If - Fa unop{ri} v : 70 and unop{r1} vy >, €1 then: ka e : 7.
3453 o If - Fp binop{r1} v v1 : 7o and binop{r1} vy v1 >, €2 then -k ez : 7p.
3454 o If - tp unop{U} vy : U and unop{U} v », e then-rp e : U.
3455 o If - Fp binop{U} vy vy : U and binop{U} vy v; >, ez then-p ez : U.
3456
3457 PRrROOF. By case analysis of §4 and Fa.
148 1. CASE - kp fst{ro} vo : 70
3459
2160 1.1. scask fst{rg} (v1,v2) >, U1
3461 1.1.1. QED
3462 by inversion Fp
3463 1.2. scAsk fst{rg} (mon ({y« 11 X1« 1) V1)
3464
e >, dyn (bo<r1« 1) (fst{U} v1)
3466 1.2.1. QED
3467
3468 by inversion 4
3469 -
3470 cka v U
34 kA fst{U} v - U by inversion 4
3472
3473 “ka dyn (bpary«ty) (fst{U}v1) : 1y 71 <70
7 “kp dyn (bga i« L)) (fst{U} v1) : ¢
3475
476 2. CASE - ka snd{to} vy : 79
3477 2.1. QED
3478 similar to fst
479 3. CASE - ka sum{ti} vy vy : T
3480
st 3.1. sum{r; } vg 1 N da(sum, vy, v1)
3482 3.2. 19 € Int U Nat
3483 by inversion Fa
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3.3. SCASE 19 = Int
33.1. - kA vo : Intand - Fp v7 : Int
by inversion
33.2. vg €iandvy €1
by Fa canonical forms
3.3.3. QED
- kA 8a(binop, vy, v1) : Int
3.4. scASE 19 = Nat
3.4.1. - +p v : Nat and - Fp 01 : Nat
by inversion F4
342. vgenandv; €n
by Fa canonical forms
3.4.3. QED
- kA da(binop, vy, v1) : Nat
4. CASE - Fp quotient{r1}vov1 : 10
4.1. quotient{r;}vo vy > da(quotient, vy, v1)
4.2. 79 € Int U Nat
by inversion ta
4.3. SCASE 109 = Int
43.1. - Fp vg : Intand - Fp 1 ¢ Int
by inversion ra
43.2. vp €iandvy € i
by Fa canonical forms
4.3.3. QED
Sa(binop, vy, v1) € i U DivErr
4.4. SCASE 1y = Nat
44.1. - +p vo : Natand - Fp v : Nat
by inversion 4
442. vgenandvy €n
by F4 canonical forms
4.4.3. QED
da(binop, vy, v1) € n U DivErr
5. CASE - ka fst{U} vy : U
5.1. SCASE vy = trace‘?, bo (v1,02)
and fst{U} vy >, add-trace (l;o, v1)
511. -rpa v U
by inversion +a
5.1.2. QED
by lemma 7.24
5.2. SCASE vy = trace?, bo (mon ({1« 11 X124 l2) V1)
and fst{U} vy », trace bo (stat (€1« 71« &) (fst{r} v1))
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5.2.1. QED

by inversion Fp
kA 01 Uu

kA fst{r } o - U

- bp stat ({1 <y« fy) (fst{r1}v1) : U

- kA trace by (stat (61 a1« £3) (fst{ri} v1)) : U
5.3. SCASE vg ¢ (tracez b(v,0)) U (traceg b (mon b v))
and fst{U} vy », TagErre
5.3.1. QED
A TagErre : Y
6. CASE - ka snd{U} vy : U
6.1. QED
similar to fst
7. CASE - ko sum{U}vpvy : U
7.1. sum{U} vo vy », Sa(binop,vo,v1)
7.2. d4(binop, vy, v1) € i
by definition §4
7.3. QED
- kA 8a(binop,vg,v1) : U
8. CASE - ka quotient{U}vov; : U
8.1. quotient{U} v vy », da(binop,vo, v1)
8.2. 54(binop,vg,v1) € i U DivErr
by definition §4
8.3. QED
- kA Sa(binop,vo,v1) : U

LEMMA 7.20. If - k5 dyn bg vg : 79 and by = (€o« 9« 1) then ey such that dyn by vy >, e1.

ProOF. By case analysis of tag-match (| o], vo).
1. case tag-match (| 1], tracef, ba (Ax1. €1))
1.1. QED
dyn by vg >, mon by vo
2. CASE tag-match (| 7o), A(x1:71). €1)
2.1. CONTRADICTION:
- +a dyn bg vo : 79
3. CASE tag-match(| o], trace\?, b2 (mon by v1))
3.1. QED
dyn by vo >, mon by vy
4. CASE tag—match(L(nXTZ)J,tracez by (v1,v2))
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4.1. QED
dyn by vo >, mon bo v

. CASE tag-match(|Int], trace3 by v1)

5.1. QED
dyn bo v DA U1

. CASE tag-match(|Nat], tracef, b1ov1)

6.1. QED
dyn by vg Dy U1

. CASE —tag-match (|70, vo)

7.1. QED
dyn by vo N BndryErr (bo, vo)

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

LEMMA 7.21. If - ka stat by vg : U and by = (Co« 19« 1) then ey such that stat by vy >, el

Proor. By case analysis on vg.

> =
. CASE vy € trace, by (Ax.e)

1.1. CONTRADICTION:
- ka stat by vg : U

. CASE vg € A(x:7). e

2.1. QED
stat by vy », mon by v

. CASE vy = mon by v1

3.1. SCASE v = tracez 52 Uy
and vy € (Ax.e) U (v, v)
3.1.1. QED
stat by vy >, trace bob1ba vo
3.2. SCASE v1 = trace?, by (mon bs vg)
and vy € (A(x:7).v) U (v, v)
stat bo v P, trace bobiby (mon b3 vy)

. CASE vy = (v1,v2)

4.1. 10 = 11 X12
by inversion ta
4.2. QED
stat by vy », mon bo v

. CASE vg € i

5.1. QED
stat by vy >, Vo

LEMMA 7.22. If - +a dyn by v : 79 and by = (Lo« 9« £1) and dyn by vy >y €1 then - Fa eq : 1.

Proor. By case analysis of &>, .
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3641 1. case dyn by v >, mon bo v

3642 1.1. QED
3643
3644 b . .
sois y inversion ka
3646 kAo U
3647 -
648 - kA mon by vy : T
3649 2. CASE dyn by traceg, by ig >, o
3650 2.1. QED
3651 . .
by case analysis of tag-match (|79, io)
3652
3653 3 casE dyn bg vo >, BndryErr (bo, vo)
3654 3.1. QED
3655 - kA BndryErr (bo, vo) : 10
3656
3657
3658
2650 LEMMA 7.23. If - kA stat by vg : U and by = (Lo« 19« {1) and stat by vy >, €1 then  kp e1.
3660 Iysis of
s661 Proor. By case analysis of b, .

3662 1. CASE vy € (A(x:7).e) U ({v,v))

3663 and stat by vy », mon by vo
2664 1.1. QED
3665
3666

inversion +
sesr by inversion 4
3668 kA D0 1 T0
3669 —
3670 - kA monby vy : U

3671 2. CASE g € (Ax.e) U ((v,v))

3672 and stat by (mon by (trace’ by vp)) >, trace bobibs vo
3673
2.1. QED
3674
3675 ' .
3676 by inversion 4
977 *FA 00 ¢ Uu
3678 =
3679 - kA trace bob1b2 vy : U

3680 3. CcASE vy € (A(x:7).e) U ({v,0v))

3681 and stat by (mon by (trace by (mon bz v))) >, trace bob1b; (mon bs )

3682
3683 and b3 = (€4< 734 65)

3684 3.1. QED

3685

3686 by inversion Fa
3687

688 kA U0 T3
3689 -kpa monbs vy : U
3690 —
3601 - kA trace bobiby (mon bs vy) : U
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. CASE stat by ig >, o

4.1. QED
“kadg U

LEMMA 7.24. If - Fa trace bo vo : U then - vp add-trace (by, vo) : U.

Proor. By case analysis of add-trace.

. CASE add-trace(-,vg) = vg

1.1. QED

. casE add-trace (b, (trace, b vl))fz) = trace, boby ((vl))z2

2.1. QED
by kA U1 Uu

. CASE add-trace (l;o, v1) = trace, by v1

3.1. QED
by - ka v : U

LEMMA 7.25.

o If (x0:70),T0 FA €1 : T2 and - kA Vg : 7o then Ty kA e1[xo «—vp] : 72
o If (xo:U),To+a €1 : 72 and - +a vo : U then Ty +a e1[xo o] : 72

Proor. By induction on e;.

. CASE e1 = X2

1.1. SCASE Xxp = X2
1.1.1. QED
e1[xo —vo] =29
1.2. SCASE X # X2
1.2.1. QED

e1[xo o] = 1

. CASE e1 = I

2.1. QED

e1[xo o] = e1

. CASE e1 = Axy.es

3.1. SCASE Xg9 = X2
3.1.1. QED
by the induction hypothesis
3.2. SCASE Xg # X2
3.2.1. QED

e1[xo —vo] = e;

. CASE e1 = A(x2:12). €2

4.1. SCASE Xxp = X2
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4.1.1. QED
by the induction hypothesis
4.2. SCASE X # X2
4.2.1. QED
e1[xo o] = e1
5. CASE e] = {ez, e3)
5.1. QED
by the induction hypothesis
6. CASE e1 = app{r?} ez e3
6.1. QED
by the induction hypothesis
7. CASE e1 = unop{r?} ez
7.1. QED
by the induction hypothesis
8. CASE ej = binop{r?} ez e3
8.1. QED
by the induction hypothesis
9. CASE e; = dyn b ey
9.1. QED
by the induction hypothesis
10. CASE e; = stat by ep
10.1. QED
by the induction hypothesis
11. CASE e; = trace, l;z V2
11.1. QED
by the induction hypothesis
12. CASE e1 = tracel;z e
12.1. QED
by the induction hypothesis

LeMMA 7.26 (TFA-PROGRESS). If - a eo : T2 and -3 Le TFa € then one of the following holds:
o e € (v)
e ¢y € E[Err]’

e deq such that e —, €1

PRrOOF. By case analysis of e.
By lemma 7.30, it suffices to consider the following cases.
1. CASE ¢ € ((v))z

1.1. QED
2. CASE eg € E[Err]¢
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2.1. QED
4
3.1. vg € (AM(x:7).e) U(mon b v)

by k4 inversion and canonical forms
3.2. SCASE vy = AMx2:72). €2

3.2.1. QED _

e0 B El(ealvo (o)1 D)) 1

3.3. SCASE vy = mon ({2« (12 = 13)< {3) (vz)g4

3.3.1. LET b3 = ({2« 134 (3)

and by = ({3« 24 {)
3.3.2. QED

R
eo B, E[(dyn bs (app{U} vz (stat by ()t @ty

. CASE ey = E[app{U} ((vo))f0 1] _

4.1. SCASE vy = trace‘?, by (Axs. e2)"
4.1.1. LET vy = add-trace (rev(by), (v1)f17ev (Corev(ts))
4.1.2. QED

_ 7.l
eo »y El(trace by (e2lxz —v11)™) 10

4.2. SCASE vg = tracez by (mon (£34 (1= 1'3)644 l4) (02)65 ))t)'5
4.2.1. 1ET by = ({34134 {y)
and bg = (544 24 53)
and 74 = forget(r3)
4.2.2. QED
- Zo
= [ AN IR
eo », E[(trace by (stat by (app{za} vz (dyn bg (v2)“"'°¢)) ) ) 1™
4.3. SCASE v ¢ (Ax.e) U (mon b v)
4.3.1. QED
eo », E[TagErr o]t

. case e = Elunop{r?} (20)"*]"

5.1. QED
by lemma 7.16 and lemma 7.33

. case e = E[binop{r2} (o) (01)71%

6.1. QED
by lemma 7.16 and lemma 7.33

. CASE e = E[dyn by (v1)71]%

7.1. QED
by lemma 7.16 and lemma 7.35

. casE eg = E[stat by (v1)1]%

8.1. QED
by lemma 7.16 and lemma 7.36

. CASE eg = E[trace by vy]%
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9.1. QED
eo >, E[add-trace (bo, vo)] %

LemMma 7.27 (FA-PRESERVATION). If - kA eg : T2 and ;e TP €9 and e —, €1 then €, IFa €1

ProoF. By lemma 7.28 and lemma 7.29.

LEMMA 7.28. If -+ eg : 79 and ;4o ”__A eo and e >, e1 then -; €y ”__A e1

Proor. By case analysis of >, .
1. casE da(unop,vy) is defined
and (unop{r1} v)to >, (8a(unop, vo))f"
1.1. QED
by lemma 7.34
2. cASE S4(binop,vp,v1) is defined
and (binop{r; } vo v1 )[0 >, (8a(binop,vo, v1 ))‘70
2.1. QED
by lemma 7.34

l rev(zo)])%[l

3. case (app{ro} (A(xo:71). ) vl)gl >, (eo[x0 < (1))
31,0y =1---0
by inversion [Fp
32. 360 Fa ()07
by 3.1 and inversion [Fo
3.3. QED
by lemma 7.40
by lemma 7.40

01 T eolxo — (v1) /7@

Zoly
)

61 T (eolxo — (w1) 7V @)

- Ly

2
4. cast (app{ro} (mon (o= (n=72)14 (1) (0)*) " v1) _
- 12 53€4
B, (dyn (Co< 0 €1) (app{T} vo (stat (61 714 Lo) (01) " B))) ™)
4.1. 61 =€
andfg = f4~'~f4
by inversion [Fp

4.2. QED
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by inversion [Fp

6o TFa 01
. .- Ly T Lyrev(T3)
by inversion I 50 IFa (v1)
0 Favo 61 Ta stat (6« 714 €o) (01) @)

;501 TFa app{U} vy (stat (£« 114 p) (o) @)y

T Lyrev(Ts) 2
01 TP (app{U} vy (stat ({1« 11« Ly) (v1) "))

_ - L
5o Fa dyn (o= o= €1) (app{U} vy (stat (€14 114 £p) (v1) 7))

_ - ¢, U3ty
Lo Fa (dyn (Coa o« 1) (app{T} vy (stat (€3« 11 6p) (1)77"E))) )

= ¢
. cask (dyn (Gem<£1) (0)7) ' >, e

by lemma 7.37

LEMMA 7.29. If - kp eo : U and -; €y [Fa eg and e >, e1 then (o Fa e1

Proor. By case analysis of b, .

. CASE vy € mon ({«tXt<f)v

and 4 (unop, vp) is not defined
and (unop{U} vg)%0 >, (TagErr o)lo
1.1. QED

. CASE d4(unop,vp) is defined

and (unop{U} UO)&] >, (Sa(unop, vo))()0
2.1. QED
by lemma 7.34

5 T
. case (fst{U} (trace’ by (mon (£1« (tox11)2 < £) (01)63))[4)) )

- 7, Cste
(trace by (stat (614 9« £2) (fst{rp} v1)53) %)
3.1. Es ={lg-- g
and by = 74
and last (f4) = 61
and { = {3
by inversion [Fp

3.2. QED

143

P
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by inversion [Fp
€2 TFa 01
58y Trp fst{ro} v1

503 Fa (fst{zo} v1)®

- last (Z4) TFp stat (€<« 8) (fst{r} 01)[3

-1 €6 TFp trace by (stat (€1« 9« €2) (fst{ro} 01)[3 ))t)‘1

_— - 7 2%56
;e IFa (trace by (stat (€1« o« ty) (fst{rp} vl)[3 ))[4)
= £

= 0
4. cas (snd{U} (trace] by (mon (¢« (X)) ()™) ) ) »,

_ PRALL
(trace by (stat (1«1« €2) (snd{r1} v1)3) ")
4.1. QED
similar to fst
5. CASE J4(binop, vy, v1) is not defined
and (binop{U} vy vl)f0 >, (TagErr O)EO
5.1. QED
6. CASE S4(binop, v, v1) is defined
and (binop{U} vy v1)’* >, (8a(binop, vy, v1))"
6.1. QED
by lemma 7.34
25 7. 2 &
7. casE (app{U} (trace; by (Axo.€0)™') v1) Py
(trace Bo (eolxo — add-trace (rev (By). (v1) e Erev@) )t )%
7.0. 0y =3+ 03
and by =~ 04
and -; last (€1) TFa Axo. e
7.2, s last(Ty) Fa add-trace (rev(By), (vy) 27" Trev(Ph)y

7.3. QED
by lemma 7.40
-1 last(Z1) TFa eo[xo «— add-trace (rev(by), (v1 ))f?)rev(zz)reV(t-’l))]
_ _ _ - - 7
103 TFa trace by (eo[xo < add-trace (rev(by), (v1) 3¢ Crev@ypy™
7 2553
T 7 7 arev@rev(Zy)yy !
103 TPa (trace by (eo[xo < add-trace (rev (by), (vy) 27" (C2)rev(Ciy) ™y
- £
_ 7 G 6
8. case (app{U} (trace] by (mon (¢1« (19 =11)2 < L) (vo)"3))€4)) v1) Py

2 Zgé%
~ IR
(trace by (stat (£« 714 62) (app{r1} vo (dyn (L2« 9= €1) (02)! D)) )
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4005 8.1. 25 =0l g

4006 and 1;0 = 24

4007 -
2008 and {1 = last({4)
4009 and 52 = 53

4010 by inversion I

ot 8.2. QED

4012
4013 —_—
o1 by inversion I
4015 by inversion [Fp 01 Fa 02

4016 -
o 565 TFa v 65 TFa dyn (L2a g ty) (v2)/ ()

6y TFa app{z1} vo (dyn (C2< o« £1) (v3)'2!(E4))

4019

- - 4
1020 s last(Zy) Ta stat (€1« 114 62) (app{r1} vo (dyn (L2« 1o« £1) (vg) 51 (C0)))”

4021

4022 T - last (Ty) 6 0
;e IFa trace by (stat (€1« 71« 2) (app{r1} vo (dyn (L2< 19« ty) (v2) ) )

4023

= st
4024 f 5t6
15 TP (trace By (stat (€1« 714 £) (app{r1} vo (dyn (G4 704 1) ()@ @) ") )

W29 cask (stat (6«0« ls) (v)%)" >, e
4027
. 9.1. QED

1029 by lemma 7.38
- ¢
403  10. CASE (tracebyvg) '

4031 », (add-trace (bo, v()))[1
o 10.1. QED
4033 e
1034 by lemma 7.39
4035
4036
4037 LEMMA 7.30. If - kA eo : T2 and -; €y TFa eq then either:
4038
4039 e ¢ € ((U))f
o € = Eoapp{r?} (v0)" (v1)"1]"
4041 f ¢

0] 1

o ey = Eo[unop{z?} (vo)

o e = Eolbinop{r?} (vo)"® (01)71%
o ¢ = Eoldyn by (v1)7]

o e = Eg[stat by (v1)70]

o o ¢ = Eolstat by (01)7]"

o ¢ = Eotrace by (v1)7]0

4049 = EO[E ]

4051 ProorF. By induction on the structure of e.

4052
1. CASE ey = X
4053
054 1.1. CONTRADICTION:

4055 8o IFA €o
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1.

. CASE ¢y € ((v))?

2.1. QED

. CASE ¢y = {e1,e2)

31. -kpep:r?2and - Fp €2 : T?
by inversion ta
3.2. ;€ IFa e1 and ;&g TFp €2
by inversion [Fp
3.3. SCASE e ¢ ((v))z
3.3.1. QED
by the induction hypothesis
3.4. scast e € () and e ¢ (V)
3.4.1. QED
by the induction hypothesis
3.5. scast e; € (v)f and e; € (v)7
3.5.1. QED

ep €v

. CASE ey = app{r?}e1 ez

4.1. QED
by the induction hypothesis

. CASE ey = unop{r?} e;

5.1. QED
by the induction hypothesis

. CASE ey = binop{r?} e1 e2

6.1. QED
by the induction hypothesis

. CASE ¢y = dyn ([04 T« f]) (81)61

7.1, 8 [Fa e
by inversion [Fp
7.2. QED
by the induction hypothesis

. CASE ey = stat by eg

8.1. QED
by the induction hypothesis

. CASE ey = trace by (e1)%2

9.1. QED
by the induction hypothesis

LeEMMA 7.31. If - €o TFa Eoleo) then 3 €1 such that ;€1 Fp eo

Proor. By induction on the structure of Ej.
Eo =[]
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4130
4131
4132
4133
4134
4135
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4138
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4145
4146
4147
4148
4149
4150
4151
4152
4153
4154
4155
4156
4157
4158
4159
4160
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1.1. QED
2. Eo = (E1, €2)
2.1. QED
by the induction hypothesis
3. Eo = {e1, E2)
3.1. QED
by the induction hypothesis
4. Ey = unop{r?} Eq
4.1. QED
by the induction hypothesis
5. Eo = binop{r?} E1 e2
5.1. QED
by the induction hypothesis
6. Eo = binop{r?} e1 E2
6.1. QED
by the induction hypothesis
7. Eo = dyn (b« to«£2) (E1)"
7.1. ;€ FA E1leo]
7.2. QED
by the induction hypothesis
8. Ey = stat ({y« 1o« {y) (1‘51)£3
8.1. QED
by the induction hypothesis
9. Eg = (Ey)’
9.1. QED
by the induction hypothesis
10. Eq = trace by ((El))zl
10.1. QED
by the induction hypothesis

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

O

LEMMA 7.32 (FA REPLACEMENT). If -; o [FA Eoleo] and the derivation contains a proof of -; €1 IFa e and ;€1 Fp e

then Lo; €y IFA Eo[e1]

Proor. By induction on the structure of Ey.

1. Eg =[]
1.1. QED
2. Eo = (E1, €2)
2.1. QED
by the induction hypothesis
3. Eg = (e1, E2)
3.1. QED
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4161 by the induction hypothesis
H2 4 Ey = unop{r?} E;

4163

ted 4.1. QED

4165 by the induction hypothesis

4166 5. Eg = binop{r?} E; e;

4167 5.1. QED
4168
by the induction hypothesis

4169

s 6. Eg = binop{r?} e1 E3

4171 6.1. QED
4172

by the induction hypothesis
7. Ey = dyn (o rpala) (Ey)?

4173

4174 _

4175 7.1. ';fz |FA E1 [e()]

4176 7.2. QED

a by the induction hypothesis

4178

w79 8. Eg = stat ({p« 1o« {2) (E])g3

4180 8.1. QED

4181 by the induction hypothesis

T By = (B

4183

184 9.1. QED

4185 by the induction hypothesis

a6 10, Eg = trace by ((El))f1

4187 10.1. QED

4188

s by the induction hypothesis

4190

4191

4192

o3 LEMMA 7.33 (04 LABEL PROGRESS).

194 o If - +a unop{r1} vy : 79 and -; €y IFa unop{r1} vo and (unop{n}vo){0 > (61)50.
4195 .

o6 o if - Fa binop{r1} vo v1 : 1o and -;€o IFa binop{r;} vo v1 and (binop{r;} vy vl)g0 Dy (ez)[".
1197 o If - p unop{U} vy : U and -; €y Fp unop{U} vy then (unop{U} v)to >, (en)bo.
4198 o if - ka binop{U} vov1 : U and -; €y TFa binop{U} vy vy then (binop{U} vy vy)bo >, (e)%0.

4199
4200 . -
Proor. By case analysis of d4, Fa, IFa, and », .
4201

1200 1. CASE - Fp unop{ri}vp : 70

4203 L1 v € (0. 0)))) U ((mon (€« (rx7) < £) 0))

4204 by Fa inversion and canonical forms
- 7

106 1.2. scast vy = ({v1,v2))"°

4207 1.2.1. QED

4208 (unop{r1} v9)" 1>, (84(unop,vy))"
4209

4205

7.
o 1.3. scasE vg = (mon (&1« (t1X12)2 < €3) v1)

4211 1.3.1. QED
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4215 (fst{zo} v0)"* 5 (dyn (b4 704 62) (Fs{TU} o)Bh
et (and similarly for snd)

4215

w216 2. CASE - Fp bifop{fl}vo Ui T

wr 21w e (i) andor € ()

4218 by Fa inversion and canonical forms

4219 2.2. QED

4220

(binop{r1} vo v1)"® 1>, (8a(binop, vo, v1))"

4221
4222 3. CASE - FA unop{'u} 0 U
= 7
4223 3.1. SCASE vy € trace. b (mon b (v)%)
4224
1025 3.1.1. QED
1226 by definition »,
4227 3.2. SCASE vy € traceéb(((v, v)))g
4228 3.2.1. QED
4229 £, £
(unop{U}y v0)!0 wy (8(unop, v9))®
4231 3.3. SCASE rem-trace(vg) € (v,v) U (mon b (v)‘))
4232 3.3.1. QED
4233 ly &
e (unop{(.L{} v9)"* », (TagErre)
s 4 CASE - kA binop{U}vpv1 : U
4236 4.1. QED
4237 by definition LN
4238
4239 o
4240
4241
4242 LEMMA 7.34 (54 LABEL PRESERVATION).
4243
4244 _ _
o o If -;{o IFA unop{r?} vy and (unop{r?} v)?0 (CNAN (e1)% then - £y TFA e.
4246 o If -, £y IFa binop{r?} vy v1 and (binop{r?} vy vl)f" (CRAN (el)&’ then ;Lo TFa e1.
4247
4248
e Proor. By case analysis of (>, U », ).
4250
N = £ = 4
w1 (fst{r} ((wr.02))) >y (01))
4252 1.1. 4 ”__A o)
e and 71 = o+ (g
4254 ) -
1255 by inversion I
4256 1.2. QED
4257 ¢ 203 b 2,030
s 2 (st{zo} (mon (Gra (7 X72) 2 < £2) (v1)72) 7) By (dyn (Gr< o« lz) (fst{TU} vo)™)
14250 21. t3="0y--- €
4260 and £y = {1
4261 by inversion [Fp
102 2.2. QED
4263
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4285
4286
4287
4288
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4291
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4293
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4295
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4304
4305
4306
4307
4308
4309
4310
4311
4312
4313
4314
4315

4316
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by inversion [Fa
540 TFA o
6o H_—A fst{U} vo

0o TFa dyn ((r<mo <) (fst{TU} vp)*2
Tsto

160 Ta (dyn (e« £) (fst{U} 0)?)
5 0,0 » Dol
25 l1y 2 b l1yy 20
3. (fst{U} (trace, bo ({v1,v2))"*) ) w, (add-trace(bo, (v1)"))
3.1. Zz =4
and 1;0 = 21
and -; last (£1) TFa 01
by inversion [Fp
3.2. QED

by lemma 7.39

- 7, b
4. (fst{U} (trace] By (mon (6 (r1x72)2 < £) (o)1) ") ) ®A
= U5l

(trace by (stat (€14 71« £2) (fst{forget (r1)} vl)g3 ))64)

41. 05=40y- &g
and l;o ~{
and last (£4) = 61
and -; 05 TFa v1
by inversion [Fp

4.2. QED
by inversion [F5
0o TFA 01

- Lo TFa fst{forget(r1)} v1
€0 Fp stat (€1« 1y« 2) (fst{forget(r1)} vl)g3

€0 TFA trace by (stat (€1« 11« ly) (fst{forget(r1)} 01)83))6

4

€ TFA (trace by (stat (€1« 714 £3) (fst{forget(r1)} 01)63 ))64

5. (snd{z2} 00)® (B2, U B,) (€2)®

5.1. QED

similar to fst cases

6. (sum{r?} o v1)" (5, U »,) (i2)"

6.1. QED
7. (quotient{r?} vy vl)f" >y Upy) (DivErr)f0

7.1. QED
8. (quotient{r?} (1)1 (2)/)" (5, Umy) (Lin/i2 )0
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4317 8.1. QED
4318
4319 0
4320 _ p p
w31 LEMMA 7.35. If - kA dyn by vg : 79 and -5 €y IFa dyn bg vg then (dyn by vg)*° A (eg)®0.
4322 . . .
1393 ProoF. By inversion of -5 and case analysis of tag-match (| 7], vo).
4324 1. by = (Lo rpaty)
4325 and fo;f] I+ 0
4320 and ~;€1 ”__A (%)
4327 fl
D andwg = (o)
4329 by inversion I
4330 2. cASE tag-match (| o], v1)
i and rem-trace(v1) € (Ax. )’ U (v, v))f U (mon b v))’
4332
4333 2.1. QED
4334 (dyn by vo)f0 B>, (mon by vo)bo
4335 3. cASE v; € i and tag-match(|Int],v1)
4336
3.1. QED
4337 ¢ [0
ass (dyn bo v9)™ >, (v1)
4339 4. CASE v € nand tag-match (| Nat], vq)
4340 4.1. QED
(dyn by v0) B, ()
4342 A
343 D+ CASE —tag-match(|1o],v1)
4344 5.1. QED
4345 (dyn by vg)bo >, (BndryErr (bo, vo))’0
4346
4347 o
4348 _
1349 LEMMA 7.36. If - Fa stat by vy : U and ;€ IFa stat by vy then (stat by vo)[" >, (61)80.
4350
1351 PRroOF. By case analysis on vy.
4352 1. by = (Cpa o« lq)
4353 and {o; {1 IF 19
o and -; €1 Fa vo
4355 Z
4356 and vg = (v1)™
4357 by inversion [Fa

4358 2. CASE v1 € Ax.e
4359

2.1. CONTRADICTION:
4360

61 - kp stat by vy : U

1362 3. CASE v1 € Mx:7). e

4363 3.1. QED

iz (stat b vg)% », (mon bg vg)bo
e 4 CASE v1 € (0,0)

4367 4.1. QED

4368
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4379
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4382
4383
4384
4385
4386
4387
4388
4389
4390
4391
4392
4393
4394
4395
4396
4397
4398
4399
4400
4401
4402
4403
4404
4405
4406
4407
4408
4409
4410
4411
4412
4413
4414
4415
4416
4417
4418
4419

4420
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(stat by vo)g" », (mon by vo)["

5. CASE v; = mon by (trace] by ((’02))23))[4
5.1. SCASE vz € (Ax.e) U ({v,v))
5.1.1. QED
(stat by vg)0 >, (trace bobiba ((vz))737472)l’o
5.2. SCASE v2 € (A(x:7).e)
5.2.1. CONTRADICTION:
“FA Vo T0
53. SCASE vy = (mon bs (v3)7)
5.3.1. SSCASE v3 € (A(x:e).) U (v,v)
(stat by 00)®0 w, (trace bobiBy (22)T*0e2) "
5.3.2. sSCASE v3 € (A(x:e).) U (v, v)
5.3.2.1. CONTRADICTION:
kA V] TO
5.4. SCASE otherwise
5.4.1. CONTRADICTION:
“FA D1 T
6. CASE v] = tracez bo ((il))E1
6.1. QED
(stat by v0) B, (i)%

LEMMA 7.37. If - +a dyn by vg : 0 and ;o TFa dyn by vy and (dyn by vo)[" > (el)€° then £y TFa e1.

Proor. By case analysis of >, .
1. by = (Cpatp«ty)
and €y; €1 IF o
and -; €1 TFA vg
by inversion [Fp
2. case (dyn by vo)ZO >, (mon by vo)["
2.1. QED

by inversion [Fp
501 TFa vo
-+ €o TFA mon by vy
3. cast (dyn by v9)" >, (i)%
3.1. QED
4. casg (dyn by v0)€° D (BndryErr(bo,vo))E"
4.1. QED

2019-10-03 17:26. Page 85 of 1-148.

85



4421
4422
4423
4424
4425
4426
4427
4428
4429
4430
4431
4432
4433
4434
4435
4436
4437
4438
4439
4440
4441
4442
4443
4444
4445
4446
4447
4448
4449
4450
4451
4452
4453
4454
4455
4456
4457
4458
4459
4460
4461
4462
4463
4464
4465
4466
4467
4468
4469
4470
4471

4472
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LEMMA 7.38 (A-stat PRESERVATION). If - k4 stat by vg : U and -; £y [Fa stat by vg and (stat by vo)[" >, (el)&’ then
6o TFp 1.

Proor. By case analysis of », .
1. by = (Lo« rpaty)

and -; €1 TFA vg

by inversion [Fp

2. CASE (stat by vo)f" », (mon by vo)to

2.1. QED

by inversion [Fp

501 TFA o
-+ €0 TFA mon by vy
= £
TN E (o) fislo®
3. cask (stat bg (mon by (trace, bz vz) ") ) », (trace bobibz (v2)™**°™)

3.1. 52 ~ E4

by inversion [Fp

3.2. QED

by inversion [Fp

[N last(674) ”__A V2

;£ TFa trace bobyby (v2) D1 55%

_ — ==,
1o TP (trace bobyby (v2)745%)
4. casE (stat by vo)[‘] LA (il)fo
qedstep

LEMMA 7.39. If - kA trace bovo : U and -; €y TP trace by vg then ;€ Fa add—trace(l;o,vo).

PRrOOF. By case analysis of add-trace.
1. CASE add-trace(-,vg) = vy
1.1. QED B
2. cast add-trace (by, (trace, by vl))gz) = trace, bob1 ((vl))z2
2.1. QED
2.1.1. by ~ 0y
by inversion [Fp
2.1.2. QED
3. CASE add-trace (l;o, v1) = trace, I;o [
and vy ¢ trace, bv
3 v = (o)
and by = 75

2019-10-03 17:26. Page 86 of 1-148.



4473
4474
4475
4476
4477
4478
4479
4480
4481
4482
4483
4484
4485
4486
4487
4488
4489
4490
4491
4492

4493

4520
4521
4522
4523

4524

Complete Monitoring for Gradual Types: Supplementary Material

by inversion -; €y [Fa trace l;o U1

3.2. QED

LEMMA 7.40. If (x0:70),To +a e1 : 72 and (xq:£o), Lo; €1 [Fa €1 and

vo] : 72 and Lg TFa e1[xo < vg].

Proor. By induction on the structure of e.
1. eg = x2
1.1. SCASE X9 = X2
1.1.1. QED
1.2. SCASE x0 # x2
1.2.1. QED
e1lxo —vo] = e1
2. CASE ep € i
2.1. QED
e1[xo —vo] = e
3. CASE ey = Axy. e
oreg = Mxz:12). €2
3.1. SCASE Xg9 = X2
3.1.1. QED
e1[xo <—vo] = e
3.2. SCASE Xg # X2
3.2.1. QED
by the induction hypothesis
4. CASE ey = (e1,€2)
4.1. QED
by the induction hypothesis
5. CASE ey = app{r?}e;j ez
5.1. QED
by the induction hypothesis
6. CASE ey = unop{r?}e;
6.1. QED
by the induction hypothesis
7. CASE ey = binop{r?} e ez
7.1. QED
by the induction hypothesis
8. CASE ¢y = dyn by 1
8.1. QED
by the induction hypothesis
9. CASE eg = stat by e1

9.1. QED
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by the induction hypothesis
10. CASE ey = (el)[1
10.1. €y = {3
by inversion [Fa
10.2. QED
by the induction hypothesis
11. CASE e = traceb; ((el))‘71
11.1. - last(£1) TFa €1
by inversion [Fa
11.2. QED
by the induction hypothesis
12. CASE eg = trace, by ((el))z1
12.1. QED
by the induction hypothesis

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

]

LEMMA 7.41 (BOUNDARY PRESERVATION). If eq:7? Wf and eg —>: Eo[dyn by v1] then either has-boundary ey, b1) or

has-boundary (eg, flip (b1)).

Proor. By case analysis of [>, and »,, evaluation does not create new labels and only creates a new boundary by

flipping an existing boundary.

LEMMA 7.42. If ey:7? Wi and e —>;'; E[mon (6o« 9« £2) vy and tag-match (|71 X12],v0) then y € (TXT)€

Proor. Surface expressions do not contain monitors, and », and 1>, only create monitors with compatible types

and values.

2019-10-03 17:26. Page 88 of 1-148.



4577
4578
4579
4580
4581
4582
4583
4584
4585
4586
4587
4588
4589
4590
4591
4592
4593
4594
4595
4596
4597
4598
4599
4600
4601
4602
4603
4604
4605
4606
4607
4608
4609
4610
4611
4612
4613
4614
4615
4616
4617
4618
4619
4620
4621
4622
4623
4624
4625
4626
4627

4628

Complete Monitoring for Gradual Types: Supplementary Material 89

8 N/A SIMULATION

vy S vy v S u3 v S mon’ fst (bo) vo v S mon’ snd (bg) vs

iy S o ip < trace, by i (vo,v1) < (v2,03) (vo,v1) S mon by (vz,v3)

vo < add-trace (fst (bo), (mon’ fst (b1) v2))
vo < add-trace (fst (bo), va) v1 < add-trace(snd (by), v3) v1 < add-trace (snd (by), (mon’ snd (by) v3))

(v, v1) < trace, bo (v2,v3) (vo,v1) < trace, bo (mon by (vg,v3))

v S mon’ fst (bo) (add-trace (fst (b1), v2)) v S mon’ snd (b1) (add-trace(snd (b1), v3))

(vo,v1) < mon by (trace, b1 (v2,13))

v S mon’ fst (bg) (mon’ fst (b1) v3) 01 < mon’ snd (by) (mon’ snd (b1) vs3)

~

(vg,v1) S mon by (mon by (v2,v3))

v S mon’ fst (bo) (add-trace (fst (b1), (mon fst (bz) v2))))
v S mon’ snd (bo) (add-trace (snd (by), (mon snd (bz) v3))))

(vo,v1) S mon by (trace, b (mon by {vg,v3)))

vy S mon™*” fst (bo) (mon? fst (b1) (mon? fst (b2) v2)) v S mon*” snd (bo) (mon? snd (b1) (mon? snd (b2) v3))

(vo,v1) < mon™ by (mon by (mon by (vy,v3)))

v < mon*? fst (by) (mon’ fst (b1) (add-trace (fst (), (mon’ fst (b3) v3))))
v S mon*’ snd (b) (mon’ snd (b1) (add-trace (snd (b2), (mon’ snd (b3) v3)))) e S e

(vg,v1) < mon™ bo (mon by (trace, by (mon b3 {v2,v3)))) Axp.e0 S Axp. €1

v1 € Ax.e Umon b (A(x:7).e)

e Ser by <: bo by <t bs vg S 01

Mxo:70)- €0 S Alxo:70). €1 mon by (mon by vg) S trace, babs- v1

v1 € Ax.e Umon b (A(x:7).e)

by <t by by < bs v S trace, by vy by <i by v S 01

mon by (mon by vg) < trace, babsbas vy mon by vy < mon by v;
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esle
e Se e Ses e Se e Ses e Ser
x0 S %0 (eo, e1) < ez, e3) app{r20}eo e1 < app{r20} ez e3 unop{r?} eo < unop{r?}e;

eo Sep e1 Ses

binop{t?} eg e1 < binop{r?} ez €3

by <t b2 by < b3

ep < trace bye

by < by e S e by < by e Ser

dynbg eg < dynb; e stat by eg < stat by e;

stat by (dyn by e) < trace bybsby eq

E<E

(1511 (Eo, e1) < (Ez,e3)

v S v2 Ey SEs

TagErro < TagErro

TagErre < TagErre DivErr < DivErr

BndryErr (by, vo) < e1

v S 02 E1 S Es

(vo, E1) S (v2,E3)

app{z?0} Eo e1 < app{r20} E2 e3

Eo S Ey Ey S Ez e1 Ses

app{r20} vo E1 S app{r?0} v2 E3

unop{r?} Ey S unop{r?} E;

binop{t?} vo E1 < binop{r?} vz E3

by <

binop{t?} Eg e1 < binop{r?} E; e3

by < by Ey S Eq by <t by Ey S Eq

dyn by Eo < dyn b1 Eq stat by Eg < stat by E;

by <t bs Ey < tracel;4 Eq

stat by (dyn by Ep) < trace bybsby Eq
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COROLLARY 8.1. If eg:7? wf and ey —>; BndryErr (l;z,vz) then eg —>;‘\J BndryErr (b1, v1)

PrOOF. By lemma 8.6 and the fact that e < BndryErr (b2, v3) implies e € BndryErr (b, v)

Example 8.2. There exists ey :7? wf such that ey —>; BndryErr (l;g, v2) and eg —>*N BndryErr (b1, v1) and b; ¢ by

Proor. Choose any ey where Natural detects an error that Amnesic misses, and then Amnesic detects an error at a
boundary between two different components, e.g.:
eo = sum (fst{Nat} (dyn (£« (NatxNat)’1 « £1) (0,-1)))
(dyn (£o« (Nat)!1 « £1) (stat (¢1« (Nat)?2 < £) (dyn (€2« (Nat)®® < £3) —1)))
O

*

THEOREM 8.3. If eg:7? wf and e -y

holds:

e1 =y BndryErr (b1, v1) then ez such that ey —>: ey and one of the following

o e; Sey,or

o ¢; = Ei[app{r2} vo (dyn by v1)] and ey = Ex[app{r2} (trace, by vy) v3] and E1 < Ez and flip(by) € by

PRrooOF. by lemma 8.6 and lemma 8.26.

Example 8.4. There exists ey :7? wf such that e —>T\] BndryErr (b1,v1) and eg —>Z [

PROOF. ey = dyn (£y« NatxNat«{y) (—1,-2)

LEMMA 8.5 (< SURFACE REFLEXIVITY). If eg:7? wf theney < e

Proor. By induction on ey.
1. CASE eg = Xxp
1.1. QED
x0 S %0
2. CASE ey = iy
2.1. QED
io < o
3. CASE ey = Ax1.e1
3.1.e1 Z e
by the induction hypothesis
3.2. QED
Axi.e1 S Axy. e
4. CASE ey = (e1,e2)
4.1. QED
by the induction hypothesis
5. CASE ey = app{r?}ej ez
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4733 5.1. QED
4734 by the induction hypothesis
4735

= ?
15 O CASE € unop{r?} e;

4737 6.1. QED

4738 by the induction hypothesis
4397 CASE e = binop{t?} e1 ez

4740

w4 7.1. QED

4742 by the induction hypothesis

4743 8. CASE ey = dyn by e;

47 8.1. by <t by
4745

4 by reflexivity <:

4747 8.2. QED
4748 by the induction hypothesis
4749 9. CASE eg = stat by e1
4750
w1 9.1. QED
4752 by the induction hypothesis
4753
O
4754
4755 LEMMA 8.6 (SIMULATION).
4756
1757 o if ey S ez andeg -y € then Jes, e4 such that eq —>;‘\j e3 and ey —>: eqand e3 < ey
4758 o ifeg Sexandep —, € then Jeq, eq such that es —>: e4 and e —>?:] erande; < eq
4759
£760 Proor. By lemma 8.8 and lemma 8.9.
4761
O

4762

4763 Definition 8.7 (reduced WF expressions). Expressions e; and ey are reduced WF expressions if eg:7? wf and eg ﬁi‘ eq
4764
and eg —F ey
4765 A

4766 LEMMA 8.8 (H-STEP SIMULATION). If e and ey are reduced WF expressions and ey < ez and ey —y e1 then Jes, eq
4767
.

such that ey —

e3 and ey —* eq and e3 < e
168 NIGE 2 4 3 €4

A

1769 Proor. By case analysis of eg —y e1
4770
s 1. cASE eg = Eo[BndryErr (b, vo)] and ey —y BndryErr (bo, vo)

4772 1.1. QED

4773 trivial, BndryErr (b, vp) < ez
i 2. cASE ey = Eo[Erro] and Errg ¢ BndryErr (l;, v) and e —y Erro
e 2.1. ez = Ep[Err1] and Ey < E and Errg < Errg

4777 by lemma 8.10

4775

4778 2.2. ey —a Erry
a7 by definition —,
4780

2.3. QED

4781
4782 Erl"(] S Err1
4783 3. CASE ey = Eg[dyn by vg] and dyn by vg >y €3
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3.1. ez = Ez[dyn by va] and Ey < Ez and dyn by vg < dyn bz vy
by lemma 8.10

3.2. dyn by vp —>L ez and dyn by vy —>: esand es < eyq
by lemma 8.12

3.3. QED

by lemma 8.31

4. CASE ey = Eg[stat by vg] and stat by vy >y €3

4.1. ep = Ep[stat by vp] and Ey < Ey and stat by vy < stat by v

by lemma 8.10

s

N €3 and stat by vy —*

4.2. stat by vy — "

eqsand ez < eq
by lemma 8.14
4.3. QED
by lemma 8.31
5. casE eg = Eo[unop{r?} vo] and unop{r?} vy > Sn(unop,vo)
5.1. ez = Ep[unop{r?} va] and Ey < Ep and unop{r?} vy < unop{r?} v,
by lemma 8.10
5.2. - kN unop{r?} vy : 7o and - +o unop{r?} vz : 79
by type soundness
5.3. unop{r?} vy —>Z v3 and Sy (unop,vy) S v3
by lemma 8.22
5.4. QED
by lemma 8.31
6. CASE ey = Eo[unop{r?} vo] and unop{r?} vy > el
6.1. QED
by lemma 8.23
7. cASE ey = Eo[app{zo} (mon ({p« (11 = 12) < {1) vp) v1]
and app{zo} (mon ({o« (11 = 12)« {1) vo) v1 B dyn (b« 2« 1) (app{U} vo (stat ({1« 14 fp) v1))
7.1. ey = Ez[app{ro} v3 v4]
by lemma 8.10
7.2. SCASE v3 = mon ({p« (13 =>14)« (1) Us
7.2.1. app{ro} (mon (fo« (3= 14)« {1) v5) v4 >, dyn (Coa 4« {1) (app{U} v5 (stat ({1« 34 o) v4))
by definition >,
7.2.2. QED
by lemma 8.31
7.3. SCASE v3 = trace, l;o U5
7.3.1. CONTRADICTION:
- Fa app{ro} v3 v4 : 70
8. cASE ey = Eo[app{U} (mon (Lo« (o= 11)« 1) vg) v1]
and app{U} (mon (fo« (o= t1)« (1) vo) v1 Wy stat (Co«t1« 1) (app{r1} vo (stat ((1a 0« fp) v1))
8.1. ey = Ep[app{U} v3 v4]
by lemma 8.10
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4837 8.2. SCASE v3 = mon ({y«(13=14)«{1) v3 and vy S v3
838 8.2.1. QED

4839

1510 by definition », and

4841 8.3. SCASE v3 = trace, by vs

4842 8.3.1. QED

b by lemma 8.26

j:: 9. cask ey = Eo[app{ro} (A(x0:71)- €0) v1] and eg Dy Eo[eo[x0 «—v1]]
4846 9.1. ez = Ez[app{o} v2 vs3]

4847 by lemma 8.10

1848 9.2. v3 = AMxp:71).e4 and ep < eg

::;9) by inversion

4851 9.3. QED

4852 by lemma 8.30

#5510, casE ey = Eo[app{U} (Axo. eo) v1] and eg > Eoleo[xo —v1]]
:Z: 10.1. ez = Ez[app{ro} v2 v3]

4856 by lemma 8.10

4857 10.2. v2 = Axp.eg and ey < ey

4858 by inversion <

4859

4860 10.3. QED

4861 by lemma 8.30

4862 11. cASE ey = Eg[binop{r?} vov1] and ey —y Eole1]

4863 11.1. ey = Ea[binop{r?} va v3]

4864
4565 by lemma 8.10
4866 11.2. QED
4867 by lemma 8.29
4868
4869 0
w70 LEMMA 8.9 (A-STEP SIMULATION). If ey and ez are reduced WF expressions and ey < ey and ey —, €3 then Jeq, eq
4871
7o Such thates —>/’f\ eq and e —>’;‘ e1ande; S ey
7 Proor. By case analysis of e; —, e3
4874
s 1. CASE eg contains a boundary error; ey = Eg[BndryErr (bg, v)]
4876 L1 eg =y BndryErr (bg, vo)
4877 iti
by definition —y
1878 1.2. QED
4879 <
1550 BndryErr (b, v9) S e3

4881 2. CASE ey = Ez[Errp] and ey —, Errg

4882 2.1. eg = Eo[Errg]l and Eg < Ez and Errg < Errg
4883

by lemma 8.11

4884
555 2.2. QED
14856 eo —y Erro < Erry

4887 3. CASE ey = Ez[dyn by v] and dyn b vy >, €3
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9.

3.1. ep = Eo[dyn by vo] and dyn by vy < dyn bz vy
by lemma 8.11

*

3.2. dyn bg vg =

e1 and dyn by vy —>: esande; < eq
by lemma 8.12
3.3. QED

by lemma 8.31

. CASE ey = Ey[stat by v;] and stat by v >, €3

4.1. eg = Eg[stat by vo] and stat by vy < stat by vy
by lemma 8.11

s

4.2. stat by vy -\

e1 and stat by vo —>j_‘\ esand e; < ey
by lemma 8.14
4.3. QED

by lemma 8.31

. CASE ez = Ez[unop{r?} v2] and unop{r?} vz >, e3

5.1. eg = Eo[unop{r?} vo] and Ey < Ez and vg < v
by lemma 8.11

5.2. - kN unop{r?} vy : 7o and - +o unop{r?} vz : 79
by type soundness

5.3. unop{r?} vy —>Z vy and S (unop,vy) S va
by lemma 8.22

5.4. QED
by lemma 8.31

. CASE e = Ez[unop{r?} vz] and unop{r?} vz », e3

6.1. QED
by lemma 8.23

. CASE ez = Ex[app{r2} (mon ({p« (13 = 14)« (1) v2) v3]

and ez —, Ez[dyn (fop« 12« (1) (app{U} vz (stat ({1« 134 £p) v3))]

7.1. 14 <1

by inversion Fp
7.2. ey = Eolapp{r2} vo v1]

by lemma 8.11
7.3. v9 = mon ({o« (o =11)« 1) vy

by inversion <
7.4. QED

app{r2} vo v1 Dy dyn (fo« s« (1) (app{U} v4 (stat ((1 434 ) v1))

. CASE ey = Ex[app{U} (trace, bob1 v2) v3]

8.1. eg = Eolapp{U} vy v1]
by lemma 8.11

8.2. QED
by lemma 8.26

CASE e = Ez[app{l’o} (A(xl :T1). ez) U3]
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4941 9.1. eg = Eolapp{ro} vo v1]
w9z by lemma 8.11

4943

9.2. vg = Axg.e1 and e; < ey

4944
4945 by inversion <
4946 9.3. QED
o by lemma 8.30
4948 )
o1y 10. CASE e = Ez[binop{r?} vo v3] and ey —, Ezled]
1950 10.1. ey = Eo[binop{r?} vy v1]
4951 by lemma 8.11
4952 10.2. QED
4953
105 by lemma 8.29
4955 O
4956
4957 LEMMA 8.10 (H CONTEXT-MATCHING). If Egleg] < e1 and eg ¢ v then 3 Ey, ep such that e; = Ez[ez] and Ey < Ep and
958 gy < ey
4959
4960 Proor. By induction on the structure of Eg
4961 1. casg Eg =]
4962 trivial, E; = [ ] and e3 = e;
4963
1064 2. CASE Ey = (E3, eq)
4965 2.1. E[eo] = (E3[eo]. eq) S €1
4966 by assumption
4967 2.2. e1 = (es,eq) and E3[eg] < es and eq < e
4968
. L
1069 by inversion <
4970 2.3. eg = E7[eg] and E3 S E7 and ep < es
4971 by the induction hypothesis
97 2.4. QED
4973

ora E1 =(E7,€5) and ez = es

w75 3. casE Eg = (vs, Eq)

4976 3.1. e1 = {es,e6) and v3 < es and E4fep] < e
e by inversion <
1978
2070 3.2. QED
4980 by the induction hypothesis
4981 4. cASE Ey = app{r?} E3 es
9082 4.1. e; = app{r?0} es5 €6 and E3[ep] S es and eq < e
4983
. Lo
o84 by inversion <
4985 4.2. QED
4986 by the induction hypothesis
4987 5. CASE Eg = app{r?} v3 E4
4988
1980 5.1. e; = app{r?0} e5 e and v3 < e5 and E4leg] < e
4990 by inversion
4991 5.2. QED
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by the induction hypothesis
6. CASE Eg = unop{r?} E3
6.1. e; = unop{r?} e4 and Esz[ep] < e4
by inversion <
6.2. QED
by the induction hypothesis
7. caSE Eg = binop{r?} E3 e4
7.1. e1 = binop{r?} e5 e and E3[eg] < es and es < e
by inversion <
7.2. QED
by the induction hypothesis
8. CASE Eg = binop{r?}v3 E4
8.1. e1 = binop{r?} vs e and v3 < vs and E4leg] < e
by inversion <
8.2. QED
by the induction hypothesis
9. cAsE Eg = dyn by E3
9.1. g = dyn by eq and E3[ep] < eq
by inversion <
9.2. QED
by the induction hypothesis
10. case Ey = stat by E3
10.1. e; = stat by eq and Es[eg] < e4
by inversion
10.2. QED
by the induction hypothesis

97

]

LEMMA 8.11 (A CONTEXT-MATCHING). If eg S Ezlez] and ey ¢ v and ey does not contain a subterm BndryErr (b, v)

then 3 E1, e1 such that ey = E1[e1] and Ey S Ez and eq < ey

Proor. By induction on the structure of Ep
1. cAsE E; =]
trivial, E; =[] and e; = ¢p
2. CASE Ep = (Es, e3)
2.1. eg = (eq,e5) S (Eslez], e3)
by inversion
2.2. QED
by the induction hypothesis
3. CASE Ep = (uv3, E3)
3.1. eo = {eq, e5) S (v3, Eslea])
by inversion <
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3.2. QED
by the induction hypothesis
4. casE Ep = app{r?9} E3 €3
4.1. eg = app{r20} es e5 < app{r20} Es[ez] e3
by inversion <
4.2. QED
by the induction hypothesis
5. CASE Ey = app{r?0} v3 E3
5.1. eg = app{r20} es e5 < app{r20} v3 E3[ez]
by inversion
5.2. QED
by the induction hypothesis
6. CASE Ey = unop{r?} E3
6.1. eg = unop{r?} es < unop{r?} Es[ez]
by inversion <
6.2. QED
by the induction hypothesis
7. CASE Eo = binop{r?} E3 e3
7.1. eg = binop{r?} es e5 < binop{r?} Es[ez] e3
by inversion <
7.2. QED
by the induction hypothesis
8. CASE Ey = binop{r?} v3 E3
8.1. ey = binop{r?} es e5 < binop{r?} v3 E3[ez]
by inversion <
8.2. QED
by the induction hypothesis
9. cASE Ey = dyn by E3
9.1. eg = dyn by es < dyn by Es[es]
by inversion <
9.2. QED
by the induction hypothesis
10. case E; = stat by E3
10.1. ep = stat by eq < stat by Es[ez]
by inversion <
10.2. QED
by the induction hypothesis
11. casSe E; = trace boblgz E3
11.1. eg = stat b3 dyn bg eq and eq < E3[eg]
by inversion <

11.2. QED

Ben Greenman, Matthias Felleisen, and Christos Dimoulas
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by the induction hypothesis

LEMMA 8.12. If (dyn by vg) and (dyn by v1) are reduced WF expressions and dyn by vy < dyn by vy thendyn by vy —

e2 and dyn by vq —>: e3 theney < e3

ProoF. By case analysis of vy < 0.
1. CASE vy =iy S ip =01
1.1. scAsE tag-match (| 7o), vo)
1.1.1. dyn by vo By v0
by definition Dy
1.1.2. tag-match(|71],v1)
by lemma 8.17
1.1.3. QED
dyn by v; D>y 01
1.2. scase —tag-match (| 7o), vo)
1.2.1. QED
dyn bg vo Iy BndryErr (bo, vo) <dynb;vg
2. CASE v = ip S trace, baip = v;
2.1. SCASE tag-match(|1o], vo)
2.1.1. dyn by vg By vo
by definition Dy
2.1.2. tag-match(|71],v1)
by lemma 8.17
2.1.3. QED
dyn b1 v; Dy U1
2.2. SCASE —tag-match (|79, vo)
2.2.1. QED
dyn by vo By BndryErr (b, v) S dyn b1 vy
3. CASE vy = (v2,v3) < (4, 05) = 01
3.1. SCASE tag-match(| 7o), vo)
3.1.1. let by = (Lo« 9« {y) and by = (Coa 11« )
3.1.2. v Svgandvs < vs
by inversion <
3.13. 19 = X173 <EuXT5 =1
by 3.1 and inversion <:
3.1.4. dyn ((oemp<t1) vo >y (dyn (Lo« o« 1) v2,dyn (o34 f) v3)
by definition Dy
3.1.5. tag-match(| 1], v1)
by lemma 8.17
3.1.6. dyn by v1 >, mon b1 vy
by definition >,
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5149 3.1.7. dyn ((ya 24 {q) v —>L es S mon (Cp<t4«afy) vy

3150 and dyn (o<« 34 (1) v3 —>”‘\J e7 < mon (Ch«154£7) vs

::: by lemma 8.13

5153 3.1.8. QED

5154 either eg or e7 € BndryErr (b,v) or:

>155 ee < mon’ (Loatsaly) vy e7 < mon’ (Lyats<y) vs
5156

5157 (ess €7) S mon (fo« 11« £1) (vg,V5)

5158 3.2. sCASE —tag-match (o], vo)

3159 3.2.1. QED

5160

e dyn bo vo >y BndryErr (bo, vo) <dynby g

5162 4. CASE g = (vg,v3) < mon ({y« 16 X1743) (v, U5) = V1
5163 4.1. SCASE tag-match(|1o], vo)

oot 4.1.1. let by = (Lo 192 ly)

s16 and by = (o« 11 <{1)

5167 4.1.2. vy < mon’ (£« 764 {3) vg and vs < mon? (L, < 74 (3) U5

5165

5168 by inversion <
3169 4.13. 790 = o XT3 <y XT5 =11
5170

. by 4.1 and inversion <:

5172 4.1.4. dyn ((oemp<l1) vo >y (dyn (Lo« 1y« 1) v2,dyn (o34 L) v3)
5173 by definition >
5174

4.1.5. tag-match (|71 ],v1)
5175

by lemma 8.17
5176

5177 4.1.6. dyn by v; >, mon b1 v1

5178 by definition D>y
5179 *

N
and dyn ({p< 134 {1) v3 —

4.1.7. dyn (Loa 1) vz % e S mon’ (£« 44 1) (mon’ (£24 164 €3) vy)
5180

e7 < mon’ (£« 154 £1) (mon’ (£24 774 €3) Us)

5181 N

5182 by lemma 8.13

5183 4.1.8. QED

o8 either eg or e7 € BndryErr (b, v) or:

::Z e S mon’ (Cpatqaty) (mon? (b2« 164 l3) vy) e7 < mon’ (Coat54€y) (mon? (6«74 {3) vs)
5187 (eg, e7) < mon (Lo« 71« {1) (mon ({2476 X174 {3) (v4,V5))

o188 4.2. SCASE —tag-match (| 19],vo)

5189
4.2.1. QED

5190

5191 dyn by vo >y BndryErr (b, vo) < dyn by vg
5192 5. CASE vy = (v2,v3) < trace, by (vg,05) = U1

o193 5.1. scasE tag-match(|.1o],vo)
5105 5.1.1. let by = (Lo« o« {1)
5196 and by = ({y< 11« (1)

5197 5.1.2. vy < add-trace (1;2, vg) and v3 < add-trace (1;2, vs)
5198

5194

by inversion <
5199
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513. 10 = o X13 <y X715 =171
by 5.1 and inversion <:
5.1.4. dyn (lo<mo«L1) vo B (dyn (fo« 72« (1) vz, dyn (Lo« T34 1) v3)
by definition Dy
5.1.5. tag-match (|71 ],v1)
by lemma 8.17
5.1.6. dyn b1 v; >, mon by vy
by definition >,
5.1.7. dyn ({p« 24 {1) vy —>’;‘ e S mon’ (£« 4« £1) (add-trace (b2, vy))
and dyn (€p< 3«4 {1) v3 —>T\J e7 < mon’ ((y« 54 £1) (add—trace(l;g, vs))
by lemma 8.13
5.1.8. QED
either eg or e7 € BndryErr (b, v) or:
e S mon’ (£o« 74« €1) (add-trace (bs, v4)) e7 < mon’ (£o« 75« ¢1) (add-trace (ba, vs))

(es, e7) < mon (£p« 71« £y) (trace, by (vg,vs5))
5.2. SCASE —tag-match (|79, vo)
5.2.1. QED
dyn by vo >y BndryErr (bo, vo) < dynb; vy
6. CASE vy = (v2,v3) < trace, by (mon (€2« 76X T74€3) (V4,V5)) = V1
6.1. SCASE tag-match (| o], vg)
6.1.1. let by = (Ly< 9« ty)
and by = ({p< 11« {1)
6.1.2. vy < add-trace (by, (mon’ (£, < 154 €3) v4)) and v3 < add-trace (ba, (mon’ (£, < 74 €3) vs5))
by inversion <
6.1.3. 790 = To XT3 <y XT5 = 171
by 6.1 and inversion <:
6.1.4. dyn ((p« 9« (1) vp By (dyn (Coa 1y ly) v2, dyn (Lha 34 L1) v3)
by definition Dy
6.1.5. tag-match(| 1], v1)
by lemma 8.17
6.1.6. dyn b; vy >, mon by vy
by definition >,

*
N

and dyn (o<« 34 (1) v3 —>”‘\J e7 < mon’ (Ly« 154 £1) (add-trace (b2, (mon? (£, < 174 €3) vs)))

6.1.7. dyn ((p« 124 £1) vg =, es < mon’ (£o« 14« 1) (add-trace (b2, (mon’ (£, < g« £3) v4)))
by lemma 8.13
6.1.8. QED
either eg or e7 € BndryErr (b,v) or:
e < mon’ (Lo« 44 1) (add-trace (b, (mon? (02« 164 {3) vyg)))
e7 < mon’ (Lo« 754 1) (add-trace (b, (mon? (6«74 L3) v3)))

(es, €7) < mon (Co« 11« ¢7) (trace, 1;2 (mon ({2« 14 X174 l3) (vg, V5)))
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6.2. SCASE —tag-match (|7, vo)
6.2.1. QED
dyn by vo >y BndryErr (bo, vo) < dynb; v;
7. CASE vy = (v2,v3) < mon by (trace, b3 (v4, vs)) = v1
7.1. CONTRADICTION:
“ka v U
8. CASE vy = (vg,v3) < mon by (mon b3 (v4,v5)) = 01
8.1. CONTRADICTION:
by lemma 7.10
9. CASE vy = (v2,v3) < mon by (trace, b3 (mon by (v4,vs5))) = v1
9.1. CONTRADICTION:
by lemma 7.10
10. CASE vy = (vg,v3) < mon* by (mon by (mon by (v4, vs))) = v
10.1. CONTRADICTION:
by lemma 7.10
11. cASE vg = (v3,v3) S mon* by (mon bs (trace, by (mon bs (v4,vs)))) = v1
11.1. CONTRADICTION:
by lemma 7.10
12. CASE vg = Axg. e2 < Axp.e3 = vg
12.1. scAsk tag-match (| 7o), vo)
12.1.1. QED
dyn by vo >, mon bo vo and dyn by vq >, mon b1 v1
12.2. scasE —tag-match(|10],vo)
12.2.1. QED
dyn by vo >y BndryErr (b, vo) < dyn by vg
13. CASE vg = A(x2:72). €2 S A(x2:72). €3 = 01
13.1. CONTRADICTION:
kN Vot U
14. cASE vg = mon by (mon b3 vy) < trace, babs (Axp. e3) = v;
14.1. scAsk tag-match (| 7o), vo)
14.1.1. dyn by v >\ mon bo v
by definition Dy
14.1.2. tag-match (| 1], v1)
by lemma 8.17
14.1.3. dyn by vy >, mon by vy
by definition >,
14.1.4. QED

mon by (mon b3 v2) < trace, babs (Axp. e3)

isen, and Christos Dimoulas

mon by (mon bz (mon b3 v2)) < mon by (trace, babs (Axo. e3))
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14.2. scAsE —tag-match(|1o],vo)
14.2.1. QED
dyn bg vo >y BndryErr (bo, vo) < dynb; v;
15. CASE vg = mon by (mon b3 vg) < (trace, babsbe (Ax3. €3)) = v1
15.1. tag-match(|7o], vo)
15.1.1. dyn by v >\ mon bo v
by definition Dy
15.1.2. tag-match(|r1],v1)
by lemma 8.17
15.1.3. dyn by v1 >, mon b1 v1
by definition >,
15.1.4. QED

mon bz (mon b3 v2) < (trace, babsbg (Axs. €3))

mon by (mon bz (mon b3 v2)) < mon by (trace, babsby (Ax3. e3))

15.2. —tag-match (| 79|, vo)
15.2.1. QED
dyn by vo > BndryErr (bo,vo) < dyn by vg
16. CASE vy = mon by v < mon b3 v3 = U1
16.1. scASE tag-match (| 7], vo)
16.1.1. dyn by v >\ mon by v
by definition Dy
16.1.2. tag-match (| 1], v1)
by lemma 8.17
16.1.3. dyn by v1 >, mon by v1
by definition >,
16.1.4. QED

mon by vy < mon b3 v3

mon by (mon by v2) < mon by (mon bs v3)

16.2. scasE —tag-match(|10],vo)
16.2.1. QED
dyn by vo >y BndryErr (bo, vo) < dynb; v

103

]

LEMMA 8.13. If - +N vo : U and - +po v1 : U and vy S v and by < by then dyn by vy —{j ey and eg < mon’ by vy.

Proor. By induction on vy via case analysis of vy < v;.
1. cask iy Sip
1.1. scAskE tag-match(| 7o), vo)
1.1.1. dyn by v B>y Vo
by definition >
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1.1.2. QED
mon’ b1 v =1
1.2. scase —tag-match (| 7o), vo)
1.2.1. QED
dyn by vg > BndryErr (bo,v0) < mon? by v;
2. CASE iy < trace, by ip
2.1. SCASE tag-match(|1o], vo)
2.1.1. dyn by vg By v0
by definition Dy
2.1.2. QED
mon’ by v1 = v;
2.2. SCASE —tag-match (|79, vo)
2.2.1. QED
dyn by vo >y BndryErr (b, vo) S mon’ by v;
3. cAsE (v2,v3) S (v4,vs)
3.1. SCASE tag-match(| 7o), vo)
3.1.1. let by = (Co« oy XT3« 1) and by = (Lo« T4 X154 (1)
3.1.2. dyn by vo Dy (dyn (Co« 2« {1) v2,dyn (Lo« 34 £1) v3)
by definition Dy
3.1.3. v Svgand vs < vs
by inversion <
3.1.4. dyn ((pe 2« l1) vo —>’;‘ e S mon’ (Coataaty) vy
and dyn (€p« 3«4 {1) v3 _>r*\; e7 < mon’ (Coat54t1) vs
by the induction hypothesis
3.1.5. QED
either eg or e7 € BndryErr (b, v), or:
e S mon’ (Coatq4aly) vy e7 < mon’ (b5« t1) vs

(€6, €7) < mon by (v4, vs)
3.2. SCASE tag-match (| 0], vo)
3.2.1. QED
dyn by vo Dy BndryErr (b, vo) S mon’ by v;
4. CASE (v2,v3) < mon (€24 14 X174 {3) (v4,05)
4.1. sCASE tag-match (| o], vo)
4.1.1. let by = (Lo« oy XT3« 1) and by = (Lo« T4 X154 1)
4.1.2. dyn bo vo >y (dyn (lo« 124 {1) v2,dyn ((h< 34 (1) v3)
by definition Dy
413. vy < mon’ (£« 7« {3) v4 and vs < mon’ (£« 774 £3) vs
by inversion <
4.14. dyn (Lo« 24 ty) v ﬁ’;‘ e < mon’ (£« 44 1) (mon’ (£24 764 £3) vy)

and dyn ((p< 34 (1) v3 —>’,‘\J e7 < mon’ (Cpa 154 {7) (mon? (€« 174 {3) vs)
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by the induction hypothesis
4.1.5. QED

either eg or e7 € BndryErr (b, v), or:

e S mon’ (€o« t4<£1) (mon’ (€24 76« {3) v4) e7 <

mon’ (Coat54Ly) (mon? (G« 74 {3) vs)

~

(e, €7) < mon by (mon (€24 76 X174 {3) {(v4,Us5))

4.2. SCASE tag-match (| o], vo)

4.2.1. QED

dyn by vg > BndryErr (bo,v0) S mon? by v;

5. CASE (v2,v3) < trace, by (vg,v5)

5.1. SCASE tag-match(|1o], vo)

5.1.1. let by = (fp« o X134 1) and by = ({p« T4 X154 {1)

5.1.2. dyn by vg B>y (dyn (Co« 2« {1) v2,dyn (Loa 34 £1) v3)

by definition Dy

5.1.3. vy < add-trace (b, v4) and v3 < add-trace (b, vs5)

by inversion

5.1.4. dyn ({pa o« ty) vg =% e S mon’ (£« 4« {1) (add-trace (l;z, vy))

N
and dyn ({p« 134 ¢1) v3 >

by the induction hypothesis
5.1.5. QED

Sk

N

e7 < mon’ (€y« 75« {1) (add-trace (I;Z, v5))

either eg or e7 € BndryErr (b, v), or:

e S mon’ (Lo« 4 ty) (add-trace (b, vs)) €7 <

mon’ (£o« 75« £1) (add-trace (ba, vs))

~

5.2. SCASE tag-match(| 7o), vo)
5.2.1. QED

(e, €7) S mon by (trace, by (vs, vs))

dyn by vo >y BndryErr (b, vo) S mon’ by v;

6. CASE (v2,v3) S trace, by (vg,Vs5)

6.1. SCASE tag-match(| 7o), vo)

6.1.1. let by = (Lo« oy XT3« 1) and by = (Lo« T4 X154 )

6.1.2. dyn by vg =N (dyn (Co« T2« {1) v2,dyn (Lo« 34 £1) v3)

by definition Dy

6.1.3. vy < add-trace (b2, v4) and v3 < add-trace (b, vs)

by inversion <

6.1.4. dyn ((ya a4 ty) v —>’;‘ e S mon’ (€« 74« £1) (add-trace (b2, v4))

and dyn (€p< 3«4 {1) v3 —>’,‘\J e7 < mon’ ((y< 54 1) (add-trace(l;g, v5))

by the induction hypothesis
6.1.5. QED

either eg or e7 € BndryErr (b, v), or:
e S mon’ (Co« 4« tq) (add-trace (l;z, vy)) e7 < mon’ (Co« 15« (1) (add-trace (l;z, v5))

6.2. SCASE tag-maich(|7o],vo)
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5461 6.2.1. QED
S0z dyn by vg > BndryErr (bo,v0) S mon? by v;
5463 -
saos - CASE (v, v3) < trace, by (mon (€24 76 X774 1) (v4, Us))

5465 7.1. SCASE tag-match(| 7o), vo)

5466 7.1.1. let by = (bpa 2 X134 1) and by = (o« T4 X154 (1)
5467 7.1.2. dyn by vy >y (dyn (fo« 72« (1) vz, dyn (Lo« 134 (1) v3)
5468

5469 by definition Dy

5470 7.1.3. vy < add-trace (by, (mon’ (£, < g« £7) v4)) and v3 < add-trace (b2, (mon® (L, < 74 67) vs5))

5471 by inversion

72 7.1.4. dyn ({pa 24 {1) vy —>’;‘ e S mon’ (£y« 4« £1) (add-trace (l;z, (mon’ (L34 764 £7) v4)))
5473

and dyn (o< m34 ;) v3 =7 e7 < mon’ (Coat54¢7) (add—trace(l;z, (mon? (62«74 7) v5)))

5474 N
5475 by the induction hypothesis
5476 7.1.5. QED
i either eg or e7 € BndryErr (b, v), or:
5478 -
w e < mon’ (€o« 14« {1) (add-trace (ba, (mon? (62« 164 l7) vy)))
5450 e7 < mon’ (Lo« 154 €1) (add-trace (b, (mon? (62«74 L7) v3)))
5481 (e, e7) < mon by (trace, l;z (mon (L2« 14 X174 €3) (Vg, V5)))
5482
sass 7.2. SCASE tag-match (| o], vo)
5484 7.2.1. QED
5485 dyn by vo >y BndryErr (b, vo) S mon’ by v;
8. casE (vg,1v3) < mon by (trace, b3 (va, vs))
5487
8.1. CONTRADICTION:
5488
5489 kav: U

5490 9. CASE (vg,v3) < mon by (mon bs (vg,vs))
>491 9.1. v < mon’ by (mon’ bs v4)
5492 2 2
<103 and v3 < mon’ by (mon’ bs vs)

5494 by inversion <

5495 9.2. dyn (fo« 7o« {1) vo Py (dyn (fo« 72« (1) va, dyn (Lo« T34 (1) v3)
549 by definition by
5497 9.3. dyn (Loa e fq) vg =% ve S mon’ (£y« 4« £1) (mon’ by (mon? b3 v4))

5498 N

5499 and dyn ({p« 134 {1) v3 —>*N v S mon’ (£« 754 1) (mon’ by (mon’ b3 vs))

5500 by the induction hypothesis

5501 9.4. QED

5502

5503 ? ? ? ? ? ?

wsos ve < mon” (fy« 4« ly) (mon” by (mon® b3 vg)) v7 S mon’ (€h« 154 £1) (mon’ by (mon” b3 vs))
5505 (vg, v7) < mon (£p« 71« €1) (mon by (mon b3 (v4, vs)))

2206 10. casE (v2,v3) S mon by (trace, b3 (mon by {v4, vs5)))
5507 -
ss0s 10.1. v < mon’ by (trace, b3 (mon’ by vy))

5500 and v3 < mon’ by (trace, 53 (mon? by v5))

5510 by inversion <
5511
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10.2. dyn ((o< o< t1) vp > (dyn (Lo« T2« {1) v2,dyn (e 34 {1) v3)
by definition b

10.3. dyn (Lyaraly) vz =% vs < mon’ ((p<« 14« £1) (mon’ by (trace, b3 (mon? by v4)))

N ~

and dyn (b« 134 (1) v3 = v7 S

N 7S mon’ (£« 754 (1) (mon’ by (trace, b3 (mon” by vs)))

by the induction hypothesis
10.4. QED

ve S mon’ (Coat4«tly) (mon? by (trace, b3 (mon? by v4)))

7 S mon’ (Coat54t1) (mon? by (trace, b3 (mon? bs v5)))

(vs, v7) < mon (Lo« 11 4£1) (mon by (trace, b3 (mon by (v4, vs))))
11. casE {(vg,v3) < mon™ by (mon bs (mon by (v, v5)))
11.1. vz S mon™*? by (mon? b3 (mon” by vy))
and v3 < mon™’ by (mon’ b3 (mon” by v5))
by inversion <
11.2. dyn (fo< 19« €1) vo By (dyn (o« 2« (1) v2,dyn ((y< 34 (1) v3)
by definition by

N
and dyn (o<« 134 (1) v3 —

11.3. dyn ((hamy«ly) v2 =% v S mon’ (Coatyaty) (mon+? by (mon? b3 (mon? by v4)))

*

N 07 < mon’ (£y« 54 1) (mon*’ by (mon” bs (mon” by vs)))

by the induction hypothesis
11.4. QED

ve S mon’ (Coat4atly) (m0n+? by (mon? bs (mon? by v4)))

v7 < mon’ (Coat54lq) (mon+? b, (mon? bs (mon? bs vs)))

(vs,v7) < mon (£y« 1y« £y) (mon* by (mon bs (mon by (va, vs))))
12. casE (v2,v3) < mon™ b3 (mon bs (trace, b4 (mon bs (v4,v5))))
12.1. v3 < mon” by (mon bs (trace, b4 (mon bs v4)))
and v3 < mon™ by (mon bs (trace, by (mon bs vs)))
by inversion <
12.2. dyn (Lo« o< {1) v > (dyn (fo<rz«fy) vz, dyn (Coam3«l1) v3)
by definition by

N
and dyn (o< 3« {1) v3 —

ve S mon’ ({y« 14« {1) (mon* by (mon b3 (trace, bs (mon b5 vy4))))

N

12.3. dyn ((pe 22 f1) vg —

v7 < mon’ (Lo« t54£;) (mon* b2 (mon bs (trace, b4 (mon bs vs))))
by the induction hypothesis

12.4. QED

ve S mon’ (€o« 144 1) (mon* by (mon b3 (trace, b4 (mon bs vy))))

v7 S mon’ (€o« 154 1) (mon* by (mon bs (trace, b4 (mon bs vs))))

(vs,v7) < mon (Lpa 1y« fy) (mon* by (mon bs (trace, b4 (mon bs (vg,v5)))))
13. CASE Axsy.e2 5 Axs. e3
13.1. scAsE tag-match(|1o], vo)
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5565 13.1.1. QED
9366 dyn bg v >, mon by vo < mon by v1
5567
sses 13.2. scAse —tag-match (| 7o), vo)

5569 13.2.1. QED

5570 dyn by vo By BndryErr (b, vo) < dyn by vy
5571 14. casE A(xz:12). e2 S Ax:12). €3
5572

5573 14.1. CONTRADICTION:

5574 “FNvo U

5575 15. cASE mon by (mon b3 v2) < trace, babs (Axp. e3)
5576 15.1. scAsE tag-match (| 7o), vo)
5577

5578 15.1.1. dyn bg v >y mon by vo

5579 by definition Dy

5580 15.1.2. QED

5581

::: mon by (mon b3 v2) < trace, babs (Axp. e3)

5584 mon by (mon bz (mon b3 v2)) < mon by (trace, babs (Axo. e3))
5585 15.2. scAse —tag-match (| 7o), vo)

%0 15.2.1. QED

5587
dyn by vo By BndryErr (b, v9) < dyn b1 v

5588
5580 16. CASE mon by (mon bs vy) < (trace, babsbg (Axs. €3))

5590 16.1. tag-match (| 7o), vo)
51 16.1.1. dyn by v >\ mon bo v
5592

5593 by definition >

5594 16.1.2. QED

5595

5596 mon by (mon b3 v2) S (trace, babsbs (Axs. e3))

:iz: mon by (mon by (mon b3 v2)) < mon by (trace, bybsbg (Axs. €3))
5599 16.2. —tag-match(|1o], vo)

5600 16.2.1. QED

son dyn by vg > BndryErr (bo, vo) < dynb; v
5602

_ < _
5603 17. CASE vy = mon by vz < mon b3 v3 = vg

5604 17.1. scAsE tag-match (| o], vo)

5005 17.1.1. dyn bg v >y mon bo v

5606 P

. by definition Dy

5608 17.1.2. QED

5609

5610 mon by vy < mon b3 v3

5
SZ: mon by (mon by v2) < mon by (mon bs v3)

613 17.2. scAsE —tag-match (| 1], vo)

5614 17.2.1. QED
5615
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dyn bo vo > BndryErr (bo,vo) < dyn by vg
]

LEMMA 8.14. If stat by vy and stat by vy are reduced WF expressions and stat by vy < stat by v and stat by vy > €2

and stat by vy W, e3 then ez <es

PrOOF. By case analysis of vy < 0.
1. cask iy Sip
1.1. stat by vy > V0 and stat by vy >, U1
by definition BN
1.2. QED
2. CASE iy < trace, by io
2.1. CONTRADICTION:
kAU ITY
3. CASE (v2,v3) < (v4,Us)
3.1. let by = ({p« 2 X134 {1) and by = ({p« 2 X134 {1)
3.2. vy Svgand vs < vs
by inversion <
3.3. stat by vy > (stat (Lo« Ty« {1) vy, stat ({y« 134 {1) U3)
and stat b v; », mon b1 v1
by definition w and »,

s

3.4. stat ({parp«ty) vg =% ve S mon’ (£p<« 744 {1) v4

N
and stat (o« 134 (1) v3 —>L v7 < mon’ (Lo« 154 81) Vs
by lemma 8.15
3.5. QED
ve S mon’ (Coatyaly) vy v < mon’ (Coat54(1) vs

(v6,v7) S mon by (vs, vs)
4. CASE (v2,v3) < mon (€24 74X 174 {3) (v4,05)
4.1. let by = (Lo« o X3« 1) and by = (Lo« Ty X134 1)
4.2. vy < mon’ (£« 154 (3) vy
and v3 < mon’ (L, <474 £3) s
by inversion <
4.3. stat by vo By (stat (Co« o« {q) vy, stat (Lo« 34 f1) v3)
and stat by vy —>Z trace, by (€2« 16 X174 (3) (v4, Us)
by definition w and »,

5

N
and stat (€p« 34 £1) v3 >

4.4. stat (Loaryaly) vy =5 ve S mon’ (Lo« 14« 1) (mon? (Ly« g« £3) vy)

3

N Y7 < mon’ (£« 754 1) (mon’ (£24 774 £3) vs)

by lemma 8.15
45. ve < add-trace((Co« T4 4 1) (C24 164 {3),v4)
and v; < add-trace ((€p« 54 €1)(ly« 774 {3),v5)
by lemma 8.16
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5669 4.6. QED

5670
071 ve < add-trace (Lo« ta«1)(l2 <164 {3), vy) v7 < add-trace (o« 754 1)(Ly < T743), Us)
5672

5673 (v, v7) < trace, by(lo« 16 XT74€3) (v4, U5)

5674 5. CASE (uvz,v3) < trace, by (vg,vs5)

5675
5.1. CONTRADICTION:

5676
677 kAU I T

5678 6. CASE (vz,u3) < trace, by (mon bs (v4, Us))

5679 6.1. CONTRADICTION:
5680
cFA T TY
5681 T
sess - CASE (v2,03) < mon (£2« 76 X774 {3) (trace, by (v4, vs))

5683 7.1. let by = ((p« 2 X134 {1) and by = ({p« 2 X134 {1)
5684 7.2. vg S mon’ ({2« tg < {3) (add-trace (l;4, vy4))

2683 and v3 < mon? (£,« 77« £3) (add-trace (1;4, v5))
5686
. by inversion

5688 7.3. stat by vy > (stat (Lo« Ty« {1) vy, stat ({y« 34 1) V3)

5689 and stat b v; —>;‘\ trace, b1({24 76X 774 f3)1;4 (vg,v5)

5690 eps
by definition w and »,

5691
%

5692 N
5693 and stat (o<« 34 (1) v3 —

5694 by lemma 8.15

5093 7.5. ve < add-trace ((£o« 4« 1)(02 4 154 3), (add-trace (b4, va)))

5607 and v7 < add-trace (£« t5s<£1)(€2« 774 (3), (add-trace (by, vs)))
5698 by lemma 8.16

5699 7.6. QED
5700

7.4. stat (Lo« roafy) v = vs < mon’ (Cg« 4« y) (mon’ (£« 1« (3) (add-trace (b4, v4)))

&

N 07 < mon’ (£y« t54€y) (mon’ (£« 774 £3) (add-trace (ba, v5)))

5696

>0t ve < add-trace ((Loa 4«4 1)(l2 476 £3)by, Vy) v7 < add-trace (Lo 4 154 61)(Lr < 774 £3)by, Us)

5702
5703 (ve,v7) < trace, bi(fr 416 X174 03)by (v4, U5)

5704 8. CASE (v2,v3) < mon (£2«4 74 XT74{3) (mon ({44 T3 X194 {5) (4, V5))
e 8.1. let by = (lo« 2 X3 (1) and by = (Lo X734 (1)
:ZZ: 8.2. 13 < mon’ (£« 1< £3) (mon’ (£44 134 €5) vy)

5708 and v3 < mon’ (£« 774 3) (mon’ (£4 < T9<{5) Us)

5709 by inversion
oo 8.3. stat by vy > (stat (Lo« Ty« {1) Vg, stat ({y« T34 1) V3)
5711

712 and stat by v; —>; trace, b1(£24 76 X774 {3) (mon ({44 18 X794 {5) (4, Us5))

5713 by definition w and »,

5714 8.4. stat ({p« 2« l1) V2 —>L ve < mon’ (£y« r44£1) (mon’ (£« 764 £3) (mon® (£« T3« l5) vy))

o7 and stat (o« 34 {1) v3 —>”‘\‘ v7 < mon’ (£y« 54 £;) (mon’ (34 74 £3) (mon® (£4a 19« {5) vs))
5716

5117 by lemma 8.15

5718

5719
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8.5. v < add-trace((Loa 4«4 {1)(l2 4164 l3), (mon? (L4 a1t34L5) vg))
and v7 < add-trace (£g« 54 £1) (£ 4 774 £3), (mon’ (L4« 794 L5) s))
by lemma 8.16
8.6. QED

ve < add-trace ((Co« 4« 1) ({ra 154 l3), (mon? (€4« 134 L5) vyg))
v7 < add-trace ((Co« 54 {1)({ra 74 (3), (mon? (L4« 92 l5) v3))

(ve,v7) < trace, by(ly 416X 174L3) (mon (€4« 13X T9 4 {5) (v, Us5))
9. cASE (v2,v3) S mon (£24 14 XT74(3) (trace, by (mon ({5« s xXT9 < Lg) (vg,v5)))
9.1. let by = ({p« 2 X134 {1) and by = (o« 2 X134 {1)
9.2. vy < mon’ (£« 1< {3) (tracez by (mon’ (€5« 134 £6) v4))
and v3 < mon’ (£, <174 {3) (tracez by (mon’ (£54 194 g) vs5))
by inversion <
9.3. stat by vy > (stat (Lo« Ty« {1) vy, stat ({y« T34 {1) V3)
and stat by v; —>/’; trace, b1({2 4 76X 774 63)54 (mon ({5« 1§ X194 L) (V4,V5))
by definition wy and »,

s

N
and stat (€p« 34 £1) v3 —)

9.4. stat ({p« 4 l1) vy —
E3

N
by lemma 8.15

9.5. vg < add-trace (Lo« 44 {1)(C2 a6 l3), (trace\?, by (mon? ({5« 54 85) v4)))
and v; < add-trace (£p« 754 1) (ly < 774 (3), (trace?, b4 (mon? (&5« 9« €g) vs)))
by lemma 8.16
9.6. QED

ve S add-trace (by (€24 16X 174 £3)by, (mon? (65« 134 ly) vyg))
v7 < add-trace (b1 (€24 76X 774 £3)by, (mon? (65«19« ls) vs))

ve < mon’ (£y« r44£y) (mon’ (£24 754 £3) (trace3 by (mon’ ({5« 154 86) v4)))

v7 < mon’ (Lo« t54€y) (mon’ (L34 774 83) (tracez by (mon’ (€5« ro«{s) vs)))

(ve,v7) < trace, bi(fr 416 X174 £3)b4 (mon (€5« T3 X194 £g) (v4, U5))
10. cASE {(va,v3) < mon™ by (mon bz (mon by (v, v5)))
10.1. CONTRADICTION:
by lemma 7.9
11. CASE {vg,v3) < mon™ by (mon bs (trace, by (mon bs (v4, vs))))
11.1. CONTRADICTION:
by lemma 7.9
12. CASE Axy. ez S Axp. e
12.1. CONTRADICTION:
- kN 0 : To
13. CASE A(xz:12). €2 S A(xp:12). €3
13.1. QED
stat by vy >, mon by vo and stat by v1 >, mon by vy

14. cASE mon by (mon b3 v) < trace, by vs
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14.1. CONTRADICTION:

kAU TT
15. CASE mon by v2 < mon b3 v3

15.1. stat by vg > mon bo v
by definition by

15.2. stat by vy B, add-trace(bybsget-trace(vs), rem-trace (vs))
by definition »,

15.3. QED

by <: by by <t bs vy S trace, get-trace(v3) rem-trace(vs)

mon by (mon by v) < trace, by bsget-trace (v3) rem-trace (v3)
]

LEMMA 8.15. If vy and v; are reduced WF expressions and vy S v1 and - N vo @ 79 and - Fp v1 : 71 and 19 <' 71 then

stat ((p« 9« {1) vy —{l vy and vy S mon’ (o< 11« £1) v3

Proor. By induction on v via case analysis of vy < v;.
1. cask ip S ip
1.1. QED
stat (£o« 1o« f1) vy >, V0 < mon’ (Coaty«ty) vy
1.2. QED
2. CASE iy S trace, by io
2.1. CONTRADICTION:
“FA DL TY
3. casE (v2,v3) S (v4,vs)
3.1. v Svgand vs S vs
by inversion <
3.2. stat ({p« 9« 1) vy > (stat (€o« o« {1) vo, stat ((y« 34 (1) v3)
by definition by

3.3. stat ({p« o« l1) vy —>T\] v < mon’ (€o« 144 1) vy
5

N Y7 < mon? (Lo« 54 (1) vs

and stat (o« 734 {1) v3 —)
by the induction hypothesis

3.4. QED

ve S mon’ (Coatq4aly) vy v S mon’ (Coet54l7) vs

(vs,v7) S mon (fg« 11« £1) (g, V5)
4. CASE (v2,v3) S mon (€24 74 XT74{3) (V4,05)
41. vy < mon’ (£« 754 (3) vy
and v3 < mon’ (£, <174 63) vs

by inversion <
4.2. stat (Lo« rp«fy) vy > (stat (€o« Tp« £1) vo, stat ({y« 34 {1) v3)

by definition b
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>k

N
and stat (€« 34 {1) v3 —

4.3, stat ((oarpaly) v2 =% ve S mon’ (Coatyaty) (mon? (G2 w152 {3) vy)

*

N 07 < mon’ (Lo« 54 ¢1) (mon’ (34 774£3) vs)

by the induction hypothesis
4.4. QED

ve S mon’ (Coat4atly) (mon? (G2« g2 l3) vy) v < mon’ (pat5<ly) (mon? (G« 74 {3) vs)

(v, v7) < mon (£p«4 14 X154 €1) (Mon ({3« 76X 174 £3) (V4g, V5))
5. CASE (v2,v3) < trace, by (v4,Vs5)
5.1. CONTRADICTION:
cFA T TY
6. CASE (v2,v3) < trace, by (mon bs (v4, vs))
6.1. CONTRADICTION:
“FA UL TY
7. CASE (v2,v3) S mon ({2414 X174(3) (trace, by {v4, V5))
7.1. vy < mon’ (8o« 16« £3) (add-trace (by, v4))
and v3 < mon’ (€2« 774 {3) (add-trace (1;4, v5))
by inversion <
7.2. stat ({p< 9« f1) v > (stat (€g« 1o« £1) vo, stat ({y« 34 (1) v3)
by definition b
mon’ (£« 4« £1) (mon’ (£24 76« £3) (add-trace (by, vs)))
mon’ (Lo« 754 £1) (mon’ (€24 77« £3) (add-trace (bs, vs)))

7.3. stat ({p« 2« (1) V2 —>L ve S

and stat (<34 {1) v3 —>’r‘\‘ v7 <
by the induction hypothesis

7.4. QED

ve S mon’ (Coatgaty) (mon? (6o« 164 (3) (add-trace (by, v4)))
v S mon’ (Coat54Ly) (mon? (€y <« 774 {3) (add-trace (1;4, v5)))

(v6, v7) < mon (Lo« 14 XT54£1) (mon ({2« 76X 774 {3) (trace, by (v4,v5)))
8. CASE (v2,v3) < mon (£« 174 XT74{3) (mon ({44 T3 X194 {5) (g, U5))
8.1. v < mon’ (£« 7« £3) (mon’ (£44 T34 €5) vy)
and v3 < mon’ (Lo« 174 £3) (mon’ ({4« r9«Ls) vs)
by inversion
8.2. stat ({p«to«l1) vy > (stat (€p« 1o« {1) vo, stat ({y« 34 1) v3)
by definition wy

*
N

and stat (o« 134 (1) v3 —>L v S

8.3. stat ({pe 2« ty) v3 =% vg S mon’ (Coatyaty) (mon? (Cra15al3) (mon? (€4« 34 ls) vy))
mon’ (Coat54{q) (mon? (Crat74l3) (mon? (42194 l5) vs))
by the induction hypothesis

8.4. QED
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5877

5878 ve S mon’ (Coat4atly) (mon? (Cratgal3) (mon? (C4a134ls5) vg))
o879 v S mon’ (Coat54{q) (mon? (Crat7al3) (mon? (L4 e 94 l5) vs))
5880

5881 (v6,v7) < mon (Lya T4 X154 1) (Mon (€24 74X 774 {3) (mon (€44 T3 XT9« {5) (v4, Us5)))

5882 9. CcASE (v2,v3) S mon (€24 74 XT74(3) (trace, by (mon ({5« s X194 Lg) (vg,v5)))

%88 9.1. vy < mon’ (L4154 83) (tracez by (mon? (€5« 154 L6) v4))

5884 -
ssss and v3 < mon’ (by« 174 £3) (trace\?, by (mon’ (€5« 194 L) vs))
5886 by inversion <
5887 9.2. stat ({p«T9«{1) vy > (stat (€o« o« {1) vo, stat ({y« 34 {1) v3)
o8 by definition by
5889 -
5590 9.3. stat ({p« 2« 1) vy —>T\J v < mon’ (£« 4« 1) (mon’ (£, 7« £3) (trace\?, by (mon’ (€5« 54 Lg) v4)))
5891 and stat (o« 34 (1) v3 —>”: v7 S mon’ (€y« 754 £1) (mon’ (£« 774 £3) (trace3 by (mon’ (€5« 194 Lg) v5)))
5892 by the induction hypothesis
5893 9.4. QED
5894
5895 2 2 25 ?
5506 ve S mon’ ({o<« 14« ly) (mon’ ((y« 15« {3) (trace, by (mon’ ({5« 134 (5) v4)))
5897 v7 S mon’ (Coat54L7) (mon? (Cra 74 l3) (trace\?, by (mon? (€5 a9« ls) vs)))
%89 (v, v7) < mon ((o« 714 €1) (mon (£24 74 X174 (3) (trace, by (mon ({5« 3 X194 Lg) (Va,V5))))
5899 _
oo 10. CASE (vg,v3) < mon™ by (mon b3 (mon by (vs, vs)))
5901 10.1. w2 < mon*? by (mon’ bs (mon’ by vy))
5902 and v3 < mon*? by (mon? b3 (mon? bs vs))
5903 . .
by inversion <
5904
5905 10.2. stat (Coa o« 1) vo Wy (stat (fo« T2« 1) vp, stat (lo« 734 L1) v3)
5906 by definition by
5907 10.3. stat (Co« o« 1) Vo —>”‘\j ve < mon’ (£y« 44£1) (mon*? by (mon’ bs (mon’ by v4)))
208 and stat ((y« 34 {1) vs3 —>:] v7 S mon’ ((y« 54 £;) (mon*? by (mon? b3 (mon’ by vs)))
5909
5010 by the induction hypothesis
5911 10.4. QED
5912
5913 ve S mon’ (Cpatqaty) (m0n+? by (mon? bs (mon? bs v4)))
o v7 S mon’ (Coat54tq) (mon+? by (mon? bs (mon? bs vs)))
5915
5916 (v, v7) < mon (Lo« 1) (mon™ by (mon bs (mon by (v4, vs))))

5917 11. casE {(vg,v3) < mon* by (mon bs (trace, by (mon bs (v4, v5))))
;:i 11.1. vz < mon™ by (mon bs (trace, by (mon bs vy)))

5920 and v3 < mon™ by (mon b3 (trace, ba (mon bs vs)))
5921 by inversion
5922 11.2. stat (£o« 9« {1) vg > (stat (Lo« Ty« {1) vy, stat ({y« T34 1) V3)

GZZ by definition by
5025 11.3. stat ((o« 2« 1) v2 —f,‘\‘ ve S mon’ (boa 4« f1) (mon™ by (mon b3 (trace, by (mon bs v4))))

5926 and stat ((p« 34 {1) v3 _):1 v7 < mon’ (Lo« 5« £1) (mon* by (mon bs (trace, by (mon bs vs))))
5927
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by the induction hypothesis
11.4. QED

ve S mon’ (€o« 144 1) (mon* by (mon b3 (trace, ba (mon bs vy))))

7 < mon’ (€o« 154 1) (mon* by (mon b3 (trace, b4 (mon bs vs))))

(vs,v7) < mon (Lo« 1y« ) (mon* by (mon bs (trace, by (mon bs (vg,v5)))))
12. CASE Axz.e2 S Axz.e3
12.1. CONTRADICTION:
*FN 0t T0
13. caSE A(xp:12). e2 S A(x:12). €3
13.1. QED
stat ({o< 1o« {1) v By mon (Coato«t1) vy S mon (Chat1«ly) vy
14. cAse mon by (mon b3 v2) < trace, by vs
14.1. CONTRADICTION:
“FA UL TY
15. cASE mon by vz < mon b3 v3
15.1. QED

stat ((p« o« {1) vy >, mon (Coatp«t1) vy S mon (Coa 114 fy) vg

LEMMA 8.16. If - kN vo @ U and - +p mon’ by (mon’ by v1) : U and vy < mon’ by (mon’ by v1) then vy <

add-trace (byby,v1).

ProOF. By induction on v via case analysis of vg < mon’ by (mon’ by o).
1. cAsE ip < ip
1.1. QED
ip < trace, boby ip
2. CASE iy < trace, by io
2.1. QED
ip < trace, bob1bo io
3. cASE (v2,v3) < mon by (mon by (vy, vs))
3.1. v < mon’ by (mon’ by v4)
and v3 < mon’ by (mon’ by vs)
by inversion
3.2. vg < add-trace(byby,v4)
and v3 < add-trace(boby, vs)
by the induction hypothesis
3.3. QED

vy < add-trace (byby,v4) vs < add-trace (byby,vs)

(v2,v3) < trace, bob1 (v4, v5)
4. case (v2,v3) < mon by (mon by (trace, by (v4,05)))
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5981 4.1. vz < mon’ by (mon” by (add-trace (by, v4)))
o982 and v3 < mon’ by (mon’ by (add-trace (b2, v5)))
5983

. L
sosa by inversion <

5985 4.2. vy < add-trace(byby, (add-trace (52, vy)))

5986 and v3 < add-trace (boby, (add-trace (b2, v5))

zz:: by the induction hypothesis

500 4.3. QED

5990 - -

5991 vy S add-trace(boby, (add-trace (b, v4))) v3 < add-trace (byby, (add-trace (b, vs)))

o (va,v3) < trace, bobibs (v4, vs)
Zz: 5. CASE (v2,v3) < mon by (mon by (mon by (vy, vs)))
5995 5.1. v3 < mon’ by (mon’ by (mon? by vy))

5996 and v3 < mon’ by (mon’ by (mon’ by vs))

7 by inversion

5998 2
5.2. vg < add-trace(boby, (mon’ by v4))

5999

6000 and v3 < add-trace (boby, (mon’ by vs))
6001 by the induction hypothesis
6002
5.3. QED
6003

6004

w005 vy < add-trace(boby, (mon’ b v4)) v3 < add-trace (bob1, (mon’ by vs))

6006 (v2,v3) < trace, boby (mon by (v4, vs))

7 6. caSE (v2,v3) < mon by (mon by (trace, by (mon bs (v4, Us))))

6008 2 2 - o
6.1. vz < mon’ by (mon’ by (add-trace(bs, (mon’ bz v4))))

6009

6010 and v3 < mon’ by (mon” by (add-trace (by, (mon’ b3 vs))))

6011 by inversion <

ooz 6.2. vy < add-trace(byby, (add-trace (ba, (mon’ b3 v4))))

6013 _

014 and v3 < add-trace (byb1, (add-trace (bs, (mon’® bs vs))))

6015 by the induction hypothesis

6016 6.3. QED

6017

oot vy < add-trace (bobll;g, (mon? bs v4)) v3 < add-trace (bobll;z, (mon? b3 vs))
6019

6020 (vg,v3) < trace, boblgg (mon bs (vg,vs))

6021 7. CASE mon bz (mon bs v2) < mon by (mon by Axs. e3)
6022
N 7.1. vy S Ax3. e3
6023

. Lo
024 by inversion <

6025 7.2. QED

6026

6027 V2 5 /1X3. e3

6028

6029 mon by (mon b3 vg) < (add-trace (boby, Ax3. e3))

6030 8. CASE mon bz (mon b3 v2) < mon by (mon by, (trace, be Axs. e3))
6031
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8.1. vy < (trace, bg Axs. e3)
by inversion <

8.2. QED

(%] 5 Axg. €3

mon by (mon b3 v2) < (add-trace (bob1bg, Axs. €3))
9. CASE mon by (mon b3 v2) < mon by (mon by A(x3:73). €3)
9.1. CONTRADICTION:
kAU

LEMMA 8.17. If - kN vo : U and -+ v1 : U and tag-match (| 10], vo) and vy S vy then tag-match (| o], v1)

Proor. By induction on v; via case analysis of vy < v;.
1. cAsE ip < ip
1.1. 79 € Nat U Int
by inversion tag-match
1.2. SCASE 719 = Nat
12.1. ip €N
by inversion tag-match
1.2.2. QED
tag-match (| Nat], ip)
1.3. SCASE 19 = Int
1.3.1. QED
tag-match (| Int], io)
2. CASE iy S trace, by io
similar to previous case
3. casE (v2,v3) S (v4,vs)
similar to previous case
4. CASE (v3,v3) < mon (€o« 1o X174 {1) (v4,05)
similar to previous case
5. CASE (v2,v3) < trace, bo (v4, vs)
similar to previous case
6. CASE (v2,v3) < trace, by (mon (€1« 16 X174 £2) (v4, U5))
similar to previous case
7. CASE (v2,v3) § mon (o« g X174 1) (tracev l;g (vyg, 1)5))
similar to previous case
8. CASE (v2,03) < mon (£y«76X76<{1) (mon by (v4,v5))
similar to previous case
9. casE (v2,v3) S mon { 76 X171 (trace, by (mon b3 (vy, v5)))
similar to previous case

10. casE (v2,v3) < mon™ by (mon by (mon by (vs, vs)))
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6085 similar to previous case
9% 11. casE (vz,v3) < mon* by (mon by (trace, bz (mon b3 (v4,vs))))
6087

11.1. 79 € TXT
6088
6089 by inversion tag-match
6090 11.2. QED
6091 <

12. CASE Axg.e3 < Axp. e3

6092

121. g eT=1
6093
6004 by inversion tag-match
6095 12.2. QED
6096 13. CASE Axp:12). €2 S A(xp:1y). €3
6097

13.1. CONTRADICTION:
6098
6099 “FNvO U

6100 14. case mon ({p< 2= 134 (1) (mon by v2) < trace, b3 Axs. e3

6101
141. g eT=T1
6102 . .
’ by inversion tag-match
6103
6104 14.2. QED
6105 15. CASE mon ({p« 1 = 134 1) v3 S mon (<14 = 154(1) v3
6106 P .
similar to previous case
6107
6108 ]
6109

o110 LEmMA 8.18. If vg and mon’ (€o« 71«4 1) v1 are reduced WF expressions and - +N vg : Toand - Fa mon’ (Coatialy) vy :

oin trandty <itpandvy S mon’ (€y« 114 £1) vy then dyn (o114 1) v1 —>Z vy and vy < vy.

Z:j PrOOF. By case analysis of 7y and <.

6114 1. cAsE 19 = Nat

6115 1.1. v € N

oue by inversion Fy

6117

18 1.2. scase vy S v

6119 1.2.1. QED

6120 dyn (o<1« 1) vg Dy Vo = mon’ (Coat12lq) vy
o121 1.3. SCASE vy < trace, bo vo

6122

o123 1.3.1. QED

6124 dyn (bo« 14 {1) vy >, trace, bo vo = mon’ (Cpar1aty) vy
6125 2. CASE 79 = Int

o126 similar to previous case

6127

o198 3. CASE 7) = T1XT2

6129 3.1. vy € (v, V)

6130 by inversion Fy

o131 3.2. SCASE vy < mon (£p« 13 X144 {1) (v, V3)

6132

o133 3.2.1. QED

6134 dyn (bo« 3 X144 (1) V1 >, mon (Coat3 X144 l1) V1
6135 3.3. scasE vy < mon ((o« 13 X144 lq) (trace, b2 (v2,v3))
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3.3.1. QED
dyn (by« 3 X144 (1) V1 >, mon (Coat3 X144 ly) V1
3.4. SCASE vy < mon (£p« 3X14<4 1) (mon by (vg,v3))
3.4.1. QED
dyn (Cpe 3 X144 1) V1 >, mon (Coa 3 X144 ly) V1
3.5. SCASE vg S mon ((o« 13 X144 {1) (trace, by (mon b3 (vg,v3)))
3.5.1. CONTRADICTION:
“kpav U
3.6. SCASE vy < mon™ by (mon by (mon by (vz,v3)))
3.6.1. CONTRADICTION:
by lemma 7.10
3.7. scase vp < mont bo (mon by (trace, by (mon bs (va, v3))))
3.7.1. CONTRADICTION:
by lemma 7.10
4. CASE 790 = T1 =12
4.1. vp € Ax.eUmonb v
by inversion Fy
4.2. SCASE vy < mon ({pa3 =144 f1) 1
4.2.1. QED
dyn (b« 3 =14401) 1 >, mon (bpa3=14401) Vg

[m]

LEmMA 8.19. If vy and mon’ (€« 71« (1) (mon’ (£« Ty« £3) v1) are reduced WF expressions and - FN Vo : 79 and

- Fa mon’ (Lyati ;) (mon’ (L a4 3)v1) : 11 and vy < mon? (b« i< €y) (mon’ (byatp«f3) v1) and 19 < 1

~

then dyn ((o« 71« {1) (stat (C2 <4124 (3) v1) —>: vy and vy < V.

ProOF. By case analysis of 7y and <.
1. cASE 19 = Nat
1.1. v € N
by inversion Fy
1.2. scase vy S v
1.2.1. QED

dyn (€o« 11« {y) (stat (£2 4124 £3) V1) —>: vo = mon’ (€y« 114 1) (mon’ (b2« T« £3) V1)
1.3. scase vy < trace, by vg
1.3.1. QED
dyn (Lo« 11« (1) (stat ((r <24 {3) v1) —>;: v = mon’ ((y« 71«4 ¢1) (mon’ (L34 T4 83) vy)
2. CASE 79 = Int
similar to previous case
3. CASE 79 = 71 XT2
3.1. vg € (v, V)
by inversion Fy
3.2. SCASE vy < mon (£p« 3 X144 {1) (2, V3)
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6189 3.2.1. QED
6190 dyn (by« 3 X144 (1) V1 >, mon (Coat3 X144 y) V1
6191 -
o100 3.3. scasE vy < mon (€o« 13 XT84« ly) (trace, by (vz, v3))

6193 3.3.1. QED

6194 dyn (fo« 13 X144 {1) v1 >, mon (Coa 3 X144 ty) V1
6195 3.4. SCASE vy < mon (£p«3X144{1) (mon ({2« 154 (3) (v, V3))
6196

3.4.1. 75 € TXT

6197

6198 by inversion Fa

6199 3.4.2. QED
6200 dyn (fo< T3 X T4« 51) (stat (524 754 53) <Uz, ’U3>) l>A mon (fo< T3 X T4« 51) (mon (524 54 53) (Uz, ’U3>)
6201 -
3.5. scase vg < mont by (mon by (mon by (v2, v3)))

6202

6203 3.5.1. CONTRADICTION:

6204 by lemma 7.9

6205 3.6. scasE vp < mont bo (mon by (trace, by (mon bs (va, v3))))
6206

. 3.6.1. CONTRADICTION:

6207

6208 by lemma 7.9

6209 4. CASE 79 = T1 =12
6210
4.1. vy € Ax.e Umon b v
6211
o1 by inversion Fy

6213 4.2. SCASE vy < mon ({y« 13 =144 {1) (Mmon (2«54 {3) V1)

6214 421. 5 €T=>7T

6215 . .
by inversion Fa
6216

o217 4.2.2. QED
6218 mon ({o <4 13 = 14« £1) (Mmon ({24 154 {3) v1) >, mon (Coa 3= 144 {1) (Mon ({24 154 {3) v1)
6219
O
6220
6221 LEmMMA 8.20. If tag-match(|1o], vo) and 1o <: 71 then tag-match (|11 ], vo).
6222
6223 Proor. By induction on vy via case analysis of tag-match (| o], vo).

0224 1. CASE tag-match (| Nat],ip)
6225

1.1. QED
6226
71 € Nat U Int
6227
6228 2. CASE tag-match(|Int], io)
6229 2.1. QED
6230 71 € Int

6231
6232 3+ CASE tag-match (|72 = 73], Axo. €o)

6233 3.1. QED

6234 TILETST
255 4. cASE tag-match (| 73 = 14], A(x0:72). €g)
6236

4.1. QED

6237
6238 T1E€ET=T
0239 5. CASE tag-match (|2 X13], (v2,v3))
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5.1. QED
7] € TXT
6. CASE tag-match (|74 = 15], mon ((o< 2 = 134 (1) v1)
6.1. QED
T ETST
7. CASE tag-match (| 4 X1s5], mon ({y« o X134 1) V1)
7.1. QED
7] € TXT
8. CASE tag-match(| o], trace, bov1)
8.1. tag-match (| 7o), v1)
by inversion tag-match
8.2. tag-match(|t1],v1)
by the induction hypothesis
8.3. QED
8.4. QED
by definition tag-match

LEmMA 8.21. If tag-match (| 7o), v0) and - Fa vo : U then dyn (Lo« o< {1) vy N mon’ (Coamoaly) vg.

ProOF. By case analysis of tag-match (| o], vo).
1. case tag-match (| Nat], ng)
1.1. QED
dyn (fo« Nat« (1) ng D>y no
2. CASE tag-match(|Int],ip)
2.1. QED
dyn (fo«Int«{y) ip B>, o
3. CASE tag-match (|11 = 12],Ax0. €9)
3.1. QED
dyn (bo« o< {1) vy >, mon (Coao«lq) vy
4. cASE tag-match (|2 =13], A(x0:71). €9)
4.1. CONTRADICTION:
“Fa vt U
5. CASE tag-match (|11 X12], (v1,02))
dyn (fo< o< l1) Vo >, mon (Coarpat1) vy
6. CASE tag-match (|73 = 14], mon ({o« 11 = 124 1) V1)
dyn (bo< o< l1) Vo >, mon (Coay«ly) vy
7. CASE tag-match (| 73X14], mon (o« 11 X124 (1) V1)
dyn (Lo« o< l1) Vo >, mon (Coamgaly) v
8. CASE tag-match(| 1], trace, by v1)
8.1. tag-match(|t1],v1)

by inversion tag-match
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8.2. dyn (Lo« o< ly) vy >, mon’ (Coapaly) vy
by the induction hypothesis
8.3. QED

dyn (€p< 19« {y) trace, bo vy > mon’ (€y« 9« t1) (trace, by v1)
O

LEmMA 8.22. If vy and vy are reduced WF expressions and unop{r?} vy < unop{r?} v and - +N unop{r?} vy : 7o and

- kA unop{r?} v : 11 and 19 <° 11 then unop{r?} v; —>j_‘\ vy and Sn(unop, vg) < v

Proor. By induction on v; via case analysis of <.The cases for unop = fst{rz} and unop = snd{r2} are analogous;
we show only the fst cases.
1. cAsE ip < ip
1.1. CONTRADICTION:
- kN unop{r?}vg : 7o
2. CASE iy < trace, by io
2.1. CONTRADICTION:
- N unop{r?} v : 79
3. CASE (v2,v3) < (v4,Us)
3.1. vp Sy
by inversion <
3.2. On(unop,vy) = vy
by definition §xr
3.3. unop{r?} v1 >, vs
by definition >,
3.4. QED
by 3.1
4. cASE (vg,v3) < mon ({y«3XT44{1) (Vg,V5)
41. vy < mon’ ((o<y < 1) vy
by inversion < and 73 < 1y
4.2. SN (unop,vg) = v
by definition §xr
4.3. unop{r?}v1
—, dyn ({o< 2« 1) (unop{r?} (vs, vs))
=\ dyn (bo« o« lq) vg
by definition —,
4.4. QED
by lemma 8.18
5. CASE (v2,v3) < trace, bo (v4, vs)
5.1. CONTRADICTION:
kAT ITY
6. CASE (v2,v3) < trace, by (mon (61«13 X144 £2) (v4,U5))
6.1. CONTRADICTION:
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“FA DL TY
7. CASE (v2,v3) S mon (o< 3X14< (1) (trace, by (va, vs))
7.1. vy < mon’ (€« 134 1) (add-trace (ba, v4))
by inversion < and 13 <: 1y
7.2. SN (unop,vp) = vy
by definition §xr
7.3. unop{r?} v
—, dyn (lo« 2« (1) (unop{z?} (trace, by (vs, v5)))
—, dyn (lo« 2« (1) (add-trace (b2,v4))
by definition —,
7.4. QED
by lemma 8.18
8. CASE (v2,v3) < mon ({y«13X144{1) (mon (€24 75X 764 3) (V4,V5))
8.1. vy < mon’ (Coam2aly) (mon? (G« 1t54{3) vyg)
by inversion < and 13 <: 1y
8.2. Sn(unop,vp) = vy
by definition dn
8.3. unop{r?} v
—, dyn (lo< 2« L1) (unop{z?} (mon (L2« 75X 76« £3) {v4,vs5)))
—, dyn (lo« 2« {7) (stat ((2« 154 (3) (unop{z?} (vs, vs)))
A dyn (Lo« 2« {1) (stat ((r« 154 L3) vg)
=4 dyn (Lo« 2« {1) (stat (L2« 154 83) v4)
by definition —,
8.4. QED
by lemma 8.19
9. caSE (v2,v3) S mon (p< o X134 (1) (trace, by (mon ({3« 4 X154 L) (vg,V5)))
9.1. vy < mon’ (£y« 24 £1) (add-trace (b, (mon’ ({34 44 €4) v4)))
by inversion < and 13 <: 1y
9.2. Sn(unop,vp) = vy
by definition én
9.3. unop{r?} v
—, dyn (lo« 2« {1) (unop{r?} (trace, by (mon (€34 74X 754 £4) (v4, V5))))
—, dyn (lo« 2« (1) (trace by (stat ({3« 14« ly) (unop{r?} (v, vs))))
—, dyn ({oerz«ty) (trace by (stat (34744 €y) v4))
by definition —,
9.4. QED
by lemma 8.19
10. case (vz,v3) < mont by (mon by (mon by (v, s5)))
10.1. CONTRADICTION:
by lemma 7.9

11. casE (v2,v3) < mon™ by (mon by (trace, by (mon b3 (v4, v5))))
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6397 11.1. CONTRADICTION:
639% by lemma 7.9
6399 <
400 12. CASE Axg.e3 < Axp. e3
6401 12.1. CONTRADICTION:
6402 - kN unop{r?} vy : 79
6403 13. caSE A(xz:12). e2 < A(x:12). €3
6404
13.1. CONTRADICTION:
6405
6406 - kN unop{r?} vy : 7o
6407 14. cASE mon ((o« 2= 134 1) (mon by vy) < trace, b3 Ax3. e3
6408 14.1. CONTRADICTION:
6409

o410 - N unop{r?} v : 79

6411 15. cASE mon ((p« 1 =134 (1) v S mon (<14 =154(1) v3

6412 15.1. CONTRADICTION:

6413 - kN unop{r?} vy : 79

6414

6415 ]
6416

a1 LEMMA 8.23. If vy and v; are reduced WF expressions and unop{t?} vy < unop{r?} vy and - kN unop{z?} vo : U and
snis ko unop{r?}v1 : U then unop{r?} vy Wy ez and unop{r?} v, —>; e3 and ez < e3.

6419

o120 ProOF. By cases on vy < v1.The cases for unop = fst{r} and unop = snd{r} are similar; we present only the fst
6421 cases.

0422 1. CASE ip S ip
6423

1.1. QED
6424
oi2s unop{z?} vy »y TagErr e and unop{z?} vy », TagErre
6426 2. CASE i() S traCev bo io
6427 2.1. QED
6428 unop{r?} vo Wy Tagkrr e and unop{z?} vy », TagErre
6429

<

o 3 CASE (v2,u3) < (v4,05)
6431 3.1. vy Sy
6432 by inversion <
6433 3.2. QED
6434
s unop{z?} vy By vz and unop{r?} vy B, vs
o136 4. CASE (v2,v3) S mon ({o« 12 X134 (1) (v4,05)
6437 41. v < mon’ ((y<y4 1) vy
6438

by inversion <
6439

a0 4.2. unop{r?} v Py V2

6441 by definition by

6442 4.3. unop{r?}v1

S, stat (g« 1o« (1) (unop{(r?} (vs, vs))
:z: —, stat (o< 2« 1) vy

6446 by definition —,

6447 4.4. QED
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by lemma 8.24
5. CASE (v2,v3) S trace, bo (vg,v5)
51. vp < add—trace(go,m)
by inversion <
5.2. unop{z?} vo By vz
by definition by
5.3. unop{r?} v1 », add-trace(bo, v4)
by definition »,
5.4. QED
by 5.1
6. CASE (v2,v3) S trace, bo (mon (61«2 X134 2) (vg,05))
6.1. vy < add-trace (by, (mon’ (£1< 24 £2) vy))
by inversion <
6.2. unop{r?} vo By v2
by definition b
6.3. unop{r?} v
—, trace bo (stat (L1« 34 3) (unop{r?} (v4, vs)))
—, traceby (stat (£1 <« 34 l3) vy)
—, trace by (mon® (£ <124 £2) vg)
—, add-trace (bo, (mon”® (£ < 1y« £2) v4))
by definition —, and lemma 8.24
6.4. QED
7. CASE (v2,v3) S mon (£y< o X134 (1) (trace, by {v4, V5))
7.1. CONTRADICTION:
“kpa v U
8. CASE (v2,03) < mon ({yayX134{1) (mon (£24 T4 X154 3) (V4,V5))
8.1. CONTRADICTION:
by lemma 7.10
9. casE (v2,v3) S mon €y T2 X131 (trace, by (mon bs (v4,vs)))
9.1. CONTRADICTION:
by lemma 7.10
10. CASE (v2,v3) < mon* by (mon by (mon by (vg, vs)))
10.1. CONTRADICTION:
by lemma 7.10
11. cASE {vg,v3) < mon™ by (mon by (trace, by (mon b3 (vy, vs))))
11.1. CONTRADICTION:
by lemma 7.10
12. CASE Axs. ey 5 Axs. e3
12.1. QED
unop{z?} vo Wy Tagkrr e and unop{z?} vy », TagErre
13. CASE A(xz:12). €2 S A(xp:12). €3
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13.1. CONTRADICTION:
kN Vot U
14. case mon (< 1y =134 (1) (mon by v2) < trace, b3 Axs. e3
14.1. QED
unop{z?} vy Wy Tagkrr e and unop{z?} vy », TagErre
15. caSE mon ({p« 1y => 134 1) v3 < mon (e g =154(1) U3
15.1. QED
unop{r?} vy >, TagErr e and unop{z?} vy », TagErre

O

LEMMA 8.24. If vy and vy are reduced WF expressions and - +y vo : U and - +p v1 1 79 and vg S mon’ (Coatoaly) vy

then stat ((y« o« {1) v1 —>Z vy and vy < vy.

PRrOOF. By case analysis of <.
1. cask iy S ip
1.1. QED
stat ((o« 1o« fy) vy >, U1
2. CASE iy S trace, by ig
2.1. QED
stat ((p« o« {1) v1 >, Yo
3. CASE (v3,v4) < mon (fy«1g«ly) (vs,06)
3.1. QED
stat (Co« 9« {1) v1 B, mon (Lo« 7o« {1) vy
4. cast (v3,v4) < mon (o< tg«ly) (trace, by (vs, v6))
4.1. CONTRADICTION:
cFA U1 T
5. CASE (v3,v4) < mon (£y« 9« {1) (mon by (vs, vg))
5.1. v3 < mon’ (Co« fst(19)«£1) (mon fst (b2) vs)
and vy < mon’ (£o« snd (z9)« £1) (mon snd (b2) ve)
by inversion
5.2. stat ({y« 9« 1) (mon by (vs,vg)) », trace, (€o« 9« L1)bs (v5,V6)
by definition »,
6. CASE (v3,v4) S mon (€y< 1o« ty) (trace, by (mon bz (vg, vs)))
6.1. CONTRADICTION:
“FA D1 T
7. CASE (v3,04) < mon (£y<« 9« {1) (mon by (trace\?, b3 (mon by (v4,v5))))
7.1. stat (Lo« o« {1) v B, trace, ((o« 7o« £1)babs (mon by (v4, vs))
by definition »,
7.2. QED
by lemma 8.25
8. CASE (u3,v4) < mon (€9« 79« £1) (mon by (mon bs (trace’ by (mon bs (vg, v5)))))

8.1. CONTRADICTION:
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by lemma 7.10
9. CASE mon by (Axz2.e2) < mon (o< to<fy) (Axz. e3)
9.1. CONTRADICTION:
“FA D1 T
10. cASE mon by (A(xz:72). e2) < mon (o« to«€1) (A(x2:172). €3)
10.1. QED
stat (o« 9« {1) v1 B, mon (Coapaly) vy
11. cASE mon by (mon b3 (Axy. e2)) < mon (€p< 1o« €1) (mon by (tracez bs (Axz. e3)))
11.1. stat (o« 9« f1) vy > add-trace ((€y« 79« 51)b4l;5, (Axz.e3))
by definition by
11.2. QED
by lemma 8.25
12. cAsE mon by (mon bs (mon by (Axz. €2))) < mon (Lo« 19« £1) (mon bs (trace; b (mon by (A(x2:72). €3))))
12.1. stat (Coa o« 1) v1 Wy add-trace(({o< o« £1)babsbs, (mon by (A(x2:72). €3)))
by definition b
12.2. QED
by lemma 8.25
13. cASE mon by (mon b3 (mon by (mon bs (Ax3. €2)))) S mon (£y<« 79« £1) (mon bs (mon bg (mon by v2)))
13.1. CONTRADICTION:

by lemma 7.10

127

[m]

LEMMA 8.25. If vy and vy are reduced WF expressions and - N v : U and - +o v1 : U and vy S mon’ by (mon’ b v1)

then vy < add-trace(byby, v1).

ProoF. By induction on vy via case analysis of <.
1. cask iy Sip
1.1. QED
ip < trace, boby ig
2. CASE iy < trace, by io
2.1. QED
ig <

~

trace, boblgz io
3. CASE (v2,v3) < mon by (mon by vy, vs))
3.1. vy < mon’ fst (by) (mon’ st (by) vg)
and v3 < mon’ snd (bg) (mon’ snd (b1) vs)
by inversion <
3.2. vy < add-trace(fst (by)fst (b1), vs)
and v3 < add-trace(snd (bp)snd (b1), vs)
by the induction hypothesis
3.3. QED

4. CASE (vg,u3) < mon by (mon by (trace3 by (mon bs (v4, vs))))
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6605 4.1. vy < mon’ fst (by) (mon’ fst (by) (add-trace (st (b2), (mon bs v4))))

6606 and v3 < mon’ snd (bg) (mon’ snd (b1) (add-trace (snd (b2), (mon bs vs))))
6607
weos by inversion <

6609 4.2. vy < add-trace(fst (bg)fst (b1), (add-trace (fst (b2), (mon bs v4))))
6610 and v3 < add-trace(snd (bp)snd (b1), (add-trace(snd (b3), (mon b3 v5))))

oot by the induction hypothesis
6612
4.3. QED

6613
6614 5. CASE (v2,v3) < mon by (mon by (mon by (trace3 b3 (mon by (v4,v5)))))

6615 5.1. CONTRADICTION:
616
oot by lemma 7.10
6617

sors 6. CASE mon by (mon b3 (Axz. e2)) < mon by (mon by (Axz. e3))

6619 6.1. Ax3. e S Axy. e3
6620 by inversion
oozt 6.2. QED

6622
6623 by definition <
o624 7. CASE mon by (mon b3 (mon by (A(x2:72). €2))) < mon by (mon by (mon bs (Axz. e3)))

6625 7.1. A(x2:12). ez S A(x2:12). €3
66260 by inversion <
6627

7.2. QED

6628
6629 by definition <

6630 8. CASE mon by (mon b3 (mon by (mon bs v3))) < mon by (mon by (mon bg (mon b7 v3)))
663t 8.1. CONTRADICTION:
6632

by lemma 7.10

6633
6634 .
6635

“* Lemma 8.26. If app{U} vy v1 and app{U} (trace, bob1 vz) vs are reduced WF expressions and app{U} vo v1 <
:ij app{U} (trace, bob; v2) v3 then one of the following holds:

6639 o app{U} vy 11 —f’; Eolapp{r?} v4 (BndryErr (b3, v5))]

6640 and Eg < traceby---b;i [ ]

6641

won and vq < add-trace(b; - - - by, v2)

wois e app{U} vy v1 = Eo[app{r?} v4 vs]

6644 and Ey < trace boby [ |

6645 and vy < vy

6646 T

o and vs < add-trace (flip (bob1),v3)

6648 . . =

oo I:ROOF. By induction on the length of b;.

6650 1. b=

6651 1.1. CONTRADICTION:

6652 by 5

6653 -

6654 2. by = bl

6655 2.1. vg = mon by (mon b3 vy) and by <t by and b3 <t by
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6707
6708
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by inversion <
2.2. app{U} vo v1 wy stat cod (b2) (app{z1} (mon b3 v4) (dyn dom (b2) v1))
by definition by
2.3. AssUME dyn dom (by)v1 = vs
otherwise, end with a boundary error
2.4. app{r1} (mon b3 v4) vs By dyn cod (b3) (app{U} v4 (stat dom (b3) v5)) and stat dom (b3) vs By V6
by definition Dy and b
2.5. vg < add-trace (flip (dom (bg)dom (b1)), v3)
by lemma 8.27
2.6. QED
stat cod (b2) (dyn cod (b3) (app{U} v4 vs)) < trace, bob1 (app{U} v trace, flip(bob1) v3)
3. l;l = b1b21;3
3.1. vg = mon b3 (mon by vg) and bz <: by and by < by
by inversion <
3.2. app{U} vy v1 —>L stat cod (b3) (dyn dom (bs) (app{U} v4 vg))
and vy < trace, b3 vy and vg < trace, flip (bob1) v3
by similar reasoning as the previous case
3.3. app{U} v4 vs ﬁ;: Eilapp{U} v7 vs]
by the induction hypothesis, assuming no boundary errors
3.4. QED
stat bz (dyn by (E1[app{U} v7 v3])) < add-trace (byby bybs, app{U} vy (tracevﬂip(bobll;g)m)

O

LemMA 8.27. If vy and vy are reduced WF expressions and - +n vo : U and - +p v1 : U and vy < vy and by < by and
b1 < b3 then stat by (dyn b1 vy) —>L ey and ey < add-trace (babs, vy).

Proor. By induction on vy via cases on vy < vy.
We assume below that every subexpression of the form dyn b v steps to a value, because otherwise e; is a boundary
error and the result is immediate.
1. cAsE ip < ip
1.1. QED
stat by (dyn by ip) —>L ip < trace, babs i
2. CASE iy < trace, b trace, bg ip
2.1. QED
stat by (dyn by ip) —>;] ip < trace, bybsby ig
3. CASE (v2,v3) < (v4,0s)
3.1. v Svgand vs < vs
by inversion
3.2. stat by (dyn by (v2,v3)) >y stat by (dyn fst (b1) vz, dyn snd (b1) v3)
by definition —y
3.3. stat by (dyn fst (b1) v2,dyn snd (b1) v3) —>*N (vg, V7)
if and only if (stat fst (bg) (dyn fst (b1) vy), stat snd (by) (dyn snd (b1) v3)) —>L (vg, V7)
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6709 by lemma 8.28

oo 3.4. vs S add-trace(fst (by)fst (b3), v4)

::: and vy < add-trace (snd (bz)snd (b3), v4)
6713 by the induction hypothesis

6714 3.5. QED

o7 by definition <
6716

s 4 CASE (v2,v3) < mon by (v4, v5)

6718 41. vy < mon’ fst (bs) v4 and v3 < mon’ snd (bg) vs

6719 by inversion <
6720

4.2. stat by (dyn by (v2,v3)) —’T\, (ve, v7)
and vs < add-trace(fst (by)fst (b3), mon’ fst (by) v4)

6721

6722

6723 and v7 < add-trace(snd (b3)snd (b3), mon’ snd (bg) vs)

6724 by definition —; and lemma 8.28 and the induction hypothesis
6725

4.3. QED
by definition <

6726
6727 _
6728 5. CASE (vz,v3) S trace, by (vg, )

6729 5.1. vp < add-trace (fst (ba),vs) and v3 < add-trace(snd (ba), vs)
6730 by inversion <
6731

o739 5.2. stat by (dyn by (v2,v3)) —>T\‘ {vg,v7)

6733 and vs < add-trace(fst (by)fst (bs), add-trace (fst (by), v4))

6734 and v; < add-trace(snd (bz)snd (b3), add-trace (snd (by), vs))
o7 by definition —; and lemma 8.28 and the induction hypothesis
6736

o737 5.3. QED

6738 by definition S

6739 6. CASE (v2,v3) S trace, b4 (mon bs (v4, Us))
6740 6.1. vg < add-trace (fst (ba), (mon’ fst (bs) v4)) and vs < add-trace(snd (b4), (mon” snd (bs) vs))

6741

. L
2 by inversion <

6743 6.2. stat by (dyn by (v2,v3)) = (v, v7)
6744 and ve < add-trace (fst (b2)fst (b3), add-trace (fst (ba), (mon’ fst (bs) vs)))
6745 and v; < add-trace(snd (bz)snd (b3), add-trace (snd (ba), (mon’ snd (bs) vs)))
6746
,( by definition —,, and lemma 8.28 and the induction hypothesis
6747 N
6748 6.3. QED
6749 by definition <

750 7. cask {(vg,v3) < mon by (trace, bs (vg, v5))

6751
7.1. CONTRADICTION:

6752
6753 “kpavL U
6754 8. CASE (vg,v3) < mon by (mon bs (vg, vs))
8.1. CONTRADICTION:
by lemma 7.10
6755 9. CASE (v2,v3) S mon by (trace, bs (mon bg (v4,vs)))
6759 9.1. CONTRADICTION:
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by lemma 7.10
10. cASE {(v2,v3) < mon™ b4 (mon bs (mon bg (va, v5)))
XXX
11. casE (vz,v3) < mon™ b4 (mon bs (trace, be (mon by (v4,vs))))
11.1. CONTRADICTION:
by lemma 7.10
12. CASE Axp.e2 < Axp.e3
12.1. QED
stat by (dyn by vg) —>T\‘ mon by (mon by vy) < trace, babs vy
13. CASE AMxp:12). €2 S A(xp:1y). €3
13.1. CONTRADICTION:
“kpa v U
14. cAaSsE mon by (mon bs v3) S trace, beby vy
and vg € Ax.e Umon b (A(x:7).e)
14.1. QED
stat by (dyn by vy) —>”: mon by (mon by vg) < trace, babsbgby v4
15. cASE mon bg (mon bs v3) < trace, bebybg v4
and vy € Ax.e Umon b (A(x:7).e)
15.1. QED
stat by (dyn by vg) —>T\‘ mon by (mon by vg) < trace, babsbebrbs v4
16. cASE mon by v3 < mon bs vy
16.1. vg € A(x:7). e
by inversion 4 and < and lemma 7.10
16.2. stat by (dyn by vy) —>*N mon by (mon by vg)
by definition —
16.3. QED
by definition <

LEmMmA 8.28. stat by (dyn b1 vg, dyn by v1) —>’,‘\I (v2,v3) if and only if
(stat fst (bg) (dyn by vp), stat snd (bo) (dyn by v1)) —>’;‘ (v2,v3)

Proor. By definition of I and b.

LEmMA 8.29. If binop{r?} vy v1 < binop{r?} vz v3 then binop{r?} vy v1 —y €4 if and only if binop{r?} vy v3

ProoF. The binary operations are only defined for integers and < relates integers iff they are equal.
1. casE binop{r?} vo v1 >, TagErre
1.1. SCASE vy € i
1.1.1. v & i
by inversion <
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1.1.2. QED
binop{z?} svaluez v3 », TagErre
1.2. SCASE vy €1
121. v3 ¢ i
by inversion <
1.2.2. QED
binop{z?} vz vs », TagErre
2. cask binop{r?} vz vs », TagErre
2.1. SCASE rem-trace(vy) & i
21.1. vg €11
by inversion <
2.1.2. QED
binop{r?} svalueg v1 Wy TagErre
2.2. SCASE rem-trace(vs) € i
221. v1 €1
by inversion <
2.2.2. QED
binop{z?} vo v1 Wy TagErre
3. cAsE binop = sum and vy = ip and v1 = i3
3.1. binop{r?} vo v1 —y Y0+ 01
by definition Dy PN and SN
3.2. rem-trace(v2) = vy and rem-trace(v3) = vy
by inversion
3.3. QED

binop{r?} vy v3 =, Vo U1

4. CASE binop = sum and rem-trace(vz) = ip and rem-trace(v3) = iy

4.1. binop{r?} vy v3 =, do + i1
by definition Das Py and 64
4.2. vg = ipand v = iy
by inversion <
4.3. QED
binop{t?} vp 1 -y V2 U3
5. CASE binop = quotient and vy = ip and v; = ij and iy =0
5.1. binop{z?} v v1 — TagErre
by definition Dy PN and SN
5.2. rem-trace(v2) = iy and rem-trace(v3) = 0
by inversion
5.3. QED
binop{r?} vz v3 —, TagErre
6. CASE binop = quotient and rem-trace (v) = iz and rem-trace(v3) = i3 and i3 = 0

6.1. binop{r?} vz v3 —, TagErre
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6865 by definition >, , B, , and 64
6866 6.2. vy = iy andv; =0
6867 . .

by inversion <

6868

6869 6.3. QED

0870 binop{r?} vo v1 — TagErre

6871 7. CASE binop = quotient and vy = ip and v1 = ij and i1 # 0
6872

s 7.1. binop{z?} vo v1 —y Lio/i1]

6874 by definition Dy PN and N

6875 7.2. rem-trace(v2) = iy and rem-trace (v3) = iy
6876 by inversion

6877

- 7.3. QED

6879 binop{r?} vz v3 A Lio/i1]

6880 8. CASE binop = quotient and rem-trace (v) = iz and rem-trace(v3) = i3 and i3 # 0
6881 8.1. binop{r?} vav3 —, liz/is]

by definition Das oo and 64

6882
6883
6884 8.2. v9 = ipand v1 = iy
6885 by inversion <

6886 8.3. QED

binop{r?} vov1 —y Lio/i1]

6887
6888
6889 O
6890

6891 LEMMA 8.30. If eg < e1 and vy < vy then eg[xo «—vo] < e1[xp 1]

6892

6893 Proor. By induction on the structure of both expressions (or rather, the pair {ey, e1)) via case analysis of eg < e;.
6894

6895 =
ZZ:: LEmMA 8.31. If eg < eq and Ey < E; then Egleg] < E1[e1]
6898 Proor. By induction on the structure of Ej.

6899

6900 [m]
6901

6902

6903

6904

6905

6906

6907

6908

6909

6910

6911

6912

6913

6914

6915
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9 A/T SIMULATION

This simulation uses the Transient notion of reduction from the paper and a modified Amnesic notion of reduction that

inserts check expressions that are guaranteed (by type soundness) to be no-ops.
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e;H; B
vy ~ v1; Ho; Bo vo ~ Ho(po); Ho; Bo
trace l;() vy ~ v1; Ho; Bo vy ~ po; Ho; Bo ig ~ io; Ho; Bo trace, l;o io ~ io; Ho; Bo
vg ~ va; Ho; Bo v1 ~ v3; Ho; Bo vp ~ v2; Ho; Bo v1 ~ v3;Ho; By
trace bo (vo, v1) ~ (v2,v3); Ho; Bo trace! by (mon by (trace) b1 (vo, v1))) ~ (v2, v3); Ho; Bo
vp ~ v2; Hos Bo v1 ~ v3; Ho; By eg ~ e1; Ho; By
mon by (tracez 50 (mon by {vg,v1))) ~ (v2,v3); Ho; Bo trace?, l;o (Axo. eg) ~ Axg. e1; Ho; Bo
eo ~ e1; Ho; Bo eo ~ e1; Ho; Bo
mon by (tracee bo (Axo. €9)) ~ Axg. e1; Ho; Bo trace:': bo (A(x0:70). €0) ~ Alxo:70). e1; Ho; Bo

eg ~ e1; Ho; Bo

traces l;() (mon by (A(xp:70). €9)) ~ Axo:70). e1; Ho; Bo

eo ~ e1; Ho; Bo

mon by (trace\?, bo (mon by (A(xp:70). €9))) ~ A(x0:70). e1; Ho; Bo xo ~ x0; Ho; Bo
eo ~ e2; Ho; Bo e1 ~ e3; Ho; Bo eo ~ e2; Ho; Bo e1 ~ e3; Ho; Bo
(eo, e1) ~ (e2,e3); Ho; By app{z?} e e1 ~ app{r?} ez e3;Ho; Bo
eo ~ e1; Ho; Bo eo ~ e2; Ho; Bo e1 ~ e3; Ho; Bo eo ~ e1; Ho; Bo

unop{r?} eg ~ unop{r?} e1; Ho; Bo binop{t?} ey e1 ~ binop{r?} ez e3; Ho; By dyn by eg ~ dyn by e1; Ho; Bo

eg ~ e1; Ho; Bo eg ~ e1; Ho; Bo
stat by ey ~ stat by e1; Ho; Bo dyn ((y« o< {1) eg ~ check rg e1 po; Ho; Bo
eo ~ e1; Ho; Bo 71 <7 eo ~ e1; Ho; Bo
stat (Co< 19« {1) eg ~ check U e1 po; Ho; Bo dyn (€o« o« ) (stat (£« 714 €3) ey) ~ check 79 e1 po; Ho; Bo

eo ~ e1; Ho; Bo

check z2 ey e ~ check 72 e1 po; Ho; Bo TagErro ~ TagErr o; Hy; By TagErr e ~ TagErr e; Hy; By

vy ~ v1; Ho; Bo
DivErr ~ DivErr; Ho; Bo BndryErr (b, vo) ~ BndryErr (by, v1); Ho; Bo
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Eo ~ E1; Ho; By

trace by Eg ~ E1; Ho: Bo

vg ~ v2; Ho; Bo E1 ~ E3;Ho; Bo

(vo, E1) ~ (v2, E3); Ho; Bo

vy ~ v2; Ho; Bo E1 ~ E3;Ho; By

[1~[1:Ho: Bo

app{r?} vo E1 ~ app{r?} vz E3; Ho; Bo

Eo ~ E2; Ho; Bo e1 ~ e3;Ho; By

binop{r?} Eg e1 ~ binop{r?} E e3; Ho; Bo

Eo ~ E1;Ho; By

dyn by Ey ~ dyn by E1; Ho; Bo

Ey¢statbE  Eg ~ Ej; Ho; By

dyn (ly« 19« {1) Eg ~ check 7o E1 po; Ho; Bo

1 <1 Ey ~ E1; Ho; Bo

Ben Greenman, Matthias Felleisen, and Christos Dimoulas

Eg ~ E2; Ho; Bo e1 ~ e3; Ho; Bo

(Eo, e1) ~ (Ez,e3); Ho; Bo

Eo ~ E; Ho; By e1 ~ e3; Ho; Bo

app{r?} Eo e1 ~ app{r?} E2 e3; Ho; Bo

Ey ~ Ey;Ho; Bo

unop{t?} Eg ~ unop{r?} E1; Ho; Bo

vy ~ v2; Ho; Bo Eq ~ E3;Ho; Bo

binop{t?} vo E1 ~ binop{r?} va E3; Ho; Bo

Eo ~ E1;Ho; Bo

stat by Eg ~ stat by E1; Hy; By

Eo ~ E1;Ho; Bo

stat ({o« 19« {1) Eg ~ check U Eq po; Ho; Bo

Eo ~ E1; Ho; Bo

dyn (€p« o« {y) (stat ((,« 114 €3) Eg) ~ check 7o E1 po; Ho; Bo

check 7? Ey @ ~ check 72 E1 po; Ho; Bo
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CoOROLLARY 9.1. eval4({so) € Err if and only if evalr(ffso) € Err

PRroOF. By lemma 9.2

LemMA 9.2. If evals(ffso) = ro and evalr({so) = r1; Ho; Bo then one of the following holds:
erp=r1=Q
e rog# Qandr # Qandry ~ ry; Ho; Bo

PRrooOF. By lemma 9.3 and lemma 9.4.

LEMMA 9.3. Tso ~Ts0;0;0 forall Tso

Proor. By induction on the structure of sg.
1. CASE sp = xo
1.1. QED
xo0 ~ xo0; Ho; Bo
2. CASE o = g
2.1. QED
io ~ io; Hos Bo
3. CASE Sy = Axp. So
3.1. QED
by the induction hypothesisand the definition of ~
4. CASE s¢g = A(x0:79). 51
4.1. QED
by the induction hypothesisand the definition of ~
5. CASE g = (s1,82)
5.1. QED
by the induction hypothesis
6. CASE so = app{7o} s1 s2
6.1. QED
by the induction hypothesis
7. CASE so = unop{r?} s1
7.1. QED
by the induction hypothesis
8. CASE s = binop{t?} s1 s2
8.1. QED
by the induction hypothesis
9. CASE sp = dyn 79 s1
9.1. QED
by the induction hypothesis

10. cASE sg = stat 79 51
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7125 10.1. QED

71ze by the induction hypothesis

7127

7128 O
7129

7130 LEMMA 9.4. If eo ~ e1; Ho; By then:

13 e if e —, €2 then ez —>: e3 and eq; Hy; By —>_”|‘_ eq; Hi; By and e3 ~ eq; H1; By
7132

133 o if e1;Ho; Bo - e3; Hy; By then ey —>Z ep and ey ~ e3; Hi; By

7134

- PRroOF. By lemma 9.5 and lemma 9.6 and lemma 9.7 and lemma 9.8 and lemma 9.9.
7136 o
7137

7138 LEmMA 9.5. If Epleo] ~ e1; Ho; Bo then eq = Eilez] and Eg ~ E1; Ho; Bo and ey ~ ez; Ho; Bo
7139

7140 Proor. By induction on the structure of Ey.

7141 1. casE Eg =[]

Tz 1.1. QED

7143

7144 Er =[]

7145 2. CASE Ey = (E2, e2)

7146 2.1. QED

T by the induction hypothesis

7148

140 3. cASE Ey = (vg, E2)

7150 3.1. QED

7151 by the induction hypothesis

7524 cask Ey = app{r?} Ez e2

7153

154 4.1. QED

7155 by the induction hypothesis

7156 5. CASE Eg = app{r?}vo E2

77 5.1. QED

7158 . . .

150 by the induction hypothesis

7160 6. CASE Eo = unop{r?} Ey

7161 6.1. QED
7162

by the induction hypothesis

7163
7. caSE Eg = binop{r?} Ez e2

7164

7165 7.1. QED

7166 by the induction hypothesis
77 8. cask Ey = binop{t?} E5 ey

7168

1160 8.1. QED

7170 by the induction hypothesis

nn 9. cASE Ep = dyn by Ez and Ez # checkz?E3 ®

e 9.1. scasE Ej = dyn by E3
7173
174 9.1.1. QED

7175 by the induction hypothesis
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9.2. scasE E; = check 1y E3 po
9.2.1. QED
by the induction hypothesis
10. casE Eg = dyn by (stat by Ez)
10.0.1. QED
by the induction hypothesis
11. case Ey = stat by Eo
11.1. scAse E; = stat by E3
11.1.1. QED
by the induction hypothesis
11.2. scase Eq = check U Es po
11.2.1. QED
by the induction hypothesis
12. cASE Ey = checkt?Ej @
12.1. QED
by the induction hypothesis

LEMMA 9.6. If eg ~ E1[e1]; Ho; Bo then eg = Eolez] and Eg ~ E1; Ho; Bo and ez ~ e1; Ho; Bo

Proor. By induction on the structure of E; and Ey; the latter is because Ey may be a suffix context (trace b E).
1. case E; =[]
1.1. scasgE Eg =[]
1.1.1. QED
1.2. scasE Egy = trace l;o Ep
1.2.1. QED
by the induction hypothesis
2. CASE E1 = (E2,e3)
2.1. QED
by the induction hypothesis
3. cASE E; = (vg, E2)
3.1. QED
by the induction hypothesis
4. cASE E; = app{r?} Ez €3
4.1. QED
by the induction hypothesis
5. CASE E1 = app{r?}vo E2
5.1. QED
by the induction hypothesis
6. CASE E1 = unop{r?} E»
6.1. QED

by the induction hypothesis
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7. CASE E1 = binop{r?} E; e3
7.1. QED
by the induction hypothesis
8. casE Eq1 = binop{r?} vy E2
8.1. QED
by the induction hypothesis
9. cAsE E1 = dyn by E
9.1. QED
by the induction hypothesis
10. case E; = stat by Eo
10.1. QED
by the induction hypothesis
11. case E; = check 7o E2 po
11.1. scasE Eg = dyn by E3 and E3 ¢ stat b E
by the induction hypothesis
11.2. scAsE Ep = dyn by (stat by E3)
by the induction hypothesis
11.3. scase Ey = checkry E3 @
by the induction hypothesis
12. casE Ej = check U E3 po
12.1. scASE Ey = stat by E3
by the induction hypothesis
12.2. scAse Eg = check U Es e
by the induction hypothesis

LEMMA 9.7. If Eo ~ E1;Ho; By and ey ~ e1; Hy; By then Eoleg] ~ E1ler]; Ho; Bo

PRrOOF. By case analysis of Ey ~ E1; Hy; By and induction on the structure of Ey and Ej.
1. CASE trace by Ez ~ Eq; Ho; Bo
1.1. QED
by the induction hypothesis
2. cast [] ~ [1;Ho; Bo
2.1. QED
by eo ~ e1; Ho; Bo
3. cASE (Ez,e2) ~ (E3,e3); Ho; By
3.1. QED
by the induction hypothesis
4. casE (vg, E2) ~ (v1, E3); Ho; Bo
4.1. QED
by the induction hypothesis
5. cASE app{r?} Ez ez ~ app{r?} E3 e3; Ho; Bo
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5.1. QED
by the induction hypothesis
6. CASE app{r?}vg E2 ~ app{r?} v1 E3;Ho; Bo
6.1. QED
by the induction hypothesis
7. cASE unop{t?} Ey ~ unop{z?} E3; Ho; Bo
7.1. QED
by the induction hypothesis
8. CASE binop{r?} Ey e3 ~ binop{r?} E3 e3; Ho; Bo
8.1. QED
by the induction hypothesis
9. cAsE binop{r?} vy E2 ~ binop{r?} v1 E3; Ho; Bo
9.1. QED
by the induction hypothesis
10. case dyn by Ez ~ dyn by E3; Ho; Bo
10.1. QED
by the induction hypothesis
11. cAsE stat by E2 ~ stat by E3; Ho; Bo
11.1. QED
by the induction hypothesis
12. case dyn by Ez ~ check 7o E3 po; Ho; Bo
12.1. QED
by the induction hypothesis
13. cASE stat by Ey ~ check U E3 po; Ho; Bo
13.1. QED
by the induction hypothesis
14. case dyn by (stat by E2) ~ check 7o E3 po; Ho; Bo
14.1. QED
by the induction hypothesis
15. caSE check 7? Ez @ ~ check 72 E3 po; Ho; Bo
15.1. QED
by the induction hypothesis

141

O

LEMMA 9.8. If e ~ e1; Ho; Bo and ey (l>A U >A) e then ep —* e3 and e1; Hy; By —>_*; eq; Hi; By and es ~ eq; H1; By

A

Proor. By case analysis of (>, U », ) and inversion on the ~ relation. In short, the shape of the Amnesic expression

e determines (and matches) the shape of the Transient expression.

Expressions on the Transient side may be pre-values. This proof assumes that all pre-values have already been allocated

to the heap by stutter steps (lemma 9.10).

1. case unop{r?} (vo,v1) B>, S(unop, (vo,v1))
1.1. QED
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by lemma 9.14
2. CASE binop{r?} vp v; A d(binop, vy, v1)
2.1. QED
by lemma 9.15
3. caAsE fst{zp} (mon ({y« 11« {1) V) >, dyn (Coatoaly) (fst{U} vy)
3.1. CASE vy = (v1,v2)
3.1.1. dyn (b« o« (1) (fst{U} vy) —, dyn (Coaz9«L1) S(fst{U}, o)
3.1.2. e; = unop{r?} vy and eg; Ho; By —ﬁ check 7o 8(fst{rg }, v2) v2; Ho; By
3.1.3. QED
by definition ~
3.2. CASE vy = mon ({2« 13«4 {3) (v1,V2)
3.2.1. dyn (bp« o« (1) (fst{U} vg) —, dyn (Lo« mo« 1) (stat (C2« fst(r2)« €3) S(fst{fst(r2)vo}))
3.2.2. e1 = unop{r?} vy and ey; Ho; Bo —ﬁ check g 8(fst{ro}, v2) v2; Ho; Bo
3.2.3. QED
by definition ~
4. cast snd{ro} (mon by vo) B>, ...
4.1. QED
similar to fst case
5. case app{zo} (A(xp:70). €2) v1 >, check ea[xo —vgl e
5.1. QED
by lemma 9.17
6. case app{zo} (mon ((p« (11 = 12)«{1) vp) v1 >, dyn (bo« o« t1) (app{U} vy (stat ({14114 {p) v1))
6.1. dyn (€< mo« 1) (app{U} vy (stat ({1« 114 £p) v1)) —, dyn (Lo« T« 1) (app{U} v v2)
6.2. QED
by lemma 9.12/lemma 9.13 for stat and the definition of ~ for the whole
7. cASE dyn ({1« {1) vy >, mon (Coamoaly) v
7.1. QED
by lemma 9.16 and lemma 9.13
8. case dyn (fo«rp<ly) (trace\?, bo i) >, o
8.1. QED
by lemma 9.16
9. cask dyn (fo« 9« (1) vo >, BndryErr (bo, v0)
9.1. QED
by lemma 9.16
10. casg check g vg @ >y V0
10.1. QED
by inversion ~
11. cAse checkrgvg e N BndryErr (l;o, o)
11.1. CONTRADICTION:
by THEOREM 7.2

12. CASE trace by vy A add—trace(gg,vo)
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12.1. QED
by lemma 9.12
13. casE unop{r?}vo », TagErre
13.1. QED
by lemma 9.14
14. casE unop{r?} vy », check U 5(unop,vo) e
14.1. QED
by lemma 9.14
15. cASE binop{r?} vy v; >, TagErre
15.1. QED
by lemma 9.15
16. cASE binop{r?} vy v1 LA d(binop, vy, v1)
16.1. QED
by lemma 9.15

17. casg fst{U} (trace\?, by (mon (Lo« (o X11)<£1) vg)) », trace by (stat (Lo« o« £1) fst{zo} vo)
17.1. trace by (stat (£« o« £1) fst{zo} vo) —, trace bo (stat (Lo« 7o« £1) S(fst{fst(z0)},v0))

17.2. e; = fst{U} vy and eq; Hy; By > check U 6(fst{U?}, v1) v1; Ho; By
17.3. QED
by definition ~
18. case snd{U} ... », ...
18.1. QED
similar to previous case
19. casE app{U} (tracez by (Axo. €0)) vo », trace by check U (eo[xo «—vo]) ®
19.1. QED
by lemma 9.17
20. cAse app{U} (traces by (mon (Lo« (11 = 12)< £1) vg)) 01 >,
trace by (stat (Co« 12« £1) (app{r2} vo (dyn (61« 714 60) v1)))
20.1. CASE trace by (stat (Cg« 124 1) (app{rz} vo (dyn ((1a 114 bp) v1))) =,
trace by (stat ({p« 13« €1) (app{r2} vo v2))
20.1.1. QED
by lemma 9.16
20.2. CASE trace by (stat (€« o« £1) (app{rz} vo (dyn ({111« bp) v1))) =,
trace by (stat (€o« 2« 1) (app{r2} vo BndryErr (bg,v1)))
20.2.1. QED
by lemma 9.16
21. CASE stat by vy », mon by vo
21.1. QED
by lemma 9.16 and lemma 9.13
22. CASE stat by (mon by (trace3 bo ) >, trace (bobll;o) [N
22.1. QED

by lemma 9.16
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7437 23. CASE stat by ig >, Qo
7438

23.1. QED
7439
by lemma 9.16
7440
7441 24. case check U vy po >, Y0
7442 24.1. QED
7443 . .
by inversion ~
7444
7445 m]
7446
447 LEMMA 9.9. Ife() ~ e1; Ho; By and e1; Ho; By I>T e3; Hi; By then e —>: e; and ey ~ e3; Hy; By
7448 .
Proor. By case analysis of b;.
7449 -
.45 Any Amnesic expression can have the form (trace b v); the proof assumes these have been reduced by stutter steps

7451 (lemma 9.11).

7452 1. casE wo; Ho; Bo Bp po; po = o, Ho; po > 0, By

7453 1.1. QED
7454 ] .
7455 by inversion ~ and lemma 9.18

7456 2. case unop{r?} po; Ho; Bo > check 72 §(unop, vo) po; Ho; Bo

7457 2.1. SCASE ey € unop{r?} trace‘?,g(v, v)

7458 2.1.1. QED

7459

2460 by lemma 9.14

7461 2.2. SCASE ey = unop{r?} mon (o« 11 <{1) (tracez by (v2,v3))
7462 and 7?7 = 19

ijz 2.2.1. e —>/”_‘\ dyn (o« 19« {y) S(unop, trace\?, bo (v2, v3))
2465 2.2.2. QED

7466 2.3. SCASE ey = unop{r?} mon ({y« 114 {1) (trace;'), bo (mon (L2« 1y X134 3) (V2,03)))
7467 and 7? = 19

Zz:z 2.3.1. e —>Z dyn (Lo« 1o« {) (stat ({2« 11« {3) S(unop, traces by (v, v3)))
470 2.3.2. QED

7471 2.4. SCASE ey = unop{r?} trace\?, by (mon (Lo« t14£1) (v2,v3))
7472 and? =U

Zj: 2.4.1. e —>: stat (€o< o« {1) S(unop, tracez bo (v2,v3))

475 2.4.2. QED

7476 3. CASE unop{r?} vo; Ho; Bo D TagErr o: Hoy; By

7477 3.1. QED

T by inversion ~

ZZ: 4. casE binop{r?} ip i1; Ho; Bo > 5(binop, 00, v1); Ho; Bo

7481 4.1. QED

7482 by lemma 9.15

Z:ZZ 5. CASE binop{r?} iy i1; Ho; Bo > TagErr o; Hpy; By

7485 5.1. QED

7486 by lemma 9.15

7487 6. CASE app{r?} po vo; Ho; Bo > check z? ez2[xo «—vo] po; Ho; Bolvo U rev(Bo(po))]
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6.1. QED
by lemma 9.17
7. cASE app{r?} po vo; Ho; Bo > BndryErr(l;o,vo);‘Ho;Bo
7.1. QED
by lemma 9.16
8. case app{ro} po vo; Ho; Bo > check g ez2[xo < vo] po; Ho; Bolvo U rev(Bo(po))]
8.1. QED
by lemma 9.17
9. case app{U} po vo; Ho; Bo B e2[x0 «—vo]; Ho; Bo
9.1. QED
similar to previous case
10. case app{U} vy v1; Ho; Bo > TagErr e Hoy; By
10.1. QED
by lemma 9.16
11. casE dyn (£« o<« 1) vo; Hos Bo B vo; Ho; Bo[ve U {(Lo« 0« £1)}]
11.1. QED
by lemma 9.16
12. casE dyn (€o< 19« {1) vo; Ho; Bo > BndryErr (l;o,vo);'Ho;Bo
12.1. QED
by lemma 9.16
13. CASE stat ({o« g« {1) vo; Ho; Bo D> v0; Ho; Bolvo U {(Loe o« t1)}]
13.1. QED
by inversion ~ and lemma 9.12 and lemma 9.13
14. cask check U vy po; Ho; Bo > vo; Hos Bo
14.1. QED
by inversion ~
15. case check 7o vg po; Ho; Bo By vo; Ho; Bo[vo U Bo(po)]
15.1. QED
by lemma 9.16
16. casE check o vg po; Ho; Bo > BndryErr (Eo,vo);ﬂo;Bo
16.1. QED
by lemma 9.16

LEMMA 9.10. If vy ~ eo; Ho; By then eg; Ho; Bo —>; v1; H1; B and vy ~ v1; Hi; B

PROOF. 1. CASE ey € v
1.1. QED
2. CASE eg € W
2.1. eo; Ho; Bo —7 pos po — €0, Ho; po > 0, Bo
2.2. QED
by vo ~ eg; Ho; Bo and lemma 9.18
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LEMMA 9.11. If ey ~ vo; Ho; Bo then ey —>; v1 and v1 ~ vy; Ho; Bo

PROOF. 1. CASE ey € v

1.1. QED

2. CASE eg = trace by v1

2.1. e —>/*\ add-trace (by, v1)
2.2. QED
by lemma 9.12

LEMMA 9.12. If vy ~ v1; Ho; By and Ty Fa vp : U then add—trace(l;(),vo) ~ v1; Ho; Bo

PRrOOF. By case analysis of vy ~ v1; Ho; Bo
1. cASE add-trace (b, vo) = vy
1.1. QED

2. casE add-trace (by, vy) = trace, b1 vs

2.1. SCASE vy = trace3 EZ io
2.1.1. QED
2.2. SCASE vy = traceg by (v2,v3)
2.2.1. QED
2.3. SCASE vy = tracez by (mon by (vg,v3))
2.3.1. QED
2.4. SCASE vy = trace\?, b (mon by (tracez b3 (mon by {va,v3))))
2.4.1. CONTRADICTION:
by lemma 7.10
2.5. SCASE vy = trace\?, by (Axo. eg)
2.5.1. QED
2.6. SCASE vy = trace\?, by (mon by (Axg. eg))
2.6.1. CONTRADICTION:
by Iy [Fa vo : U
2.7. SCASE vy = trace‘?, b2 (A(x0:70). €0)
2.7.1. CONTRADICTION:
by Iy FA vo : U
2.8. SCASE vy = tracez by (mon by (A(x0:70)- €9))
2.8.1. QED
2.9. SCASE v = trace\?, b (mon by (tracez b3 (mon by (A(x0:70). €))))
2.9.1. CONTRADICTION:

by lemma 7.10

LEMMA 9.13. If vy ~ v1; Ho; By and vy € (A(x:7). e) U (v, v) then mon by vy ~ v1; Ho; Bo
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Proor. Immediate from the definition of ~.

]

LEMMA 9.14. If unop{r?} vy ~ unop{r?} v1; Ho; Bo and vy ¢ mon b v then d(unop, vy) is defined iff §(unop,v1) is
defined. Furthermore, if both are defined, then 5(unop,vo) ~ 8(unop,v1); Ho; Bo

PRrROOF. 1. vy € trace?,I;(v, v) iff v € (v,v)
by definition ~

2. QED
by definition §

O

LEMMA 9.15. If binop{r?} vy v1 ~ binop{r?} va v3; Ho; Bo then §(binop, vy, v1) is defined iff §(binop, v2,v3) is defined.
Furthermore, if both are defined, then §(binop, vy, v1) ~ d(binop, v, v3); Ho; Bo

PrOOF. 1. vg €iiffvg €i
andv; €iiffus €i
by definition ~
2. QED
by definition §

LEMMA 9.16. If vy ~ v1; Ho; By then tag-match (|10, vo) iff tag-match(|71],v1)

PRrooOF. By case analysis of vy ~ vy;; and tag-match
1. CASE traces by ig ~ io; Ho; Bo
1.1. QED
by the definition of tag-match
2. CASE tracez bo (v2,v3) ~ po; Ho; Bo
and Ho(po) = (v, vs)
2.1. QED
by tag-match
3. CASE trace) bo (mon by (v2,v3)) ~ po; Ho; Bo
and Ho(po) = (v4, v5)
3.1. QED
by tag-match
4. CASE mon by (trace3 by (mon by (vg, v3))) ~ po; Ho; Bo
and Ho(po) = (v4,vs)
4.1. QED
by tag-match
5. CASE trace€ bo (Ax0. €0) ~ po; Ho; Bo
and Hy(po) = Axp. e1
5.1. QED
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7645 by tag-match
6% 6. cASE trace\?, bo (mon by (Axo. €9)) ~ po; Ho; Bo
Jess and Hy(po) = Axp. e1

7649 6.1. QED

7647

7650 by tag-match
7651 7. CASE traC63 by (A(x0:70)- €0) ~ po; Ho: Bo
7653 and Hy(po) = A(x0:70). €1

7654 7.1. QED

7652

7655 by tag-match
76568 CASE trace€ bo (mon by (A(xo:70). €0)) ~ po; Ho; Bo
7658 and Ho(po) = A(xo:70). €1

7659 8.1. QED

7657

7660 by tag-match

7661

7662

7663

r664 LEMMA 9.17. If ey ~ e1; Ho; Bo and vy ~ v1; Ho; Bo then eg[xo «—vo] ~ e1[xo «—v1]; Ho; Bo
Z::Z PRrOOF. By case analysis of ey ~ e1; Hy; By and induction on the structure of ey and eq
7667 o
7668

7669 LEmMMA 9.18. If ep ~ e1; Ho; By and Hi adds bindings to Hy and B; adds bindings and blame information to By then
7670 eg ~ e1; H1; Bi

7671

7672 ProoF. By induction on the derivation of ey ~ e1; Hoy; Bo

7673

7674

7675

7676

7677

7678

7679

7680

7681

7682

7683

7684

7685

7686

7687

7688

7689

7690

7691

7692

7693

7694

7695
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