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2 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

6 TECHNICAL DEVELOPMENT
6.1 Surface Language, Types, and Ownership

Surface Syntax
e = x | i | n | ⟨e, e⟩ | λx . e | λ(x : τ ). e | app{τ/U} e e | unop{τ/U} e | binop{τ/U} e e |

dyn b e | stat b e
τ = Int | Nat | τ⇒τ | τ×τ
τ/U = τ | U
Γ = · | (x : τ/U), Γ
b = (ℓ◀ τ ◀ ℓ)
ℓ = countable set of names
unop = fst | snd
binop = sum | quotient
i = Z
n = N

∆ : unop ×τ −→ τ

∆(unop0,τ0) =
{
τ1 if unop0 = fst and τ0 = τ1×τ2
τ2 if unop0 = snd and τ0 = τ1×τ2

∆ : binop ×τ×τ −→ τ

∆(binop0,τ0,τ1) =


Nat if binop0 = sum and τ0 = Nat and τ1 = Nat
Nat if binop0 = quotient and τ0 = Nat and τ1 = Nat
Int if binop0 = sum and τ0 = Int and τ1 = Int
Int if binop0 = quotient and τ0 = Int and τ1 = Int

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.
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Γ ⊢ e : τ

(x0 : τ0) ∈ Γ0
Γ0 ⊢ x0 : τ0 Γ0 ⊢ n0 : Nat Γ0 ⊢ i0 : Int

(x0 : τ0), Γ0 ⊢ e0 : τ1
Γ0 ⊢ λ(x0 : τ0). e0 : τ0⇒τ1

Γ0 ⊢ e0 : τ0 Γ0 ⊢ e1 : τ1
Γ0 ⊢ ⟨e0, e1⟩ : τ0×τ1

Γ0 ⊢ e0 : τ1 ∆(unop,τ1) ⩽: τ0
Γ0 ⊢ unop{τ0} e0 : τ0

Γ0 ⊢ e0 : τ1 Γ0 ⊢ e1 : τ2 ∆(binop,τ1,τ2) ⩽: τ0
Γ0 ⊢ binop{τ0} e0 e1 : τ0

Γ0 ⊢ e0 : τ1⇒τ2 Γ0 ⊢ e1 : τ1 τ2 ⩽: τ0
Γ0 ⊢ app{τ0} e0 e1 : τ0

Γ0 ⊢ e0 : U
Γ0 ⊢ dyn (ℓ0◀ τ0◀ ℓ1) e0 : τ0

Γ0 ⊢ e0 : τ1 τ1 ⩽: τ0
Γ0 ⊢ e0 : τ0

Γ ⊢ e : U

(x0 : U) ∈ Γ0
Γ0 ⊢ x0 : U Γ0 ⊢ i0 : U

(x0 : U), Γ0 ⊢ e0 : U
Γ0 ⊢ λx0. e0 : U

Γ0 ⊢ e0 : U Γ0 ⊢ e1 : U
Γ0 ⊢ ⟨e0, e1⟩ : U

Γ0 ⊢ e0 : U
Γ0 ⊢ unop{U} e0 : U

Γ0 ⊢ e0 : U Γ0 ⊢ e1 : U
Γ0 ⊢ binop{U} e0 e1 : U

Γ0 ⊢ e0 : U Γ0 ⊢ e1 : U
Γ0 ⊢ app{U} e0 e1 : U

Γ0 ⊢ e0 : τ0
Γ0 ⊢ stat (ℓ0◀ τ0◀ ℓ1) e0 : U

τ ⩽: τ

Nat ⩽: Int
τ0 ⩽: τ2 τ1 ⩽: τ3
τ0×τ1 ⩽: τ2×τ3

τ2 ⩽: τ0 τ1 ⩽: τ3
τ0⇒τ1 ⩽: τ2⇒τ3 τ0 ⩽: τ0

b ⩽: b

τ0 ⩽: τ1
(ℓ0◀ τ0◀ ℓ1) ⩽: (ℓ0◀ τ1◀ ℓ1)

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.
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4 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

Ownership Syntax
e = x | i | n | ⟨e, e⟩ | λx . e | λ(x : τ ). e | app{τ/U} e e | unop{τ/U} e | binop{τ/U} e e |

dyn b (e)ℓ | stat b (e)ℓ | (e)ℓ

ℓ = countable set
L = · | (x : ℓ),L
e : τ/U wf

(e0)
ℓ0 : τ0 wf iff ℓ0 ⊩ (e0)ℓ0 and ⊢ (e0)ℓ0 : τ0

(e0)
ℓ0 : U wf iff ℓ0 ⊩ (e0)ℓ0 and ⊢ (e0)ℓ0 : U

Γ ⊢ e : τ additional rules for the ownership syntax

Γ0 ⊢ e0 : τ0
Γ0 ⊢ (e0)

ℓ0 : τ0

Γ0 ⊢ e0 : U

Γ0 ⊢ dyn (ℓ0◀ τ0◀ ℓ1) (e0)ℓ0 : τ0
Γ ⊢ e : U additional rules for the ownership syntax

Γ0 ⊢ e0 : U

Γ0 ⊢ (e0)
ℓ0 : U

Γ0 ⊢ e0 : τ0
Γ0 ⊢ stat (ℓ0◀ τ0◀ ℓ1) (e0)ℓ0 : U

L ; ℓ ⊩ e

L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ (e0)ℓ0

(x0 : ℓ0) ∈ L0

L0; ℓ0 ⊩ x0 L0; ℓ0 ⊩ i0

(x0 : ℓ0),L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ λx0. e0

(x0 : ℓ0),L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ λ(x0 : τ0). e0

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ ⟨e0, e1⟩

L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ unop{τ/U} e0

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ binop{τ/U} e0 e1

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ app{τ/U} e0 e1

L0; ℓ1 ⊩ e0
L0; ℓ0 ⊩ dyn (ℓ0◀ τ0◀ ℓ1) e0

L0; ℓ1 ⊩ e0
L0; ℓ0 ⊩ stat (ℓ0◀ τ0◀ ℓ1) e0
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6.2 Three Evaluation Languages

Common Evaluation Syntax
v = i | n | ⟨v,v⟩ | λx . e | λ(x : τ ). e | G b v | Tbv
Err = InvariantErr | TagErr | BoundaryErr (B,v) | DivErr
B = b | b | b∗

b = ordered sequence of boundaries (b)
b∗ = set of boundaries (b)
s = Int | Nat | Pair | Fun
E = [ ] | app{τ/U} E e | app{τ/U}v E | ⟨E, e⟩ | ⟨v,E⟩ | unop{τ/U} E | binop{τ/U} Ev |

binop{τ/U}v E | dyn b E | stat b E | Tb E

⌊·⌋ : τ −→ s

⌊τ0⌋ =


Nat if τ0 = Nat
Int if τ0 = Int
Pair if τ0 ∈ τ×τ
Fun if τ0 ∈ τ⇒τ

shape-match : s×v −→ B

shape-match (s0,v0) =



True
if s0 = Nat and v0 ∈ n
or s0 = Int and v0 ∈ i
or s0 = Pair and v0 ∈ ⟨v,v⟩ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v)
or s0 = Fun and v0 ∈ (λx . e) ∪ (λ(x : τ ). e) ∪ (G (ℓ◀ (τ⇒τ )◀ ℓ) v)
shape-match (s0,v1)
if v0 = Tb0v1
False
otherwise

δ : unop×v −→ v

δ (unop, ⟨v0,v1⟩) =
{
v0 if unop = fst{τ/U}
v1 if unop = snd{τ/U}

δ : binop×v×v −→ v

δ (binop, i0, i1) =



i0 + i1
if binop = sum{τ/U}
DivErr
if binop = quotient{τ/U} and i1 = 0
⌊i0/i1⌋
if binop = quotient{τ/U} and i1 , 0

fst : τ×τ −→ τ
fst (τ0×τ1) = τ0
snd : τ×τ −→ τ
snd (τ0×τ1) = τ1
dom : τ⇒τ −→ τ
dom (τ0⇒τ1) = τ0
cod : τ⇒τ −→ τ
cod (τ0⇒τ1) = τ1
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6 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

Lemma 6.1 (uniqe decomposition). For all e0 one of the following holds:
• e0 ∈ x ∪v
• e0 = E0[Err]
• e0 = E0[app{τ/U}v0 v1]
• e0 = E0[unop{τ/U}v0]
• e0 = E0[binop{τ/U}v0v1]
• e0 = E0[dyn b0 v0]
• e0 = E0[stat b0 v0]

Proof Sketch. By induction on the structure of e0. □

Lemma 6.2 (δ compatibility).
• If ∆(unop0,τ0) = τ1 and ⊢ v0 : τ0 and δ (unop0,v0) = v1 then ⊢ v1 : τ1.
• If ∆(binop0,τ0,τ1) = τ2 and ⊢ v0 : τ0 and ⊢ v1 : τ1 and δ (binop0,v0,v1) = v2 then ⊢ v2 : τ2.

Proof Sketch. By case analysis of δ . □

Ownership Evaluation Syntax
v = i | n | ⟨v,v⟩ | λx . e | λ(x : τ ). e | G b v | Tbv | (v)ℓ

E = [ ] | app{τ/U} E e | app{τ/U}v E | ⟨E, e⟩ | ⟨v,E⟩ | unop{τ/U} E | binop{τ/U} Ev |
binop{τ/U}v E | dyn b E | stat b E | (E)ℓ

rev : B −→ B

rev (B0) =


(ℓ1◀ τ0◀ ℓ0) if B0 = (ℓ0◀ τ0◀ ℓ1)
rev (bn) · · · rev (b0) if B0 = b0 · · ·bn
{rev (b0) | b0 ∈ b∗0} if B0 = b

∗
0

rev : ℓ −→ ℓ
rev (ℓ0 · · · ℓn) = ℓn · · · ℓ0
senders : B −→ L

senders (B0) =


ℓ1 if B0 = (ℓ0◀ τ0◀ ℓ1)
senders (b0) · · · senders (bn) if B0 = b0 · · ·bn
{senders (b0) | b0 ∈ b∗0} if B0 = b

∗
0

owners : v −→ ℓ

owners (v0) =

ℓ0owners (v1) if v0 = (v1)ℓ0
owners (v1) if v0 = Tb0v1
· otherwise

((e0))
ℓn · · ·ℓ1 = e1 ⇐⇒ e1 = (· · · (e0)

ℓn · · ·)
ℓ1

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.
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6.2.1 Higher-Order Language, Path-Based Ownership Consistency.
Higher-Order Evaluation Syntax
e = x | i | n | ⟨e, e⟩ | λx . e | λ(x : τ ). e | app{τ/U} e e | unop{τ/U} e | binop{τ/U} e e |

dyn b e | stat b e | traceb e | Err
v = i | n | ⟨v,v⟩ | λx . e | λ(x : τ ). e | G (ℓ◀ τ⇒τ ◀ ℓ) v | G (ℓ◀ τ×τ ◀ ℓ) v | Tbv

Err = InvariantErr | TagErr | BoundaryErr (b,v) | DivErr

Γ ⊢1 e : τ

(x0 : τ0) ∈ Γ0
Γ0 ⊢1 x0 : τ0 Γ0 ⊢1 n0 : Nat Γ0 ⊢1 i0 : Int

(x0 : τ0), Γ0 ⊢1 e0 : τ1
Γ0 ⊢1 λ(x0 : τ0). e0 : τ0⇒τ1

Γ0 ⊢1 e0 : τ0 Γ0 ⊢1 e1 : τ1
Γ0 ⊢1 ⟨e0, e1⟩ : τ0×τ1

Γ0 ⊢1 e0 : τ1 ∆(unop,τ1) ⩽: τ0
Γ0 ⊢1 unop{τ0} e0 : τ0

Γ0 ⊢1 e0 : τ1 Γ0 ⊢1 e1 : τ2 ∆(binop,τ1,τ2) ⩽: τ0
Γ0 ⊢1 binop{τ0} e0 e1 : τ0

Γ0 ⊢1 e0 : τ1⇒τ2 Γ0 ⊢1 e1 : τ1 τ2 ⩽: τ0
Γ0 ⊢1 app{τ0} e0 e1 : τ0

Γ0 ⊢1 e0 : U
Γ0 ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) e0 : τ0

Γ0 ⊢1 e0 : τ1 τ1 ⩽: τ0
Γ0 ⊢1 e0 : τ0

Γ0 ⊢1 v0 : U
Γ0 ⊢1 G (ℓ0◀ τ0◀ ℓ1) v0 : τ0 Γ0 ⊢1 Err : τ0

Γ ⊢1 e : U

(x0 : U) ∈ Γ0
Γ0 ⊢1 x0 : U Γ0 ⊢1 i0 : U

(x0 : U), Γ0 ⊢1 e0 : U
Γ0 ⊢1 λx0. e0 : U

Γ0 ⊢1 e0 : U Γ0 ⊢1 e1 : U
Γ0 ⊢1 ⟨e0, e1⟩ : U

Γ0 ⊢1 e0 : U
Γ0 ⊢1 unop{U} e0 : U

Γ0 ⊢1 e0 : U Γ0 ⊢1 e1 : U
Γ0 ⊢1 binop{U} e0 e1 : U

Γ0 ⊢1 e0 : U Γ0 ⊢1 e1 : U
Γ0 ⊢1 app{U} e0 e1 : U

Γ0 ⊢1 e0 : τ0
Γ0 ⊢1 stat (ℓ0◀ τ0◀ ℓ1) e0 : U

Γ0 ⊢1 v0 : τ0
Γ0 ⊢1 G (ℓ0◀ τ0◀ ℓ1) v0 : U

Γ0 ⊢1 v0 : U

Γ0 ⊢1 Tb0v0 : U

Γ0 ⊢1 e0 : U

Γ0 ⊢1 traceb0 e0 : U Γ0 ⊢1 Err : U
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8 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

Higher-Order Evaluation Syntax, with Ownership
e = x | i | n | ⟨e, e⟩ | λx . e | λ(x : τ ). e | app{τ/U} e e | unop{τ/U} e | binop{τ/U} e e |

dyn b (e)ℓ | stat b (e)ℓ | traceb e | (e)ℓ | Err
v = i | n | ⟨v,v⟩ | λx . e | λ(x : τ ). e | G b (v)ℓ | Tbv | (v)ℓ

L ; ℓ ⊩ e

L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ (e0)ℓ0

(x0 : ℓ0) ∈ L0

L0; ℓ0 ⊩ x0 L0; ℓ0 ⊩ i0

(x0 : ℓ0),L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ λx0. e0

(x0 : ℓ0),L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ λ(x0 : τ0). e0

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ ⟨e0, e1⟩

L0; ℓ1 ⊩ v0
L0; ℓ0 ⊩ G (ℓ0◀ τ0◀ ℓ1) v0

L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ unop{τ/U} e0

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ binop{τ/U} e0 e1

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ app{τ/U} e0 e1

L0; ℓ1 ⊩ e0
L0; ℓ0 ⊩ dyn (ℓ0◀ τ0◀ ℓ1) e0

L0; ℓ1 ⊩ e0
L0; ℓ0 ⊩ stat (ℓ0◀ τ0◀ ℓ1) e0

L0; ℓ0 ⊩ v0
L0; ℓ0 ⊩ Tb0v0

L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ traceb0 e0 L0; ℓ0 ⊩ Err

L ; ℓ ⊩p e

L0; ℓ0 ⊩p e0

L0; ℓ0 ⊩p (e0)ℓ0
(x0 : ℓ0) ∈ L0

L0; ℓ0 ⊩p x0 L0; ℓ0 ⊩p i0

(x0 : ℓ0),L0; ℓ0 ⊩p e0

L0; ℓ0 ⊩p λx0. e0

(x0 : ℓ0),L0; ℓ0 ⊩p e0

L0; ℓ0 ⊩p λ(x0 : τ0). e0

L0; ℓ0 ⊩p e0 L0; ℓ0 ⊩p e1

L0; ℓ0 ⊩p ⟨e0, e1⟩

L0; ℓ1 ⊩p v0
L0; ℓ0 ⊩p G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ1

L0; ℓ0 ⊩p e0

L0; ℓ0 ⊩p unop{τ/U} e0

L0; ℓ0 ⊩p e0 L0; ℓ0 ⊩p e1

L0; ℓ0 ⊩p binop{τ/U} e0 e1

L0; ℓ0 ⊩p e0 L0; ℓ0 ⊩p e1

L0; ℓ0 ⊩p app{τ/U} e0 e1

L0; ℓ1 ⊩p e0

L0; ℓ0 ⊩p dyn (ℓ0◀ τ0◀ ℓ1) (e0)ℓ1
L0; ℓ1 ⊩p e0

L0; ℓ0 ⊩p stat (ℓ0◀ τ0◀ ℓ1) (e0)ℓ1

b0 = (ℓ0◀ τ0◀ ℓ1) · · · (ℓn−1◀ τn−1◀ ℓn) L0; ℓn ⊩p v0

L0; ℓ0 ⊩p (Tb0 ((v0))ℓn · · ·ℓ1 )
ℓ0

b0 = (ℓ0◀ τ0◀ ℓ1) · · · (ℓn−1◀ τn−1◀ ℓn) L0; ℓn ⊩p e0

L0; ℓ0 ⊩p (traceb0 ((e0))ℓn · · ·ℓ1 )
ℓ0 L0; ℓ0 ⊩p Err
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Lemma 6.3 (Higher-Order initialization).
• If (e0)ℓ0 : τ0 wf then · ⊢1 (e0)ℓ0 : τ0 and ·; ℓ0 ⊩ (e0)ℓ0 and ·; ℓ0 ⊩p (e0)ℓ0 .
• If (e0)ℓ0 : U wf then · ⊢1 (e0)ℓ0 : U and ·; ℓ0 ⊩ (e0)ℓ0 and ·; ℓ0 ⊩p (e0)ℓ0 .

Proof Sketch. By lemma 6.4. □

Lemma 6.4.
• If L0; ℓ0 ⊩ (e0)ℓ0 and Γ0 ⊢ (e0)

ℓ0 : τ0 then Γ0 ⊢1 (e0)
ℓ0 : τ0 and L0; ℓ0 ⊩ (e0)ℓ0 and L0; ℓ0 ⊩p

(e0)
ℓ0 .

• If L0; ℓ0 ⊩ (e0)ℓ0 and Γ0 ⊢ (e0)
ℓ0 : U then Γ0 ⊢1 (e0)

ℓ0 : U and L0; ℓ0 ⊩ (e0)ℓ0 and L0; ℓ0 ⊩p
(e0)

ℓ0 .

Proof Sketch. By induction on the surface typing and surface ownership judgments. □
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6.2.2 First-Order Language.
First-Order Evaluation Syntax
e = x | i | n | λx . e | λ(x : τ ). e | ⟨e, e⟩ | app{τ/U} e e | unop{τ/U} e | binop{τ/U} e e |

dyn b e | stat b e | p | check{τ/U} e p | Err
v = i | n | p
w = λx . e | λ(x : τ ). e | ⟨v,v⟩
p = countable set of heap locations
Err = InvariantErr | TagErr | BoundaryErr (b∗,v) | DivErr
H = P ((p 7→ w))
B = P ((p 7→ b∗))
T = · | (p : s), T

·(·) : H ×v −→ w ∪v

H0(v0) =

{
w0 if v0 ∈ p and (v0 7→ w0) ∈ H0
v0 if v0 < p

·(·) : B×v −→ b∗

B0(v0) =

{
b∗0 if v0 ∈ p and (v0 7→ b∗0) ∈ B0
∅ otherwise

·[· 7→ ·] : B×v×b∗ −→ b∗

B0[v0 7→ b∗0] =


{v0 7→ b∗0} ∪ (B0 \ (v0 7→ b∗1))

if v0 ∈ p and (v0 7→ b∗1) ∈ B0
B0 otherwise

·[· ∪ ·] : B×v×b∗ −→ b∗

B0[v0 ∪ b
∗
0] = B0[v0 7→ b∗0 ∪ B0(v0)]

T ; Γ ⊢s e;H ;B : s
T0; Γ0 ⊢s e0 : s0 T0 ⊢s H0

T0; Γ0 ⊢s e0;H0;B0 : s0

T ; Γ ⊢s e;H ;B : U

T0; Γ0 ⊢s e0 : U T0 ⊢s H0

T0; Γ0 ⊢s e0;H0;B0 : U
T ⊢s H

∀ (p0 7→ v0) ∈ H0. ∀ (p0 7→ s0) ∈ T0. T0; · ⊢s v0 : s0
T0 ⊢s H0
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T ; Γ ⊢s e : s

(p0 : s0) ∈ T0

T0; Γ0 ⊢s p0 : s0

(x0 : τ0) ∈ Γ0
T0; Γ0 ⊢s x0 : ⌊τ0⌋ T0; Γ0 ⊢s i0 : Int T0; Γ0 ⊢s n0 : Nat

T0; (x0 : U), Γ0 ⊢s e0 : U
T0; Γ0 ⊢s λx0. e0 : Fun

T0; (x0 : τ0), Γ0 ⊢s e0 : s0
T0; Γ0 ⊢s λ(x0 : τ0). e0 : Fun

T0; Γ0 ⊢s e0 : s0 T0; Γ0 ⊢s e1 : s1
T0; Γ0 ⊢s ⟨e0, e1⟩ : Pair

T0; Γ0 ⊢s e0 : Fun T0; Γ0 ⊢s e1 : s0
T0; Γ0 ⊢s app{τ0} e0 e1 : ⌊τ0⌋

T0; Γ0 ⊢s e0 : Pair
T0; Γ0 ⊢s unop{τ0} e0 : ⌊τ0⌋

T0; Γ0 ⊢s e0 : s0 T0; Γ0 ⊢s e0 : s1 ∆(binop, s0, s1) = τ1 τ1 ⩽: τ0
T0; Γ0 ⊢s binop{τ0} e0 e1 : ⌊τ0⌋

T0; Γ0 ⊢ e0 : U
T0; Γ0 ⊢ dyn (ℓ0◀ τ0◀ ℓ1) e0 : ⌊τ0⌋

T0; Γ0 ⊢s e0 : U
T0; Γ0 ⊢s check{τ0} e0 p0 : ⌊τ0⌋

T0; Γ0 ⊢s e0 : s0
T0; Γ0 ⊢s check{τ0} e0 p0 : ⌊τ0⌋

T0; Γ0 ⊢s e0 : s1 s1 ⩽: s0
T0; Γ0 ⊢s e0 : s0 T0; Γ0 ⊢s Err : s0

T ; Γ ⊢s e : U

(p0 : s0) ∈ T0

T0; Γ0 ⊢s p0 : U
(x0 : U) ∈ Γ0

T0; Γ0 ⊢s x0 : U T0; Γ0 ⊢s i0 : U
T0; Γ0 ⊢s e0 : U T0; Γ0 ⊢s e1 : U

T0; Γ0 ⊢s ⟨e0, e1⟩ : U

T0; (x0 : U), Γ0 ⊢s e0 : U
T0; Γ0 ⊢s λx0. e0 : U

T0; (x0 : τ0), Γ0 ⊢s e0 : s0
T0; Γ0 ⊢s λ(x0 : τ0). e0 : U

T0; Γ0 ⊢s e0 : U T0; Γ0 ⊢s e1 : U
T0; Γ0 ⊢s app{U} e0 e1 : U

T0; Γ0 ⊢s e0 : U
T0; Γ0 ⊢s unop{U} e0 : U

T0; Γ0 ⊢s e0 : U T0; Γ0 ⊢s e1 : U
T0; Γ0 ⊢s binop{U} e0 e1 : U

T0; Γ0 ⊢s e0 : ⌊τ0⌋
T0; Γ0 ⊢s stat (ℓ0◀ τ0◀ ℓ1) e0 : U

T0; Γ0 ⊢s e0 : U
T0; Γ0 ⊢s check{U} e0 p0 : U

T0; Γ0 ⊢s e0 : s0
T0; Γ0 ⊢s check{U} e0 p0 : U T0; Γ0 ⊢s Err : U

s ⩽: s

Nat ⩽: Int s0 ⩽: s0
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Lemma 6.5 (First-Order initialization).
• If (e0)ℓ0 : τ0 wf then · ⊢s (e0)ℓ0 : ⌊τ0⌋ and ·; ℓ0 ⊩ (e0)ℓ0 ; ∅; ∅.
• If (e0)ℓ0 : U wf then · ⊢s (e0)ℓ0 : U and ·; ℓ0 ⊩ (e0)ℓ0 ; ∅; ∅.

Proof Sketch. By lemma 6.6. □

Lemma 6.6.
• If L0; ℓ0 ⊩ (e0)ℓ0 and Γ0 ⊢ (e0)

ℓ0 : τ0 then Γ0 ⊢s (e0)
ℓ0 : τ0 and L0; ℓ0 ⊩ (e0)ℓ0 .

• If L0; ℓ0 ⊩ (e0)ℓ0 and Γ0 ⊢ (e0)
ℓ0 : U then Γ0 ⊢s (e0)

ℓ0 : U and L0; ℓ0 ⊩ (e0)ℓ0 ; ∅; ∅.

Proof Sketch. By induction on the surface typing and surface ownership judgments. □
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6.2.3 Erased Language.
Erased Evaluation Syntax
e = x | i | n | ⟨e, e⟩ | λx . e | λ(x : τ ). e | app{τ/U} e e | unop{τ/U} e | binop{τ/U} e e |

dyn b e | stat b e | Err
v = i | n | ⟨v,v⟩ | λx . e | λ(x : τ ). e
Err = InvariantErr | TagErr | BoundaryErr (b∗,v) | DivErr

Γ ⊢0 e : U

(x0 : τ/U) ∈ Γ0
Γ0 ⊢0 x0 : U Γ0 ⊢0 i0 : U

(x0 : τ0), Γ0 ⊢0 e0 : U
Γ0 ⊢0 λ(x0 : τ0). e0 : U

(x0 : U), Γ0 ⊢0 e0 : U
Γ0 ⊢0 λx0. e0 : U

Γ0 ⊢0 e0 : U Γ0 ⊢0 e1 : U
Γ0 ⊢0 ⟨e0, e1⟩ : U

Γ0 ⊢0 e0 : U
Γ0 ⊢0 unop{U} e0 : U

Γ0 ⊢0 e0 : U Γ0 ⊢0 e1 : U
Γ0 ⊢0 binop{U} e0 e1 : U

Γ0 ⊢0 e0 : U Γ0 ⊢0 e1 : U
Γ0 ⊢0 app{U} e0 e1 : U

Γ0 ⊢0 e0 : U
Γ0 ⊢0 dyn (ℓ0◀ τ0◀ ℓ1) e0 : U

Γ0 ⊢0 e0 : U
Γ0 ⊢0 stat (ℓ0◀ τ0◀ ℓ1) e0 : U

Γ0 ⊢0 Err : U

Erased Evaluation Syntax, with Ownership
e = x | i | n | ⟨e, e⟩ | λx . e | λ(x : τ ). e | app{τ/U} e e | unop{τ/U} e | binop{τ/U} e e |

dyn b (e)ℓ | stat b (e)ℓ | (e)ℓ | Err
v = i | n | ⟨v,v⟩ | λx . e | λ(x : τ ). e | (v)ℓ

L ; ℓ ⊩ e

L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ (e0)ℓ0

(x0 : ℓ0) ∈ L0

L0; ℓ0 ⊩ x0 L0; ℓ0 ⊩ i0

(x0 : ℓ0),L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ λx0. e0

(x0 : ℓ0),L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ λ(x0 : τ0). e0

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ ⟨e0, e1⟩

L0; ℓ0 ⊩ e0
L0; ℓ0 ⊩ unop{τ/U} e0

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ binop{τ/U} e0 e1

L0; ℓ0 ⊩ e0 L0; ℓ0 ⊩ e1
L0; ℓ0 ⊩ app{τ/U} e0 e1

L0; ℓ1 ⊩ e0
L0; ℓ0 ⊩ dyn (ℓ0◀ τ0◀ ℓ1) e0

L0; ℓ1 ⊩ e0
L0; ℓ0 ⊩ stat (ℓ0◀ τ0◀ ℓ1) e0 L0; ℓ0 ⊩ Err
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Lemma 6.7 (Erased initialization). If (e0)ℓ0 : τ/U wf then · ⊢0 (e0)ℓ0 : U and ·; ℓ0 ⊩ (e0)ℓ0 .

Proof Sketch. By lemma 6.8. □

Lemma 6.8. If L0; ℓ0 ⊩ (e0)ℓ0 and Γ0 ⊢ (e0)
ℓ0 : τ/U then Γ0 ⊢0 (e0)

ℓ0 : U and L0; ℓ0 ⊩ (e0)ℓ0 .

Proof Sketch. By induction on the surface typing and surface ownership judgments. □

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

Typed–Untyped Interactions: A Comparative Analysis (Supplementary Material) 15

6.3 Properties of Interest
Definition 6.9 (F -type soundness). A semantics X satisfies TS ((F )) (for F ∈ {1, s, 0}) if for all

e0 : τ/U wf one of the following holds:
• e0 →

∗

X
v0 and ⊢F v0 : F (τ/U)

• e0 →
∗

X
{TagErr,DivErr} ∪ BoundaryErr (b∗,v)

• e0diverges

1 : τ/U −→ τ/U
1(τ/U) = τ/U

s : τ/U −→ s ∪U

s(τ/U) =
{

U if τ/U = U
⌊τ0⌋ if τ/U = τ0

0 : τ/U −→ U
0(τ/U) = U

Definition 6.10 (complete monitoring). A semantics X satisfies CM if for all (e0)ℓ0 : τ/U wf
and all e1 such that e0 →∗X e1, the contractum is single-owner consistent: ℓ0 ⊩ e1.

Definition 6.11 (path-based blame soundness and blame completeness). For all well-formed
e0 such that e0 →∗X BoundaryErr (b∗0 ,v0):
• X satisfies BS iff senders (b∗0) ⊆ owners (v0)
• X satisfies BC iff senders (b∗0) ⊇ owners (v0)

Definition 6.12 (error preorder). X ≲ Y iff e0 →
∗

Y
Err implies e0 →∗X Err for all well-formed

expressions e0.

Definition 6.13 (error eqivalence). X ≂ Y iff X ≲ Y and Y ≲ X .
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6.4 Common Higher-Order Notions of Reduction
This section is intentionally left blank. The common notions of reduction are inlined into the
definitions that require them.
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6.5 Natural and its Properties
6.5.1 Semantics, Type Soundness.
e ▷N e

unop{τ0}v0 ▷N InvariantErr
if δ (unop,v0) is undefined

unop{τ0}v0 ▷N δ (unop,v0)
if δ (unop,v0) is defined

binop{τ0}v0v1 ▷N InvariantErr
if δ (binop,v0,v1) is undefined

binop{τ0}v0v1 ▷N δ (binop,v0,v1)
if δ (binop,v0,v1) is defined

app{τ0}v0 v1 ▷N InvariantErr
if v0 < (λ(x : τ ). e) ∪ (G b v)

app{τ0} (λ(x0 : τ1). e0) v0 ▷N e0[x0←v0]

app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷N dyn b0 (app{U}v0 (stat b1 v1))
where b0 = (ℓ0◀ cod (τ1)◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

dyn (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 ▷N G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0
if shape-match (⌊τ0⇒τ1⌋,v0)

dyn (ℓ0◀ τ0◀ ℓ1) ⟨v0,v1⟩ ▷N ⟨dyn b0 v0, dyn b1 v1⟩
if shape-match (⌊τ0⌋, ⟨v0,v1⟩) and b0 = (ℓ0◀ fst (τ0)◀ ℓ1) and b1 = (ℓ0◀ snd (τ0)◀ ℓ1)

dyn (ℓ0◀ τ0◀ ℓ1) i0 ▷N i0
if shape-match (⌊τ0⌋, i0)

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷N BoundaryErr ((ℓ0◀ τ0◀ ℓ1),v0)
if ¬shape-match (⌊τ0⌋,v0)
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e ▶N e

unop{U}v0 ▶N TagErr
if δ (unop,v0) is undefined

unop{U}v0 ▶N δ (unop,v0)
if δ (unop,v0) is defined

binop{U}v0v1 ▶N TagErr
if δ (binop,v0,v1) is undefined

binop{U}v0v1 ▶N δ (binop,v0,v1)
if δ (binop,v0,v1) is defined

app{U}v0 v1 ▶N TagErr
if v0 < (λx . e) ∪ (G b v)

app{U} (λx0. e0) v0 ▶N e0[x0←v0]

app{U} (G (ℓ0◀ τ0◀ ℓ1) v0) v1 ▶N stat b0 (app{cod (τ0)}v0 (dyn b1 v1))
where b0 = (ℓ0◀ cod (τ0)◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0)

stat (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 ▶N G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0
if shape-match (⌊τ0⇒τ1⌋,v0) and v0 ∈ (λ(x : τ ). e) ∪ (G b v)

stat (ℓ0◀ τ0◀ ℓ1) ⟨v0,v1⟩ ▶N ⟨stat b0 v0, stat b1 v1⟩
if shape-match (⌊τ0⌋, ⟨v0,v1⟩) and b0 = (ℓ0◀ fst (τ0)◀ ℓ1) and b1 = (ℓ0◀ snd (τ0)◀ ℓ1)

stat (ℓ0◀ τ0◀ ℓ1) i0 ▶N i0
if shape-match (⌊τ0⌋, i0)

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶N InvariantErr
if ¬shape-match (⌊τ0⌋,v0)

e →∗
N
e is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)

closure of the relation
⋃
{▷N , ▶N }

N (e) holds for expressions that contain no subterms of the form (Tbv), (traceb e), or
(G τ v) where τ is not a function type.

N (x0) N (i0) N (Err)

N (e0)

N (λx0. e0)

N (e0)

N (λ(x0 : τ0). e0)

N (e0)

N (G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) e0)

N (e0)

N (unop{τ/U} e0)

N (e0)

N (dyn b0 e0)

N (e0)

N (stat b0 e0)

N (e0) N (e1)

N (app{τ/U} e0 e1)

N (e0) N (e1)

N (binop{τ/U} e0 e1)
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Theorem 6.14 (Natural type soundness). Natural satisfies TS ((1))

Proof. By lemma 6.15, progress (lemma 6.16), and preservation (lemma 6.17). □

Lemma 6.15. If e0 : τ/U wf then N (e0).

Proof. Wrappers and trace expressions are not part of the surface language. □

Lemma 6.16 (Natural type progress). If · ⊢1 E0[e0] : τ/U and N (E0[e0]) then one of the following
holds:
• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷N e1
• τ/U ∈ U and ∃ e1. e0 ▶N e1

Proof Sketch. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.1. □

Lemma 6.17 (Natural type preservation).
If · ⊢1 E0[e0] : τ/U and N (E0[e0]) and e0(▷N ∪ ▶N )e1 then · ⊢1 E0[e1] :

τ/U and N (E0[e1]).

Proof Sketch. By case analysis of each reduction relation. More details in appendix: lemma A.2.
□

Lemma 6.18.
• If N (E0[e0]) then N (e0)
• If N (E0[e0]) and N (e1) then N (E0[e1])

Proof Sketch. By induction on the structure of E0. □
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6.5.2 Lifted Semantics, Complete Monitoring, Blame.

(e)ℓ ▷
N
(e)ℓ lifted version of ▷N

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
N
(InvariantErr)ℓ0

if v0 < (v)ℓ and δ (unop,v0) is undefined

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
N
(δ (unop,v0))ℓ0ℓ0

if δ (unop,v0) is defined

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
N
(InvariantErr)ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
N
(δ (binop,v0,v1))ℓ0

if δ (binop,v0,v1) is defined

(app{τ0} ((v0))ℓ0 v1)
ℓ0

▷
N
(InvariantErr)ℓ0

if v0 < (v)ℓ ∪ (λx . e) ∪ (G b v)

(app{τ0} ((λ(x0 : τ1). e0))ℓ0 v1)
ℓ0

▷
N
((e0[x0←((v1))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
N

((dyn b0 (app{U}v0 (stat b1 ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

where b0 = (ℓ0◀ cod (τ1)◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

(dyn (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))
ℓ0 )

ℓ2
▷
N
(G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))

ℓ0 )
ℓ2

if shape-match (⌊τ0⇒τ1⌋,v0) and v0 ∈ (λx . e) ∪ (G b v)

(dyn (ℓ0◀ τ0◀ ℓ1) ((⟨v0,v1⟩))ℓ0 )
ℓ2

▷
N
(⟨dyn b0 ((v0))ℓ0 , dyn b1 ((v1))ℓ0⟩)

ℓ2

if shape-match (⌊τ0⌋, ⟨v0,v1⟩) and b0 = (ℓ0◀ fst (τ0)◀ ℓ1) and b1 = (ℓ0◀ snd (τ0)◀ ℓ1)

(dyn (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ0 )
ℓ2

▷
N
(i0)

ℓ2

if shape-match (⌊τ0⌋, i0)

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2

▷
N
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1), ((v0))ℓ0 ))

ℓ2

if ¬shape-match (⌊τ0⌋,v0)
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(e)ℓ ▶
N
(e)ℓ lifted version of ▶N

(unop{U} ((v0))ℓ0 )
ℓ0

▶
N
(TagErr)ℓ0

if v0 < (v)ℓ and δ (unop,v0) is undefined

(unop{U} ((v0))ℓ0 )
ℓ0

▶
N
(δ (unop,v0))ℓ0ℓ0

if δ (unop,v0) is defined

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
N
(TagErr)ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
N
(δ (binop,v0,v1))ℓ0

if δ (binop,v0,v1) is defined

(app{U} ((v0))ℓ0 v1)
ℓ0

▶
N
(TagErr)ℓ0

if v0 < (v)ℓ ∪ (λx . e) ∪ (G b v)

(app{U} ((λx0. e0))ℓ0 v1)
ℓ0

▶
N
((e0[x0←((v1))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(app{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▶
N

((stat b0 (app{τ1}v0 (dyn b1 ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

where b0 = (ℓ0◀ cod (τ0)◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0) and τ1 = cod (τ0)

(stat (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))
ℓ0 )

ℓ2
▶
N
(G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))

ℓ0 )
ℓ2

if shape-match (⌊τ0⇒τ1⌋,v0) and v0 ∈ (λx . e) ∪ (G b v)

(stat (ℓ0◀ τ0◀ ℓ1) ((⟨v0,v1⟩))ℓ0 )
ℓ2

▶
N
(⟨dyn b0 ((v0))ℓ0 , dyn b1 ((v1))ℓ0⟩)

ℓ2

if shape-match (⟨v0,v1⟩,τ0) and b0 = (ℓ0◀ fst (τ0)◀ ℓ1) and b1 = (ℓ0◀ snd (τ0)◀ ℓ1)

(stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )
ℓ3

▶
N
(i0)

ℓ3

if shape-match (i0,τ0)

(stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )
ℓ2

▶
N
(InvariantErr)ℓ2

if ¬shape-match (v0,τ0)
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Theorem 6.19 (Natural complete monitoring). Natural satisfies CM

Proof Sketch. By preservation of single-owner consistency (⊩) for ▷
N
and ▶

N
. More details in

appendix: theorem A.3. □

Lemma 6.20 (Natural blame soundness and completeness). If e0 is well-formed and e0 →
∗

N
BoundaryErr (b0,v0), then senders (b0) = owners (v0) and furthermore b0 contains exactly one bound-
ary specification.

Proof. By complete monitoring (theorem 6.19) and the definition of→∗
N
. There is only one rule

that produces a boundary error. It blames a single boundary, and complete monitoring guarantees
that the component names (senders) and labels (owners) match. □

Corollary 6.21. Natural satisfies BS and BC
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6.6 Co-Natural and its Properties
6.6.1 Semantics, Type Soundness.
e ▷C e

unop{τ0}v0 ▷C InvariantErr
if v0 < (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

unop{τ0}v0 ▷C δ (unop,v0)
if δ (unop,v0) is defined

fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷C dyn b0 (fst{U}v0)
where τ2 = fst (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷C dyn b0 (snd{U}v0)
where τ2 = snd (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

binop{τ0}v0v1 ▷C InvariantErr
if δ (binop,v0,v1) is undefined

binop{τ0}v0v1 ▷C δ (binop,v0,v1)
if δ (binop,v0,v1) is defined

app{τ0}v0 v1 ▷C InvariantErr
if v0 < (λ(x : τ ). e) ∪ (G b v)

app{τ0} (λ(x0 : τ1). e0) v0 ▷C e0[x0←v0]

app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷C dyn b0 (app{U}v0 (stat b1 v1))
where b0 = (ℓ0◀ cod (τ1)◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C G (ℓ0◀ τ0◀ ℓ1) v0
if shape-match (⌊τ0⌋,v0) and v0 ∈ ⟨v,v⟩ ∪ (λx . e) ∪ (G b v)

dyn (ℓ0◀ τ0◀ ℓ1) i0 ▷C i0
if shape-match (⌊τ0⌋, i0)

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C BoundaryErr ((ℓ0◀ τ0◀ ℓ1),v0)
if ¬shape-match (⌊τ0⌋,v0)
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e ▶C e

unop{U}v0 ▶C TagErr
if v0 < (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

unop{U}v0 ▶C δ (unop,v0)
if δ (unop,v0) is defined

fst{U} (G (ℓ0◀ τ0◀ ℓ1) v0) ▶C stat b0 (fst{τ1}v0)
where τ1 = fst (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

snd{U} (G (ℓ0◀ τ0◀ ℓ1) v0 ▶C stat b0 (snd{τ1}v0)
where τ1 = snd (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

binop{U}v0v1 ▶C TagErr
if δ (binop,v0,v1) is undefined

binop{U}v0v1 ▶C δ (binop,v0,v1)
if δ (binop,v0,v1) is defined

app{U}v0 v1 ▶C TagErr
if v0 < (λx . e) ∪ (G b v)

app{U} (λx0. e0) v0 ▶C e0[x0←v0]

app{U} (G (ℓ0◀ τ0◀ ℓ1) v0) v1 ▶C stat b0 (app{cod (τ0)}v0 (dyn b1 v1))
where b0 = (ℓ0◀ cod (τ0)◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0)

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C G (ℓ0◀ τ0◀ ℓ1) v0
if shape-match (⌊τ0⌋,v0) and v0 ∈ ⟨v,v⟩ ∪ (λ(x : τ ). e) ∪ (G b v)

stat (ℓ0◀ τ0◀ ℓ1) i0 ▶C i0
if shape-match (⌊τ0⌋, i0)

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C InvariantErr
if ¬shape-match (⌊τ0⌋,v0)

e →∗
C
e is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)

closure of the relation
⋃
{▷C , ▶C }

C(e) holds for expressions that contain no subterms of the form (Tbv), (traceb e), or
(G τ v) where τ is not a pair or function type.

C(x0) C(i0) C(Err)

C(e0)

C(λx0. e0)

C(e0)

C(λ(x0 : τ0). e0)
C(e0)

C(G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) e0)

C(e0)

C(G (ℓ0◀ (τ0×τ1)◀ ℓ1) e0)

C(e0)

C(unop{τ/U} e0)

C(e0)

C(dyn b0 e0)

C(e0)

C(stat b0 e0)

C(e0) C(e1)

C(app{τ/U} e0 e1)

C(e0) C(e1)

C(binop{τ/U} e0 e1)
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Theorem 6.22 (Co-Natural type soundness). Co-Natural satisfies TS ((1))
Proof. By lemma 6.23, progress (lemma 6.24), and preservation (lemma 6.25). □

Lemma 6.23. If e0 : τ/U wf then C(e0).

Proof. Wrappers and trace expressions are not part of the surface language. □

Lemma 6.24 (Co-Natural type progress).
If · ⊢1 E0[e0] : τ/U and C(E0[e0]) then one of the following holds:
• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷C e1
• τ/U ∈ U and ∃ e1. e0 ▶C e1

Proof Sketch. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.4. □

Lemma 6.25. [Co-Natural type preservation]
If · ⊢1 E0[e0] : τ/U and C(E0[e0]) and e0(▷C ∪ ▶C )e1 then · ⊢1 E0[e1] :

τ/U and C(E0[e1]).

Proof Sketch. By case analysis of each reduction relation. More details in appendix: lemma A.5.
□

Lemma 6.26.
• If C(E0[e0]) then C(e0)
• If C(E0[e0]) and C(e1) then C(E0[e1])

Proof Sketch. By induction on the structure of E0. □
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6.6.2 Lifted Semantics, Complete Monitoring, Blame.

(e)ℓ ▷
C
(e)ℓ lifted version of ▷C

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
C
(InvariantErr)ℓ0

if v0 < (v)ℓ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
C
(δ (unop,v0))ℓ0ℓ0

if δ (unop,v0) is defined

(fst{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▷
C
(dyn b0 (fst{U} (v0)ℓ2 ))

ℓ0ℓ3

where τ2 = fst (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

(snd{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▷
C
(dyn b0 (snd{U} (v0)ℓ2 ))

ℓ0ℓ3

where τ2 = snd (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
C
(InvariantErr)ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
C
(δ (binop,v0,v1))ℓ0

if δ (binop,v0,v1) is defined

(app{τ0} ((v0))ℓ0 v1)
ℓ0

▷
C
(InvariantErr)ℓ0

if v0 < (v)ℓ ∪ (λ(x : τ ). e) ∪ (G b v)

(app{τ0} ((λ(x0 : τ1). e0))ℓ0 v0)
ℓ0

▷
C
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
C

((dyn b0 (app{U}v0 (stat b1 ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

where b0 = (ℓ0◀ cod (τ1)◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2

▷
C
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

if shape-match (⌊τ0⌋,v0) and v0 ∈ ⟨v,v⟩ ∪ (λx . e) ∪ (G b v)

(dyn (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ0 )
ℓ2

▷
C
(i0)

ℓ2

if shape-match (⌊τ0⌋, i0)

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2

▷
C
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1), ((v0))ℓ0 ))

ℓ2

if ¬shape-match (⌊τ0⌋,v0)
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(e)ℓ ▶
C
(e)ℓ lifted version of ▶C

(unop{U} ((v0))ℓ0 )
ℓ0

▶
C
(TagErr)ℓ0

if v0 < (v)ℓ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

(unop{U} ((v0))ℓ0 )
ℓ0

▶
C
(δ (unop,v0))ℓ0ℓ0

if δ (unop,v0) is defined

(fst{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▶
C
(stat b0 (fst{τ1} (v0)ℓ2 ))

ℓ0ℓ3

where τ1 = fst (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

(snd{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▶
C
(stat b0 (snd{τ1} (v0)ℓ2 ))

ℓ0ℓ3

where τ1 = snd (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
C
(TagErr)ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
C
(δ (binop,v0,v1))ℓ0

if δ (binop,v0,v1) is defined

(app{U} ((v0))ℓ0 v1)
ℓ0

▶
C
(TagErr)ℓ0

if v0 < (λx . e) ∪ (G b v)

(app{U} ((λx0. e0))ℓ0 v1)
ℓ0

▶
C
((e0[x0←((v1))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(app{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▶
C

((stat b0 (app{τ1}v0 (dyn b1 ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

where b0 = (ℓ0◀ cod (τ0)◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0) and τ1 = cod (τ0)

(stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2

▶
C
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

if shape-match (⌊τ0⌋,v0) and v0 ∈ ⟨v,v⟩ ∪ (λ(x : τ ). e) ∪ (G b v)

(stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )
ℓ3

▶
C
(i0)

ℓ3

if shape-match (⌊τ0⌋, i0)

(stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )
ℓ2

▶
C
(InvariantErr)ℓ2

if ¬shape-match (⌊τ0⌋,v0)
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28 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

Theorem 6.27 (Co-Natural complete monitoring). Co-Natural satisfies CM

Proof Sketch. By preservation of single-owner consistency (⊩) for ▷
C
and ▶

C
. More details in

appendix: lemma A.6. □

Lemma 6.28 (Co-Natural blame soundness and completeness). If e0 is well-formed and
e0 →

∗

C
BoundaryErr (b0,v0), then senders (b0) = owners (v0) and furthermore b0 contains exactly one

boundary specification.

Proof. By complete monitoring (theorem 6.27) and the definition of→∗
C
. There is one rule that

produces a boundary error; it blames a single boundary. Complete monitoring guarantees that the
component names and labels match. □

Corollary 6.29. Co-Natural satisfies BS and BC
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6.6.3 Relation to Natural.
v ≲ v

i0 ≲ i0

v0 ≲ v2 v1 ≲ v3

⟨v0,v1⟩ ≲ ⟨v2,v3⟩

v0 ≲ G
+? fst (b0) v2 v1 ≲ G

+? snd (b0) v3

⟨v0,v1⟩ ≲ G
+b0 ⟨v2,v3⟩

e0 ≲ e1

λx0. e0 ≲ λx0. e1

e0 ≲ e1

λ(x0 : τ0). e0 ≲ λ(x0 : τ0). e1

v0 ≲ v1

G b0 v0 ≲ G b0 v1

e ≲ e

x0 ≲ x0

e0 ≲ e2 e1 ≲ e3

⟨e0, e1⟩ ≲ ⟨e2, e3⟩

e0 ≲ e2 e1 ≲ e3

app{τ/U} e0 e1 ≲ app{τ/U} e2 e3

e0 ≲ e1

unop{τ/U} e0 ≲ unop{τ/U} e1

e0 ≲ e2 e1 ≲ e3

binop{τ/U} e0 e1 ≲ binop{τ/U} e2 e3

e0 ≲ e1

dyn b0 e0 ≲ dyn b1 e1

e0 ≲ e1

stat b0 e0 ≲ stat b1 e1 InvariantErr ≲ InvariantErr TagErr ≲ TagErr

DivErr ≲ DivErr BoundaryErr (b0,v0) ≲ e1

E ≲ E

[ ] ≲ [ ]

E0 ≲ E2 e1 ≲ e3

⟨E0, e1⟩ ≲ ⟨E2, e3⟩

v0 ≲ v2 E1 ≲ E3

⟨v0,E1⟩ ≲ ⟨v2,E3⟩

E0 ≲ E2 e1 ≲ e3

app{τ/U} E0 e1 ≲ app{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

app{τ/U}v0 E1 ≲ app{τ/U}v2 E3

E0 ≲ E1

unop{τ/U} E0 ≲ unop{τ/U} E1

E0 ≲ E2 e1 ≲ e3

binop{τ/U} E0 e1 ≲ binop{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

binop{τ/U}v0 E1 ≲ binop{τ/U}v2 E3

b0 ⩽: b1 E0 ≲ E1

dyn b0 E0 ≲ dyn b1 E1

b0 ⩽: b1 E0 ≲ E1

stat b0 E0 ≲ stat b1 E1

b0 ⩽: b2 b1 ⩽: b3 E0 ≲ traceb4 E1

stat b0 (dyn b1 E0) ≲ traceb2b3b4 E1

fst : b −→ b
fst ((ℓ0◀ (τ0×τ1)◀ ℓ1) · · · (ℓn ◀ (τn×τn+1)◀ ℓn+1)) = (ℓ0◀ τ0◀ ℓ1) · · · (ℓn ◀ τn)◀ ℓn+1)

snd : b −→ b
snd ((ℓ0◀ (τ0×τ1)◀ ℓ1) · · · (ℓn ◀ (τn×τn+1)◀ ℓn+1)) = (ℓ0◀ τ1◀ ℓ1) · · · (ℓn ◀ τn+1)◀ ℓn+1)

G? · · : b×v −→ v

G? b0 v0 =

{
v0 if v0 ∈ i
G b0 v0 otherwise

G+ b0 · · ·bn v0 = v1 ⇐⇒ v1 = G b0 (· · · (G bn v0) · · · )
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30 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

Theorem 6.30 (Natural Co-Natural error preorder). N ≲ C

Proof. By lemma 6.32 and that e0 ≲ BoundaryErr (b1,v1) implies e0 ∈ BoundaryErr (b,v). □

Theorem 6.31. C ̸≲ N

Proof. Let e0 import an untyped pair into a typed context.
e0 = dyn (ℓ0◀Nat×Nat◀ ℓ1) ⟨−2, 2⟩

Natural raises a boundary error and Co-Natural computes a natural number. □

Lemma 6.32.
• If e0 ≲ e2 and e0 →N e1 then ∃ e3, e4 such that e1 →∗N e3 and e2 →

∗

C
e4 and e3 ≲ e4.

• If e0 ≲ e2 and e2 →C e3 then ∃ e1, e4 such that e3 →∗C e4 and e0 →
∗

N
e1 and e1 ≲ e4

Proof Sketch. For the most part, both move in lock-step. Natural takes additional steps when
a pair reaches a boundary and Co-Natural simply creates a wrapper. Co-Natural takes additional
steps (to catch up) when eliminating a wrapped pair. The ≲ relation shows how unwrapped pairs
match wrapped pairs in a controlled way. More details in appendix: lemma A.7. □
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6.7 Forgetful and its Properties
Unlike the paper, this forgetful semantics uses trace wrappers in the same way as the Amnesic
semantics to satisfy (path-based) blame completeness.

6.7.1 Semantics, Type Soundness.
e ▷F e

unop{τ0}v0 ▷F InvariantErr
if v0 < (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

unop{τ0}v0 ▷F δ (unop,v0)
if δ (unop,v0) is defined

fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷F dyn b0 (fst{U}v0)
where τ2 = fst (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷F dyn b0 (snd{U}v0)
where τ2 = snd (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

binop{τ0}v0v1 ▷F InvariantErr
if δ (binop,v0,v1) is undefined

binop{τ0}v0v1 ▷F δ (binop,v0,v1)
if δ (binop,v0,v1) is defined

app{τ0}v0 v1 ▷F InvariantErr
if v0 < (λ(x : τ ). e) ∪ (G (ℓ◀ (τ⇒τ )◀ ℓ) v)

app{τ0} (λ(x0 : τ1). e0) v0 ▷F e0[x0←v0]

app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷F dyn b0 (app{U}v0 (stat b1 v1))
where b0 = (ℓ0◀ cod (τ1)◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F G (ℓ0◀ τ0◀ ℓ1) v0
if shape-match (⌊τ0⌋,v0)
and v0 ∈ (T?b (λ(x : τ ). e)) ∪ (T?b ⟨v,v⟩) ∪ (T?b (G (ℓ◀ τ ◀ ℓ) v))

dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷F i0
if shape-match (⌊τ0⌋, i0)

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)
if ¬shape-match (⌊τ0⌋,v0) and b0 = get-trace (v0)
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32 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

e ▶F e

unop{U}v0 ▶F TagErr
if v1 = rem-trace (v0) and v1 < (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v1) is undefined

unop{U}v0 ▶F add-trace (get-trace (v0),δ (unop,v1))
if v1 = rem-trace (v0) and δ (unop,v1) is defined

fst{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶F traceb0 (stat b0 (fst{τ1}v0))
where τ1 = fst (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

snd{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶F traceb0 (stat b0 (snd{τ1}v0))
where τ1 = snd (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

binop{U}v0v1 ▶F TagErr
if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is undefined

binop{U}v0v1 ▶F δ (binop,v2,v3)
if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is defined

app{U}v0 v1 ▶F TagErr
if v0 < (T?b (λx . e)) ∪ (T?b (G (ℓ◀ (τ⇒τ )◀ ℓ) v))

app{U} (T?b0 (λx0. e0)) v0 ▶F traceb0 (e0[x0←v1])

where v1 = add-trace (rev (b0),v0)
app{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) v1 ▶F traceb0 (stat b0 (app{τ1}v0 (dyn b1 v2)))
where τ1 = cod (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0)
and v2 = add-trace (rev (b0),v1)

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F G (ℓ0◀ τ0◀ ℓ1) v0
if shape-match (⌊τ0⌋,v0) and v0 ∈ (λ(x : τ ). e) ∪ ⟨v,v⟩

stat b0 (G b1 (T?b0v0)) ▶F trace (b0b1b0)v0
if b0 = (ℓ0◀ τ0◀ ℓ1) and shape-match (⌊τ0⌋,v0)
and v0 ∈ (λx . e) ∪ ⟨v,v⟩ ∪ (G b (λ(x : τ ). e)) ∪ (G b ⟨v,v⟩)

stat (ℓ0◀ τ0◀ ℓ1) i0 ▶F i0
if shape-match (⌊τ0⌋, i0)

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F InvariantErr
if ¬shape-match (⌊τ0⌋,v0)

traceb0v0 ▶F v1
where v1 = add-trace (b0,v0)

e →∗
F
e is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)

closure of the relation
⋃
{▷F , ▶F }

F (e) holds for typed expressions with at most two guard wrappers and for untyped expressions
with at most one guard wrapper. More precisely:

F (e0) =


True if · ⊢1 e0 : τ0 and · ⊢FS e0 : τ0
True if · ⊢1 e0 : U and · ⊢FD e0 : U
False otherwise
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Γ ⊢FS e : τ

Γ0 ⊢FS x0 : τ0 Γ0 ⊢FS n0 : Nat Γ0 ⊢FS i0 : Int
(x0 : τ0), Γ0 ⊢FS e0 : τ1

Γ0 ⊢FS λ(x0 : τ0). e0 : τ0⇒τ1

Γ0 ⊢FS e0 : τ0 Γ0 ⊢FS e1 : τ1
Γ0 ⊢FS ⟨e0, e1⟩ : τ0×τ1

Γ0 ⊢FS e0 : τ1
Γ0 ⊢FS unop{τ0} e0 : τ0

Γ0 ⊢FS e0 : τ1 Γ0 ⊢FS e1 : τ2
Γ0 ⊢FS binop{τ0} e0 e1 : τ0

Γ0 ⊢FS e0 : τ1⇒τ2 Γ0 ⊢FS e1 : τ1
Γ0 ⊢FS app{τ0} e0 e1 : τ0

Γ0 ⊢FD e0 : U
Γ0 ⊢FS dyn (ℓ0◀ τ0◀ ℓ1) e0 : τ0

Γ0 ⊢FS e0 : τ1 τ1 ⩽: τ0
Γ0 ⊢FS e0 : τ0

Γ0 ⊢FD ⟨v0,v1⟩ : U
Γ0 ⊢FS G (ℓ0◀ (τ0×τ1)◀ ℓ1) ⟨v0,v1⟩ : τ0×τ1

Γ0 ⊢FD λx0. e0 : U
Γ0 ⊢FS G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) (λx0. e0) : τ0⇒τ1

Γ0 ⊢FS ⟨v0,v1⟩ : τ2×τ3
Γ0 ⊢FS G (ℓ0◀ (τ0×τ1)◀ ℓ1) (G (ℓ2◀ (τ2×τ3)◀ ℓ3) ⟨v0,v1⟩) : τ0×τ1

Γ0 ⊢FS λ(x0 : τ4). e0 : τ2⇒τ3

Γ0 ⊢FS G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) (G (ℓ2◀ (τ2⇒τ3)◀ ℓ3) (λ(x0 : τ4). e0)) : (τ0⇒τ1) Γ0 ⊢FS Err : τ0
Γ ⊢FD e : U

Γ0 ⊢FD x0 : U Γ0 ⊢FD i0 : U
(x0 : U), Γ0 ⊢FD e0 : U
Γ0 ⊢FD λx0. e0 : U

Γ0 ⊢FD e0 : U Γ0 ⊢FD e1 : U
Γ0 ⊢FD ⟨e0, e1⟩ : U

Γ0 ⊢FD e0 : U
Γ0 ⊢FD unop{U} e0 : U

Γ0 ⊢FD e0 : U Γ0 ⊢FD e1 : U
Γ0 ⊢FD binop{U} e0 e1 : U

Γ0 ⊢FD e0 : U Γ0 ⊢FD e1 : U
Γ0 ⊢FD app{U} e0 e1 : U

Γ0 ⊢FS e0 : τ0
Γ0 ⊢FD stat (ℓ0◀ τ0◀ ℓ1) e0 : U

Γ0 ⊢FS ⟨v0,v1⟩ : τ0×τ1
Γ0 ⊢FD G (ℓ0◀ (τ0×τ1)◀ ℓ1) ⟨v0,v1⟩ : U

Γ0 ⊢FS λ(x0 : τ2). e0 : τ0⇒τ1

Γ0 ⊢FD G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) (λ(x0 : τ2). e0) : U

Γ0 ⊢FD v0 : U

Γ0 ⊢FD Tb0v0 : U

Γ0 ⊢FD e0 : U

Γ0 ⊢FD traceb0 e0 : U Γ0 ⊢FD Err : U
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34 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

Theorem 6.33 (Forgetful type soundness). Forgetful satisfies TS ((1))

Proof. By lemma 6.34, progress (lemma 6.35), and preservation (lemma 6.36). □

Lemma 6.34. If e0 : τ/U wf then F (e0).

Proof. Wrappers are not part of the surface language. □

Lemma 6.35 (Forgetful type progress). If · ⊢1 E0[e0] : τ/U and F (E0[e0]) then one of the
following holds:
• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷F e1
• τ/U ∈ U and ∃ e1. e0 ▶F e1

Proof Sketch. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.14. □

Lemma 6.36 (Forgetful type preservation).
If · ⊢1 E0[e0] : τ/U and F (E0[e0]) and e0(▷F ∪ ▶F )e1 then · ⊢1 E0[e1] :

τ/U and F (E0[e1]).

Proof Sketch. By case analysis of each reduction relation. An interesting case is the ▶F rule
that removes a guard wrapper; the rule preserves soundness because it unwraps an untyped value
in an untyped context. More details in appendix: lemma A.15. □

Lemma 6.37.
• If F (E0[e0]) then F (e0)
• If F (E0[e0]) and F (e1) then F (E0[e1])

Proof Sketch. By induction on the structure of E0. □
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6.7.2 Lifted Semantics, Complete Monitoring, Blame.

(e)ℓ ▷
F
(e)ℓ lifted version of ▷F

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
F
(InvariantErr)ℓ0

if v0 < (v)ℓ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
F
(δ (unop,v0))ℓ0ℓ0

if δ (unop,v0) is defined

(fst{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▷
F
(dyn b0 (fst{U} (v0)ℓ2 ))

ℓ0ℓ3

where τ2 = fst (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

(snd{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▷
F
(dyn b0 (snd{U} (v0)ℓ2 ))

ℓ0ℓ3

where τ2 = snd (τ1) and b0 = (ℓ0◀ τ2◀ ℓ1)

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
F
(InvariantErr)ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
F
(δ (binop,v0,v1))ℓ0

if δ (binop,v0,v1) is defined

(app{τ0} ((v0))ℓ0 v1)
ℓ0

▷
F
(InvariantErr)ℓ0

if v0 < (v)ℓ ∪ (λ(x : τ ). e) ∪ (G b v)

(app{τ0} ((λ(x0 : τ1). e0))ℓ0 v0)
ℓ0

▷
F
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
F

((dyn b0 (app{U}v0 (stat b1 ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

where b0 = (ℓ0◀ cod (τ1)◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2

▷
F
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

if shape-match (⌊τ0⌋,v0)
and v0 ∈ (T?b (λ(x : τ ). e)) ∪ (T?b ⟨v,v⟩) ∪ (T?b (G (ℓ◀ (τ⇒τ )◀ ℓ) v))

(dyn (ℓ0◀ τ0◀ ℓ1) ((T?b0 ((i0))ℓ0 ))
ℓ1
)

ℓ2

▷
F
(i0)

ℓ2

if shape-match (⌊τ0⌋, i0)

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )
ℓ3

▷
F
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0, ((v0))ℓ2 ))

ℓ3

if ¬shape-match (⌊τ0⌋,v0) and b0 = get-trace (v0)
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(e)ℓ ▶
F
(e)ℓ lifted version of ▶F

(unop{U} ((v0))ℓ0 )
ℓ0

▶
F
(TagErr)ℓ0

if v0 < (v)ℓ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined
(unop{U}v0)ℓ0 ▶

F
(add-trace (get-trace (v0),δ (unop,v1)))ℓ0

if v1 = rem-trace (v0) and δ (unop,v1) is defined

(fst{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
F
(traceb0 ((stat b0 (fst{τ1}v0)ℓ2 ))

ℓ3
)
ℓ4ℓ5

where τ1 = fst (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

(snd{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
F
(traceb0 ((stat b0 (snd{τ1}v0)ℓ2 ))

ℓ3
)
ℓ4ℓ5

where τ1 = snd (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
F
(TagErr)ℓ0

if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is undefined

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
F
δ (binop,v2,v3)

if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is defined

(app{U} ((v0))ℓ0 v1)
ℓ0

▶
F
(TagErr)ℓ0

if v0 < (T?b (λx . e)) ∪ (T?b (G (ℓ◀ (τ⇒τ )◀ ℓ) v))

(app{U} ((T?b0 ((λx0. e0))ℓ0 ))
ℓ1
v0)

ℓ2

▶
F
(traceb0 ((e0[x0←v1]))

ℓ0 )
ℓ1ℓ2

where v1 = add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))

(app{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
v1)

ℓ5

▶
F

((traceb0 ((stat b0 (app{τ1}v0 (dyn b1 v2))ℓ2 ))
ℓ3
))
ℓ4ℓ5

where τ1 = cod (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0)
and v2 = add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))
(stat (ℓ0◀ τ0◀ ℓ1) v0)ℓ2 ▶

F
(G (ℓ0◀ τ0◀ ℓ1) v0)

ℓ2

if shape-match (⌊τ0⌋,v0) and v0 ∈ ((λ(x : τ ). e))ℓ ∪ ((⟨v,v⟩))ℓ

(stat b0 ((G b1 ((T?b2v0))
ℓ0
))
ℓ1
)

ℓ2

▶
F
(trace (b0b1b2) ((v0))ℓ0ℓ1ℓ2 )

ℓ2

if b0 = (ℓ3◀ τ0◀ ℓ4) and shape-match (⌊τ0⌋,v0)
and v0 ∈ ((λx . e))ℓ ∪ ((⟨v,v⟩))ℓ ∪ ((G b (λ(x : τ ). e)))ℓ ∪ ((G b ⟨v,v⟩))ℓ

(stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )
ℓ3

▶
F
(i0)

ℓ3

if shape-match (⌊τ0⌋, i0)

(stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )
ℓ3

▶
F
(InvariantErr)ℓ3

if ¬shape-match (⌊τ0⌋,v0)

(traceb0v0)
ℓ0

▶
F
(v1)

ℓ0

where v1 = add-trace (b0,v0)
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Theorem 6.38 (Forgetful incomplete monitoring). Forgetful does not satisfy CM

Proof. The stat rule that removes an outer guard breaks single-owner consistency. One way to
exercise this rule is to send an untyped function into typed code and back out again; on the way
out, the function loses a wrapper and gains an owner. □

Theorem 6.39 (Forgetful blame soundness and completeness). Forgetful satisfies BS and BC

Proof Sketch. By preservation of path-owner consistency (⊩p ) for ▷F and ▶F. More details in
appendix: lemma A.16. □
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6.7.3 Relation to Co-Natural.
v ≲ v

i0 ≲ i0 i0 ≲ Tb0 i0

v0 ≲ v2 v1 ≲ v3

⟨v0,v1⟩ ≲ ⟨v2,v3⟩

e0 ≲ e1

λx0. e0 ≲ λx0. e1

e0 ≲ e1

λ(x0 : τ0). e0 ≲ λ(x0 : τ0). e1

b0 ⩽: b2 b1 ⩽: b3 v0 ≲ v1

G b0 (G b1 v0) ≲ T b2b3v1

b0 ⩽: b2 b1 ⩽: b3 v0 ≲ Tb4v1

G b0 (G b1 v0) ≲ T b2b3b4v1

b0 ⩽: b1 v0 ≲ v1

G b0 v0 ≲ G b1 v1

e ≲ e

x0 ≲ x0

e0 ≲ e2 e1 ≲ e3

⟨e0, e1⟩ ≲ ⟨e2, e3⟩

e0 ≲ e2 e1 ≲ e3

app{τ/U} e0 e1 ≲ app{τ/U} e2 e3

e0 ≲ e1

unop{τ/U} e0 ≲ unop{τ/U} e1

e0 ≲ e2 e1 ≲ e3

binop{τ/U} e0 e1 ≲ binop{τ/U} e2 e3

b0 ⩽: b1 e0 ≲ e1

dyn b0 e0 ≲ dyn b1 e1

b0 ⩽: b1 e0 ≲ e1

stat b0 e0 ≲ stat b1 e1

b0 ⩽: b2 b1 ⩽: b3 e0 ≲ traceb4 e1

stat b0 (dyn b1 e0) ≲ traceb2b3b4 e1

InvariantErr ≲ InvariantErr TagErr ≲ TagErr DivErr ≲ DivErr

BoundaryErr (b0,v0) ≲ e1

E ≲ E

[ ] ≲ [ ]

E0 ≲ E2 e1 ≲ e3

⟨E0, e1⟩ ≲ ⟨E2, e3⟩

v0 ≲ v2 E1 ≲ E3

⟨v0,E1⟩ ≲ ⟨v2,E3⟩

E0 ≲ E2 e1 ≲ e3

app{τ/U} E0 e1 ≲ app{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

app{τ/U}v0 E1 ≲ app{τ/U}v2 E3

E0 ≲ E1

unop{τ/U} E0 ≲ unop{τ/U} E1

E0 ≲ E2 e1 ≲ e3

binop{τ/U} E0 e1 ≲ binop{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

binop{τ/U}v0 E1 ≲ binop{τ/U}v2 E3

b0 ⩽: b1 E0 ≲ E1

dyn b0 E0 ≲ dyn b1 E1

b0 ⩽: b1 E0 ≲ E1

stat b0 E0 ≲ stat b1 E1

b0 ⩽: b2 b1 ⩽: b3 E0 ≲ traceb4 E1

stat b0 (dyn b1 E0) ≲ traceb2b3b4 E1
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Theorem 6.40 (Co-Natural Forgetful error preorder). C ≲ F

Proof. By lemma 6.42 and that e0 ≲ BoundaryErr (b1,v1) implies e0 ∈ BoundaryErr (b,v). □

Theorem 6.41. F ̸≲ C

Proof. If an untyped value travels to typed code and back again, Forgetful unwraps it but
Co-Natural continues to enforce the type.

Let:
e0 = stat b0 (dyn (ℓ0◀ (Nat⇒Nat)◀ ℓ1) (λx0. x0))
e1 = app{U} e0 ⟨2, 8⟩

Then e1 →
∗

F
⟨2, 8⟩ and e1 →∗C BoundaryErr (. . .). □

Lemma 6.42.
• If e0 ≲ e2 and e0 →C e1 then ∃ e3, e4 such that e1 →∗C e3 and e2 →

∗

F
e4 and e3 ≲ e4.

• If e0 ≲ e2 and e2 →F e3 then ∃ e1, e4 such that e3 →∗F e4 and e0 →
∗

C
e1 and e1 ≲ e4

Proof Sketch. Co-Natural may take extra steps at elimination forms, to unwrap several layers.
Forgetful takes extra steps to combine boundaries in a trace wrapper. Otherwise, the two are
in sync modulo extra guard wrappers on the Co-Natural side of the ≲ relation More details in
appendix: lemma A.17. □
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6.8 Transient and its Properties
6.8.1 Semantics, Type Soundness.

e;H ;B ▶▷T e;H ;B

w0;H0;B0 ▶▷T p0; ({p0 7→ w0} ∪H0); ({p0 7→ ∅} ∪ B0)

where p0 fresh in H0 and B0

(unop{τ0}v0);H0;B0 ▶▷T InvariantErr;H0;B0
if δ (unop,H0(v0)) is undefined
(unop{U}v0);H0;B0 ▶▷T TagErr;H0;B0
if δ (unop,H0(v0)) is undefined
(unop{τ/U} p0);H0;B0 ▶▷T (check{

τ/U} δ (unop,H0(p0)) p0);H0;B0
if δ (unop,H0(p0)) is defined
(binop{τ0}v0v1);H0;B0 ▶▷T InvariantErr;H0;B0
if δ (binop,v0,v1) is undefined
(binop{U}v0v1);H0;B0 ▶▷T TagErr;H0;B0
if δ (binop,v0,v1) is undefined
(binop{τ/U} i0 i1);H0;B0 ▶▷T δ (binop, i0, i1);H0;B0

if δ (binop, i0, i1) is defined
(app{τ0}v0 v1);H0;B0 ▶▷T InvariantErr;H0;B0
if H0(v0) < (λx . e) ∪ (λ(x : τ ). e)
(app{U}v0 v1);H0;B0 ▶▷T TagErr;H0;B0
if H0(v0) < (λx . e) ∪ (λ(x : τ ). e)
(app{τ/U} p0 v0);H0;B0 ▶▷T (check{

τ/U} e0[x0←v0] p0);H0;B1
if H0(p0) = λ(x0 : τ0). e0 and shape-match (⌊τ0⌋,H0(v0))
and B1 = B0[v0 ∪ rev (B0(p0))]
(app{τ/U} p0 v0);H0;B0 ▶▷T BoundaryErr (B0(v0) ∪ rev (B0(p0)),v0);H0;B1
if H0(p0) = λ(x0 : τ0). e0 and ¬shape-match (⌊τ0⌋,H0(v0))
where B1 = B0[v0 ∪ rev (B0(p0))]
(app{τ0} p0 v0);H0;B0 ▶▷T (check{τ0} e0[x0←v0] p0);H0;B1
if H0(p0) = λx0. e0
and B1 = B0[v0 ∪ rev (B0(p0))]
(app{U} p0 v0);H0;B0 ▶▷T (e0[x0←v0]);H0;B0
if H0(p0) = λx0. e0

(dyn (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T v0;H0; (B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}])
if shape-match (⌊τ0⌋,H0(v0))

(dyn (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T BoundaryErr ({(ℓ0◀ τ0◀ ℓ1)},v0);H0;B0
if ¬shape-match (⌊τ0⌋,H0(v0))

(stat (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T v0;H0; (B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}])
if shape-match (⌊τ0⌋,H0(v0))

(stat (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T InvariantErr;H0;B0
if ¬shape-match (⌊τ0⌋,H0(v0))
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(check{U}v0 p0);H0;B0 ▶▷T v0;H0;B0

(check{τ0}v0 p0);H0;B0 ▶▷T v0;H0; (B0[v0 ∪ B0(p0)])
if shape-match (⌊τ0⌋,H0(v0))

(check{τ0}v0 p0);H0;B0 ▶▷T BoundaryErr (B0(v0) ∪ B0(p0),v0);H0;B0
if ¬shape-match (⌊τ0⌋,H0(v0))

e;H ;B →T e;H ;B is the compatible closure of the relation ▶▷T . More precisely:
if e0;H0;B0 ▶▷T e1;H1;B1
then E[e0];H0;B0→T E[e1];H1;B1

e;H ;B →∗
T
e;H ;B is the transitive, reflexive closure of the relation→T
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Theorem 6.43 (Transient unsoundness). Transient does not satisfy TS ((1))

Proof. Let e0 = dyn (ℓ0◀ (Nat⇒Nat)◀ ℓ1) (λx0.−4).
• ⊢ e0 : Nat⇒Nat in the surface language, but
• e0; ∅; ∅ →∗T p0;H0;B0, where H0(p0) = (λx0.−4)

and ̸⊢1 (λx0.−4) : Nat⇒Nat. □

Theorem 6.44 (Transient shape soundness). Transient satisfies TS ((s))

Proof. By progress (lemma 6.45) and preservation (lemma 6.46). □

Lemma 6.45 (Transient type progress).
If T0; · ⊢s E0[e0];H0;B0 : s ∪U then one of the following holds:
• e0 ∈ v ∪ Err
• ∃ e1,H1,B1. e0;H0;B0 ▶▷T e1;H1;B1

Proof Sketch. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.24. □

Lemma 6.46 (Transient type preservation).
If T0; · ⊢s e0;H0;B0 : τ/U and e0;H0;B0 ▶▷T e1;H1;B1 then ∃ T1. T0 ⊆ T1 and T1; · ⊢s e1;H1;B1 : τ/U.

Proof Sketch. By case analysis of the reduction relation. The new heap typing T1 gains an
entry only when the value heap does; if H1 = {p0 7→ w0} ∪H0 then T1 = {(p0 : s0)} ∪ T0, where s0
is the shape of the pre-value (lemma 6.47). More details in appendix: lemma A.25. □

Lemma 6.47 (Transient shape inference).
If T0; · ⊢s w0;H0;B0 : τ/U then ∃ s0. T0; · ⊢s w0;H0;B0 : s0.

Proof. By induction on the structure of the closed pre-value w0. Note that lambdas are a base
case, thus the induction does not need to consider type environments (Γ). □
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6.8.2 Lifted Semantics, Complete Monitoring, Blame.

(e)ℓ ;H ;B ;O▶▷
T
(e)ℓ ;H ;B ;O

(w0)
ℓ0 ;H0;B0;O0 ▶▷

T
(p0)ℓ0 ;H1;B1;O1

where p0 fresh in H0 and B0 and O0
and H1 = {p0 7→ w0} ∪H0 and B1 = {p0 7→ ∅} ∪ B0 and O1 = ({p0 7→ {ℓ0}} ∪ O0)

(unop{τ0} ((v0))ℓ0 )
ℓ0
;H0;B0;O0 ▶▷

T
(InvariantErr)ℓ0 ;H0;B0;O0

if v0 < (v)ℓ and δ (unop,H0(v0)) is undefined

(unop{U} ((v0))ℓ0 )
ℓ0
;H0;B0;O0 ▶▷

T
(TagErr)ℓ0 ;H0;B0;O0

if v0 < (v)ℓ and δ (unop,H0(v0)) is undefined

(unop{τ/U} ((p0))ℓ0 )
ℓ0
;H0;B0;O0 ▶▷

T

(check{τ/U} ((δ (unop,H0(p0))))
ℓ0 p0)

ℓ0
;H0;B0;O0[p0 ∪ ℓ0]

if δ (unop,H0(p0)) is defined

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0
;H0;B0;O0 ▶▷T

(InvariantErr)ℓ0 ;H0;B0;O0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0
;H0;B0;O0 ▶▷T

(TagErr)ℓ0 ;H0;B0;O0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{τ/U} ((i0))ℓ0 ((i1))ℓ1 )
ℓ0
;H0;B0;O0 ▶▷T

(δ (binop, i0, i1))ℓ0 ;H0;B0;O0

if δ (binop, i0, i1) is defined

(app{τ0} ((v0))ℓ0 v1)
ℓ0
;H0;B0;O0 ▶▷

T
(InvariantErr)ℓ0 ;H0;B0;O0

if v0 < (v)ℓ and H0(v0) < (λx . e) ∪ (λ(x : τ ). e)

(app{U} ((v0))ℓ0 v1)
ℓ0
;H0;B0;O0 ▶▷

T
(TagErr)ℓ0 ;H0;B0;O0

if v0 < (v)ℓ and H0(v0) < (λx . e) ∪ (λ(x : τ ). e)

(app{τ/U} ((p0))
ℓ0 ((v0))

ℓ1 )
ℓ0
;H0;B0;O0 ▶▷T

(check{τ/U} ((e0[x0←((v0))
ℓ1ℓ0rev (ℓ0)]))

ℓ0
p0)

ℓ0

;H0;B1;O1
if H0(p0) = λ(x0 : τ0). e0 and shape-match (⌊τ0⌋,H0(v0))
where B1 = B0[v0 ∪ rev (B0(p0))] and O1 = O0[p0 ∪ ℓ0ℓ0][v0 ∪ ℓ1O0(p0) ∪ ℓ0rev (ℓ0)]

(app{τ/U} ((p0))
ℓ0 ((v0))

ℓ1 )
ℓ0
;H0;B0;O0 ▶▷T

(BoundaryErr (B0(v0) ∪ rev (B0(p0)), ((v0))ℓ1ℓ0rev (ℓ0)))
ℓ0
;H0;B1;O1

if H0(p0) = λ(x0 : τ0). e0 and v0 < (v)ℓ and ¬shape-match (⌊τ0⌋,H0(v0))
where B1 = B0[v0 ∪ rev (B0(p0))] and O1 = O0[p0 ∪ ℓ0ℓ0][v0 ∪ O0(p0) ∪ ℓ1ℓ0rev (ℓ0)]

(app{τ0} ((p0))ℓ0 ((v0))ℓ1 )
ℓ0
;H0;B0;O0 ▶▷

T

(check{τ0} ((e0[x0←((v0))ℓ1ℓ0rev (ℓ0)]))
ℓ0
p0)

ℓ0

;H0;B1;O1
if H0(p0) = λx0. e0 and v0 < (v)ℓ
where B1 = B0[v0 ∪ rev (B0(p0))]
and O1 = O0[p0 ∪ ℓ0ℓ0][v0 ∪ O0(p0) ∪ ℓ1ℓ0rev (ℓ0)]
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(app{U} ((p0))ℓ0 ((v0))ℓ1 )
ℓ0
;H0;B0;O0 ▶▷T

((e0[x0←((v0))
ℓ1ℓ0rev (ℓ0)]))

ℓ0ℓ0
;H0;B0;O1

if H0(p0) = λx0. e0 and v0 < (v)ℓ

and O1 = O0[p0 ∪ ℓ0ℓ0][v0 ∪ O0(p0) ∪ ℓ1ℓ0rev (ℓ0)]

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2
;H0;B0;O0 ▶▷T

((v0))
ℓ0ℓ2 ;H0;B1;O1

if shape-match (⌊τ0⌋,H0(v0))
where B1 = B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}] and O1 = O0[v0 ∪ ℓ0ℓ2]

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2
;H0;B0;O0 ▶▷T

(BoundaryErr ({(ℓ0◀ τ0◀ ℓ1)}, ((v0))ℓ0 ))
ℓ2
;H0;B0;O0

if v0 < (v)ℓ and ¬shape-match (⌊τ0⌋,H0(v0))

(stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2
;H0;B0;O0 ▶▷T

((v0))
ℓ0ℓ2 ;H0;B1;O1

if shape-match (⌊τ0⌋,H0(v0))
where B1 = B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}] and O1 = O0[v0 ∪ ℓ0ℓ2]

(stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2
;H0;B0;O0 ▶▷T

(InvariantErr)ℓ2 ;H0;B0;O0

if v0 < (v)ℓ and ¬shape-match (⌊τ0⌋,H0(v0))

((check{U}v0 p0))ℓ0 ;H0;B0;O0 ▶▷
T
((v0))

ℓ0 ;H0;B0;O0

(check{τ0} ((v0))ℓ0 p0)
ℓ0
;H0;B0;O0 ▶▷

T
((v0))

ℓ0ℓ0 ;H0;B1;O1

if v0 < (v)ℓ and shape-match (⌊τ0⌋,H0(v0))
where B1 = B0[v0 ∪ B0(p0)] and O1 = O0[v0 ∪ O0(p0) ∪ ℓ0ℓ0]

(check{τ0} ((v0))ℓ0 p0)
ℓ0
;H0;B0;O0 ▶▷

T

(BoundaryErr (B0(v0) ∪ B0(p0), ((v0))ℓ0 ))
ℓ0
;H0;B0;O1

if v0 < (v)ℓ and ¬shape-match (⌊τ0⌋,H0(v0))
where O1 = O0[v0 ∪ O0(p0)]
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Theorem 6.48 (Transient incomplete monitoring). Transient does not satisfy CM

Proof. Whenever a pair or function crosses a boundary, Transient lets it across without adding
a guard wrapper. Thus, the value gains an additional ownership label. □

Theorem 6.49 (Transient blame unsoundness). Transient does not satisfy BS

Proof. Let component ℓ0 define a function f0 and export it to components ℓ1 and ℓ2. If component
ℓ2 triggers a type mismatch, then component ℓ1 gets blamed even though there is no direct channel
from ℓ1 to ℓ2.
The following term expresses the scenario above, using a let-expression to abbreviate untyped

function application:
(let f0 = (λx0. ⟨x0,x0⟩) in

let f1 = (stat (ℓ0◀ (Int⇒ Int)◀ ℓ1) (dyn (ℓ1◀ (Int⇒ Int)◀ ℓ0) (f0)ℓ0 )
ℓ1
) in

stat (ℓ0◀ Int◀ ℓ2) (app{Int} (dyn (ℓ2◀ (Int⇒ Int)◀ ℓ0) (f0)ℓ0 ) 5)
ℓ2
)
ℓ0 ; ∅; ∅; ∅

Reduction ends in a boundary error that blames all three components. □

Theorem 6.50 (Transient blame incompleteness). Transient does not satisfy BC.

Proof. The rule for untyped function application does not update the blame map. The following
term illustrates the problem by using an untyped identity function f1 to coerce the type of another
function (f0). After the coercion, an application leads to type mismatch.
(let f0 = stat (ℓ0◀ τ0◀ ℓ1) (dyn (ℓ1◀ τ0◀ ℓ2) (λx0. x0)) in

let f1 = stat (ℓ0◀ (τ0⇒τ1)◀ ℓ3) (dyn (ℓ3◀ (τ0⇒τ1)◀ ℓ4) (λx1. x1)) in

stat (ℓ0◀ (Int×Int)◀ ℓ5)
(app{Int×Int} (dyn (ℓ5◀ τ1◀ ℓ0) (app{U} f1 f0)

ℓ0 ) 42)ℓ5 )
ℓ0 ; ∅; ∅; ∅

Reduction ends in a boundary error that does not report the crucial labels ℓ3 and ℓ4. □

6.8.3 Relation to Forgetful.

Theorem 6.51. F ≲ T .

Proof. Indirectly, via T ≂ A (theorem 6.59) and F ≲ A (theorem 6.61). Both appear in the next
section. □
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6.9 Amnesic and its Properties
6.9.1 Semantics, Type Soundness.
e ▷A e

unop{τ0}v0 ▷A InvariantErr
if v0 < (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

unop{τ0}v0 ▷A δ (unop,v0)
if δ (unop,v0) is defined

fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷A dyn b0 (fst{U}v0)
where b0 = (ℓ0◀ τ0◀ ℓ1)

snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷A dyn b0 (snd{U}v0)
where b0 = (ℓ0◀ τ0◀ ℓ1)

binop{τ0}v0v1 ▷A InvariantErr
if δ (binop,v0,v1) is undefined

binop{τ0}v0v1 ▷A δ (binop,v0,v1)
if δ (binop,v0,v1) is defined

app{τ0}v0 v1 ▷A InvariantErr
if v0 < (λ(x : τ ). e) ∪ (G (ℓ◀ (τ⇒τ )◀ ℓ) v)

app{τ0} (λ(x0 : τ1). e0) v0 ▷A e0[x0←v0]

app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷A dyn b0 (app{U}v0 (stat b1 v1))
where b0 = (ℓ0◀ τ0◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A G (ℓ0◀ τ0◀ ℓ1) v0
if shape-match (⌊τ0⌋,v0)
and v0 ∈ (T?b (λ(x : τ ). e)) ∪ (T?b ⟨v,v⟩) ∪ (T?b (G (ℓ◀ τ ◀ ℓ) v))

dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷A i0
if shape-match (⌊τ0⌋, i0)

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)
if ¬shape-match (⌊τ0⌋,v0) and b0 = get-trace (v0)
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e ▶A e

unop{U}v0 ▶A TagErr
if v1 = rem-trace (v0) and v1 < G (ℓ◀ (τ×τ )◀ ℓ) v and δ (unop,v1) is undefined

unop{U}v0 ▶A add-trace (get-trace (v0),δ (unop,v1))
if v1 = rem-trace (v0) and δ (unop,v1) is defined

fst{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat b0 (fst{τ1}v0))
where τ1 = fst (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

snd{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat b0 (snd{τ1}v0))
where τ1 = snd (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

binop{U}v0v1 ▶A TagErr
if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is undefined

binop{U}v0v1 ▶A δ (binop,v2,v3)
if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is defined

app{U}v0 v1 ▶A TagErr
if v0 < (T?b (λx . e)) ∪ (T?b (G (ℓ◀ (τ⇒τ )◀ ℓ) v))

app{U} (T?b0 (λx0. e0)) v0 ▶A traceb0 (e0[x0←v1])

where v1 = add-trace (rev (b0),v0)
app{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) v1 ▶A traceb0 (stat b0 (app{τ2}v0 (dyn b1 v2)))
where τ2 = cod (τ0) and b0 = (ℓ0◀ τ2◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0)
and v2 = add-trace (rev (b0),v1)

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A G (ℓ0◀ τ0◀ ℓ1) v0
if shape-match (⌊τ0⌋,v0) and v0 ∈ (λ(x : τ ). e) ∪ ⟨v,v⟩

stat b0 (G b1 (T?b0v0)) ▶A trace (b0b1b0)v0
if b0 = (ℓ0◀ τ0◀ ℓ1) and shape-match (⌊τ0⌋,v0)
and v0 ∈ (λx . e) ∪ ⟨v,v⟩ ∪ (G b (λ(x : τ ). e)) ∪ (G b ⟨v,v⟩)

stat (ℓ0◀ τ0◀ ℓ1) i0 ▶A i0
if shape-match (⌊τ0⌋, i0) and b0 = (ℓ0◀ τ0◀ ℓ1)

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A InvariantErr
if ¬shape-match (⌊τ0⌋,v0)

traceb0v0 ▶A v1
where v1 = add-trace (b0,v0)

e →∗
A
e is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)

closure of the relation
⋃
{▷A , ▶A }

A(e) = F (e)
holds for typed expressions with at most two guard wrappers and for untyped expressions
with at most one guard wrapper.
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Theorem 6.52 (Amnesic type soundness). Amnesic satisfies TS ((1))

Proof. By lemma 6.53, progress (lemma 6.54), and preservation (lemma 6.55). □

Lemma 6.53. If e0 : τ/U wf then A(e0).

Proof. Wrappers are not part of the surface language. □

Lemma 6.54 (Amnesic type progress). If · ⊢1 E0[e0] : τ/U and A(E0[e0]) then one of the following
holds:
• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷A e1
• τ/U ∈ U and ∃ e1. e0 ▶A e1

Proof Sketch. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.26. □

Lemma 6.55 (Amnesic type preservation).
If · ⊢1 E0[e0] : τ/U and A(E0[e0]) and e0(▷A ∪ ▶A )e1 then · ⊢1 E0[e1] :

τ/U and A(E0[e1]).

Proof Sketch. By case analysis of each reduction relation. More details in appendix: lemmaA.27.
□

Lemma 6.56.
• If A(E0[e0]) then A(e0)
• If A(E0[e0]) and A(e1) then A(E0[e1])

Proof Sketch. By lemma 6.37. □

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



2353

2354

2355

2356

2357

2358

2359

2360

2361

2362

2363

2364

2365

2366

2367

2368

2369

2370

2371

2372

2373

2374

2375

2376

2377

2378

2379

2380

2381

2382

2383

2384

2385

2386

2387

2388

2389

2390

2391

2392

2393

2394

2395

2396

2397

2398

2399

2400

2401

Typed–Untyped Interactions: A Comparative Analysis (Supplementary Material) 49

6.9.2 Lifted Semantics, Complete Monitoring, Blame.

(e)ℓ ▷
A
(e)ℓ lifted version of ▷A

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
A
(InvariantErr)ℓ0

if v0 < (v)ℓ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined

(unop{τ0} ((v0))ℓ0 )
ℓ0

▷
A
(δ (unop,v0))ℓ0ℓ0

if δ (unop,v0) is defined

(fst{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▷
A
(dyn b0 (fst{U} (v0)ℓ2 ))

ℓ0ℓ3

where b0 = (ℓ0◀ τ0◀ ℓ1)

(snd{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3

▷
A
(dyn b0 (snd{U} (v0)ℓ2 ))

ℓ0ℓ3

where b0 = (ℓ0◀ τ0◀ ℓ1)

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
A
(InvariantErr)ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▷
A
(δ (binop,v0,v1))ℓ0

if δ (binop,v0,v1) is defined

(app{τ0} ((v0))ℓ0 v1)
ℓ0

▷
A
(InvariantErr)ℓ0

if v0 < (v)ℓ ∪ (λ(x : τ ). e) ∪ (G b v)

(app{τ0} ((λ(x0 : τ1). e0))ℓ0 v0)
ℓ0

▷
A
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
A

((dyn b0 (app{U}v0 (stat b1 ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

where b0 = (ℓ0◀ τ0◀ ℓ1) and b1 = (ℓ1◀ dom (τ1)◀ ℓ0)

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )
ℓ2

▷
A
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

if shape-match (⌊τ0⌋,v0)
and v0 ∈ (T?b (λ(x : τ ). e)) ∪ (T?b ⟨v,v⟩) ∪ (T?b (G (ℓ◀ (τ⇒τ )◀ ℓ) v))

(dyn (ℓ0◀ τ0◀ ℓ1) ((T?b0 ((i0))ℓ0 ))
ℓ1
)

ℓ2

▷
A
(i0)

ℓ2

if shape-match (⌊τ0⌋, i0)

(dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )
ℓ3

▷
A
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0, ((v0))ℓ2 ))

ℓ3

if ¬shape-match (⌊τ0⌋,v0) and b0 = get-trace (v0)
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(e)ℓ ▶
A
(e)ℓ lifted version of ▶A

(unop{U} ((v0))ℓ0 )
ℓ0

▶
A
(TagErr)ℓ0

if v0 < (v)ℓ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v) and δ (unop,v0) is undefined
(unop{U}v0)ℓ0 ▶

A
(add-trace (get-trace (v0),δ (unop,v1)))ℓ0

if v1 = rem-trace (v0) and δ (unop,v1) is defined

(fst{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
A
(traceb0 ((stat b0 (fst{τ1}v0)ℓ2 ))

ℓ3
)
ℓ4ℓ5

where τ1 = fst (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

(snd{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
A
(traceb0 ((stat b0 (snd{τ1}v0)ℓ2 ))

ℓ3
)
ℓ4ℓ5

where τ1 = snd (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1)

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
A
(TagErr)ℓ0

if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is undefined

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶
A
δ (binop,v2,v3)

if v2 = rem-trace (v0) and v3 = rem-trace (v1) and δ (binop,v2,v3) is defined

(app{U} ((v0))ℓ0 v1)
ℓ0

▶
A
(TagErr)ℓ0

if v0 < (T?b (λx . e)) ∪ (T?b (G (ℓ◀ (τ⇒τ )◀ ℓ) v))

(app{U} ((T?b0 ((λx0. e0))ℓ0 ))
ℓ1
v0)

ℓ2

▶
A
(traceb0 ((e0[x0←v1]))

ℓ0 )
ℓ1ℓ2

where v1 = add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))

(app{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
v1)

ℓ5

▶
A

((traceb0 ((stat b0 (app{τ1}v0 (dyn b1 v2))ℓ2 ))
ℓ3
))
ℓ4ℓ5

where τ1 = cod (τ0) and b0 = (ℓ0◀ τ1◀ ℓ1) and b1 = (ℓ1◀ dom (τ0)◀ ℓ0)
and v2 = add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))
(stat (ℓ0◀ τ0◀ ℓ1) v0)ℓ2 ▶

A
(G (ℓ0◀ τ0◀ ℓ1) v0)

ℓ2

if shape-match (⌊τ0⌋,v0) and v0 ∈ ((λ(x : τ ). e))ℓ ∪ ((⟨v,v⟩))ℓ

(stat b0 ((G b1 ((T?b2v0))
ℓ0
))
ℓ1
)

ℓ2

▶
A
(trace (b0b1b2) ((v0))ℓ0ℓ1ℓ2 )

ℓ2

if b0 = (ℓ3◀ τ0◀ ℓ4) and shape-match (⌊τ0⌋,v0)
and v0 ∈ ((λx . e))ℓ ∪ ((⟨v,v⟩))ℓ ∪ ((G b (λ(x : τ ). e)))ℓ ∪ ((G b ⟨v,v⟩))ℓ

(stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )
ℓ3

▶
A
(i0)

ℓ3

if shape-match (⌊τ0⌋, i0)

(stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )
ℓ3

▶
A
(InvariantErr)ℓ3

if ¬shape-match (⌊τ0⌋,v0)

(traceb0v0)
ℓ0

▶
A
(v1)

ℓ0

where v1 = add-trace (b0,v0)
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Theorem 6.57 (Amnesic incomplete monitoring). Amnesic does not satisfy CM

Proof. When an untyped function crosses two boundaries, it loses a guard wrapper at the
second boundary and gains a second ownership label.

(stat (ℓ0◀ (τ0⇒τ1)◀ ℓ1) (dyn (ℓ1◀ (τ0⇒τ1)◀ ℓ2) (λx0. x0)
ℓ2 )

ℓ1
)
ℓ0

→A (stat (ℓ0◀ (τ0⇒τ1)◀ ℓ1) (G (ℓ1◀ (τ0⇒τ1)◀ ℓ2) (λx0. x0)
ℓ2 )

ℓ1
)
ℓ0

→A ((trace ((ℓ0◀ (τ0⇒τ1)◀ ℓ1)(ℓ1◀ (τ0⇒τ1)◀ ℓ2) (λx0. x0)
ℓ2 ))

ℓ2ℓ1ℓ0

□

Theorem 6.58 (Amnesic blame soundness and completeness). Amnesic satisfies BS and BC

Proof Sketch. By preservation of path-owner consistency (⊩p ) for ▷A and ▶
A
. More details in

appendix: lemma A.28. □
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6.9.3 Relation to Transient.

e ≂ e;H ;B

v0 ≂ v1;H0;B0

traceb0v0 ≂ v1;H0;B0

v0 ≂ H0(p0);H0;B0

v0 ≂ p0;H0;B0 i0 ≂ i0;H0;B0 Tb0 i0 ≂ i0;H0;B0

v0 ≂ v2;H0;B0 v1 ≂ v3;H0;B0

T?b0 ⟨v0,v1⟩ ≂ ⟨v2,v3⟩;H0;B0

v0 ≂ v2;H0;B0 v1 ≂ v3;H0;B0

T?b0 (G b0 (T?b1 ⟨v0,v1⟩)) ≂ ⟨v2,v3⟩;H0;B0

v0 ≂ v2;H0;B0 v1 ≂ v3;H0;B0

G b0 (T?b0 (G b1 ⟨v0,v1⟩)) ≂ ⟨v2,v3⟩;H0;B0

e0 ≂ e1;H0;B0

T?b0 (λx0. e0) ≂ λx0. e1;H0;B0

e0 ≂ e1;H0;B0

G b0 (T?b0 (λx0. e0)) ≂ λx0. e1;H0;B0

e0 ≂ e1;H0;B0

T?b0 (λ(x0 : τ0). e0) ≂ λ(x0 : τ0). e1;H0;B0

e0 ≂ e1;H0;B0

T?b0 (G b0 (λ(x0 : τ0). e0)) ≂ λ(x0 : τ0). e1;H0;B0

e0 ≂ e1;H0;B0

G b0 (T?b0 (G b1 (λ(x0 : τ0). e0))) ≂ λ(x0 : τ0). e1;H0;B0 x0 ≂ x0;H0;B0

e0 ≂ e2;H0;B0 e1 ≂ e3;H0;B0

⟨e0, e1⟩ ≂ ⟨e2, e3⟩;H0;B0

e0 ≂ e2;H0;B0 e1 ≂ e3;H0;B0

app{τ/U} e0 e1 ≂ app{τ/U} e2 e3;H0;B0

e0 ≂ e1;H0;B0

unop{τ/U} e0 ≂ unop{τ/U} e1;H0;B0

e0 ≂ e2;H0;B0 e1 ≂ e3;H0;B0

binop{τ/U} e0 e1 ≂ binop{τ/U} e2 e3;H0;B0

e0 ≂ e1;H0;B0

dyn b0 e0 ≂ dyn b0 e1;H0;B0

e0 ≂ e1;H0;B0

stat b0 e0 ≂ stat b0 e1;H0;B0

e0 ≂ e1;H0;B0

dyn (ℓ0◀ τ0◀ ℓ1) e0 ≂ check{τ0} e1 p0;H0;B0

e0 ≂ e1;H0;B0

stat (ℓ0◀ τ0◀ ℓ1) e0 ≂ check{U} e1 p0;H0;B0

τ1 ⩽: τ0 e0 ≂ e1;H0;B0

dyn (ℓ0◀ τ0◀ ℓ1) (stat (ℓ2◀ τ1◀ ℓ3) e0) ≂ check{τ0} e1 p0;H0;B0

e0 ≂ e1;H0;B0

check{τ/U} e0 • ≂ check{τ/U} e1 p0;H0;B0 InvariantErr ≂ InvariantErr;H0;B0

TagErr ≂ TagErr;H0;B0 DivErr ≂ DivErr;H0;B0

v0 ≂ v1;H0;B0

BoundaryErr (b0,v0) ≂ BoundaryErr (b0,v1);H0;B0

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



2549

2550

2551

2552

2553

2554

2555

2556

2557

2558

2559

2560

2561

2562

2563

2564

2565

2566

2567

2568

2569

2570

2571

2572

2573

2574

2575

2576

2577

2578

2579

2580

2581

2582

2583

2584

2585

2586

2587

2588

2589

2590

2591

2592

2593

2594

2595

2596

2597

Typed–Untyped Interactions: A Comparative Analysis (Supplementary Material) 53

E ≂ E;H ;B

E0 ≂ E1;H0;B0

traceb0 E0 ≂ E1;H0;B0 [ ] ≂ [ ];H0;B0

E0 ≂ E2;H0;B0 e1 ≂ e3;H0;B0

⟨E0, e1⟩ ≂ ⟨E2, e3⟩;H0;B0

v0 ≂ v2;H0;B0 E1 ≂ E3;H0;B0

⟨v0,E1⟩ ≂ ⟨v2,E3⟩;H0;B0

E0 ≂ E2;H0;B0 e1 ≂ e3;H0;B0

app{τ/U} E0 e1 ≂ app{τ/U} E2 e3;H0;B0

v0 ≂ v2;H0;B0 E1 ≂ E3;H0;B0

app{τ/U}v0 E1 ≂ app{τ/U}v2 E3;H0;B0

E0 ≂ E1;H0;B0

unop{τ/U} E0 ≂ unop{τ/U} E1;H0;B0

E0 ≂ E2;H0;B0 e1 ≂ e3;H0;B0

binop{τ/U} E0 e1 ≂ binop{τ/U} E2 e3;H0;B0

v0 ≂ v2;H0;B0 E1 ≂ E3;H0;B0

binop{τ/U}v0 E1 ≂ binop{τ/U}v2 E3;H0;B0

E0 ≂ E1;H0;B0

dyn b0 E0 ≂ dyn b0 E1;H0;B0

E0 ≂ E1;H0;B0

stat b0 E0 ≂ stat b0 E1;H0;B0

E0 < stat b E E0 ≂ E1;H0;B0

dyn (ℓ0◀ τ0◀ ℓ1) E0 ≂ check{τ0} E1 p0;H0;B0

E0 ≂ E1;H0;B0

stat (ℓ0◀ τ0◀ ℓ1) E0 ≂ check{U} E1 p0;H0;B0

τ1 ⩽: τ0 E0 ≂ E1;H0;B0

dyn (ℓ0◀ τ0◀ ℓ1) (stat (ℓ2◀ τ1◀ ℓ3) E0) ≂ check{τ0} E1 p0;H0;B0

E0 ≂ E1;H0;B0

check{τ/U} E0 • ≂ check{τ/U} E1 p0;H0;B0
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Theorem 6.59 (Transient Amnesic error eqivalence). T ≂ A

Proof. By lemma 6.60. □

Lemma 6.60. If e0 ≂ e1;H0;B0 then:
• if e0 →A e2 then e2 →∗A e3 and e1;H0;B0 →

∗

T
e4;H1;B1 and e3 ≂ e4;H1;B1

• if e1;H0;B0 →T e3;H1;B1 then e0 →∗A e2 and e2 ≂ e3;H1;B1

Proof Sketch. Amnesic may take extra steps at an elimination form and to combine traces into
one wrapper. Transient takes extra steps to place pre-values on the heap and to conservatively
check the result of elimination forms. The extra checks in Transient are problematic, however,
because they may appear alongside any expression on the Amnesic side. A direct simulation would
be messy; thus the ≂ relations above assume a variant of Amnesic that inserts check expressions
after the application of an unwrapped function. Type preservation guarantees that such checks
never fail. More details in appendix: lemma A.29. □

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



2647

2648

2649

2650

2651

2652

2653

2654

2655

2656

2657

2658

2659

2660

2661

2662

2663

2664

2665

2666

2667

2668

2669

2670

2671

2672

2673

2674

2675

2676

2677

2678

2679

2680

2681

2682

2683

2684

2685

2686

2687

2688

2689

2690

2691

2692

2693

2694

2695

Typed–Untyped Interactions: A Comparative Analysis (Supplementary Material) 55

6.9.4 Relation to Forgetful.
v ≲ v

i0 ≲ i0

v0 ≲ v2

⟨v0,v1⟩ ≲ ⟨v2,v3⟩

e0 ≲ e1

λx0. e0 ≲ λx0. e1

e0 ≲ e1

λ(x0 : τ0). e0 ≲ λ(x0 : τ0). e1

b0 ⩽: b1 v0 ≲ v1

G b0 v0 ≲ G b1 v1

b0 ⩽: b1 v0 ≲ v1

T b0v0 ≲ T b1v1

b0 ⩽: b1 Tb0v0 ≲ Tb1v1

T b0b0v0 ≲ T b1b1v1

e ≲ e

x0 ≲ x0

e0 ≲ e2 e1 ≲ e3

⟨e0, e1⟩ ≲ ⟨e2, e3⟩

e0 ≲ e2 e1 ≲ e3

app{τ/U} e0 e1 ≲ app{τ/U} e2 e3

e0 ≲ e1

unop{τ/U} e0 ≲ unop{τ/U} e1

e0 ≲ e2 e1 ≲ e3

binop{τ/U} e0 e1 ≲ binop{τ/U} e2 e3

b0 ⩽: b1 e0 ≲ e1

dyn b0 e0 ≲ dyn b1 e1

b0 ⩽: b1 e0 ≲ e1

stat b0 e0 ≲ stat b1 e1

b0 ⩽: b1 e0 ≲ e1

traceb0 e0 ≲ traceb1 e1

b0 ⩽: b1 traceb0 e0 ≲ traceb1 e1

traceb0b0 e0 ≲ traceb1b1 e1

TagErr ≲ TagErr DivErr ≲ DivErr BoundaryErr (b0,v0) ≲ e1
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E ≲ E

[ ] ≲ [ ]

E0 ≲ E2 e1 ≲ e3

⟨E0, e1⟩ ≲ ⟨E2, e3⟩

v0 ≲ v2 E1 ≲ E3

⟨v0,E1⟩ ≲ ⟨v2,E3⟩

E0 ≲ E2 e1 ≲ e3

app{τ/U} E0 e1 ≲ app{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

app{τ/U}v0 E1 ≲ app{τ/U}v2 E3

E0 ≲ E1

unop{τ/U} E0 ≲ unop{τ/U} E1

E0 ≲ E2 e1 ≲ e3

binop{τ/U} E0 e1 ≲ binop{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

binop{τ/U}v0 E1 ≲ binop{τ/U}v2 E3

b0 ⩽: b1 E0 ≲ E1

dyn b0 E0 ≲ dyn b1 E1

b0 ⩽: b1 E0 ≲ E1

stat b0 E0 ≲ stat b1 E1

b0 ⩽: b1 E0 ≲ E1

traceb0 E0 ≲ traceb1 E1

b0 ⩽: b1 traceb0 E0 ≲ traceb1 E1

traceb0b0 E0 ≲ traceb1b1 E1
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Theorem 6.61 (Forgetful Amnesic error preorder). F ≲ A

Proof Sketch. By showing that e ≲ e is a lock-step bisimulation. More details in appen-
dix: lemma A.36. □

Theorem 6.62. A ̸≲ F

Proof. Forgetful checks the types that come from boundaries, but Amnesic checks local annota-
tions. The annotations may be supertypes of the boundary types.

e0 = fst{Int} (dyn (ℓ0◀ (Nat×Nat)◀ ℓ1) ⟨−4, 4⟩)
Since −4 is an integer, Amnesic reduces to a value. Forgetful detects an error. □
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6.10 Erasure and its Properties
6.10.1 Semantics, Type Soundness.
e ▶▷E e

unop{τ0}v0 ▶▷E BoundaryErr (∅,v0)
if δ (unop,v0) is undefined

unop{U}v0 ▶▷E TagErr
if δ (unop,v0) is undefined

unop{τ/U}v0 ▶▷E δ (unop,v0)
if δ (unop,v0) is defined

binop{τ0}v0v1 ▶▷E BoundaryErr (∅,v0)
if δ (binop,v0,v1) is undefined and v0 < i

binop{τ0}v0v1 ▶▷E BoundaryErr (∅,v1)
if δ (binop,v0,v1) is undefined and v0 ∈ i and v1 < i

binop{U}v0v1 ▶▷E TagErr
if δ (binop,v0,v1) is undefined

binop{τ/U}v0v1 ▶▷E δ (binop,v0,v1)
if δ (binop,v0,v1) is defined

app{τ0}v0 v1 ▶▷E BoundaryErr (∅,v0)
if v0 < (λx . e) ∪ (λ(x : τ ). e)

app{U}v0 v1 ▶▷E TagErr
if v0 < (λx . e) ∪ (λ(x : τ ). e)

app{τ/U} (λ(x0 : τ0). e0) v0 ▶▷E e0[x0←v0]

app{τ/U} (λx0. e0) v0 ▶▷E e0[x0←v0]

dyn (ℓ0◀ τ0◀ ℓ1) v0 ▶▷E v0

stat (ℓ0◀ τ0◀ ℓ1) v0 ▶▷E v0

e →∗
E
e is the transitive, reflexive, compatible (with respect to evaluation contexts E, section 6.2)

closure of the relation ▶▷E
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Theorem 6.63 (Erasure unsoundness). Erasure satisfies neither TS ((1)) nor TS ((s))

Proof. Dynamic-to-static boundaries are unsound. A function, for example, can enter a typed
context that expects an integer:

dyn (ℓ0◀ Int◀ ℓ1) (λx0. 42) ▶▷E (λx0. 42)
□

Theorem 6.64 (Erasure dyn soundness). Erasure satisfies TS ((0))

Proof. By progress (lemma 6.65) and preservation (lemma 6.66). □

Lemma 6.65 (Erasure type progress). If · ⊢0 E0[e0] : U then one of the following holds:
• e0 ∈ v ∪ Err
• ∃ e1. e0 ▶▷E e1

Proof Sketch. By unique decomposition (lemma 6.1) and case analysis. More details in appen-
dix: lemma A.43. □

Lemma 6.66 (Erasure type preservation).
If · ⊢0 e0 : U and e0 ▶▷E e1 then · ⊢0 e1 : U.

Proof Sketch. By case analysis of the reduction relation. More details in appendix: lemma A.44.
□
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6.10.2 Lifted Semantics, Complete Monitoring, Blame.

(e)ℓ▶▷
E
(e)ℓ lifted version of ▶▷E

(unop{τ0} ((v0))ℓ0 )
ℓ0

▶▷
E
(BoundaryErr (∅, ((v0))ℓ0 ))

ℓ0

if v0 < (v)ℓ and δ (unop,v0) is undefined

(unop{U} ((v0))ℓ0 )
ℓ0

▶▷
E
(TagErr)ℓ0

if v0 < (v)ℓ and δ (unop,v0) is undefined

(unop{τ/U} ((v0))ℓ0 )
ℓ0

▶▷
E
(δ (unop,v0))ℓ0ℓ0

if δ (unop,v0) is defined

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶▷E (BoundaryErr (∅,v0))
ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined and v0 < i

(binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶▷E (BoundaryErr (∅,v1))
ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined and v0 ∈ i and v1 < i

(binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶▷
E
(TagErr)ℓ0

if v0 < (v)ℓ and v1 < (v)ℓ and δ (binop,v0,v1) is undefined

(binop{τ/U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0

▶▷
E
(δ (binop,v0,v1))ℓ0

if δ (binop,v0,v1) is defined

(app{τ0} ((v0))ℓ0 v1)
ℓ0

▶▷
E
(BoundaryErr (∅, ((v0))ℓ0 ))

ℓ0

if v0 < (v)ℓ ∪ (λx . e) ∪ (λ(x : τ ). e)

(app{U} ((v0))ℓ0 v1)
ℓ0

▶▷
E
(TagErr)ℓ0

if v0 < (v)ℓ ∪ (λx . e) ∪ (λ(x : τ ). e)

(app{τ/U} ((λ(x0 : τ0). e0))ℓ0 v0)
ℓ0
▶▷
E
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(app{τ/U} ((λx0. e0))
ℓ0 v0)

ℓ0
▶▷
E
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(dyn (ℓ0◀ τ0◀ ℓ1) v0)ℓ0 ▶▷
E
(v0)

ℓ0

(stat (ℓ0◀ τ0◀ ℓ1) v0)ℓ0 ▶▷
E
(v0)

ℓ0
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Theorem 6.67 (Erasure incomplete monitoring). Erasure does not satisfy CM

Proof. The evaluation of a boundary term adds a new owner, breaking single-owner consistency.
For example, (dyn (ℓ0◀ (Int⇒Nat)◀ ℓ1) (λx0. x0)ℓ1 )

ℓ0
▶▷
E
((λx0. x0))

ℓ0ℓ1 . □

Theorem 6.68 (Erasure blame soundness). Erasure satisfies BS

Proof. By inspection, the only Erasure rules that raise a boundary error blame the empty set.
An empty set is trivially blame sound. □

Theorem 6.69 (Erasure blame incompleteness). Erasure does not satisfy BC

Proof. The empty set is trivially incomplete, because every value has at least one label for its
context. □
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6.10.3 Relation to Amnesic.
v ≲ v

i0 ≲ i0

v0 ≲ v2

⟨v0,v1⟩ ≲ ⟨v2,v3⟩

e0 ≲ e1

λx0. e0 ≲ λx0. e1

e0 ≲ e1

λ(x0 : τ0). e0 ≲ λ(x0 : τ0). e1

v0 ≲ v1

G b0 v0 ≲ v1

v0 ≲ v1

Tb0v0 ≲ v1

e ≲ e

x0 ≲ x0

e0 ≲ e2 e1 ≲ e3

⟨e0, e1⟩ ≲ ⟨e2, e3⟩

e0 ≲ e2 e1 ≲ e3

app{τ/U} e0 e1 ≲ app{τ/U} e2 e3

e0 ≲ e1

unop{τ/U} e0 ≲ unop{τ/U} e1

e0 ≲ e2 e1 ≲ e3

binop{τ/U} e0 e1 ≲ binop{τ/U} e2 e3

e0 ≲ e1

dyn b0 e0 ≲ dyn b0 e1

e0 ≲ e1

stat b0 e0 ≲ stat b0 e1

e0 ≲ e1

dyn b0 e0 ≲ e1

e0 ≲ e1

stat b0 e0 ≲ e1

e0 ≲ e1

traceb0 e0 ≲ e1

TagErr ≲ TagErr DivErr ≲ DivErr BoundaryErr (b0,v0) ≲ e1

TagErr ≲ BoundaryErr (b0,v0)

E ≲ E

[ ] ≲ [ ]

E0 ≲ E2 e1 ≲ e3

⟨E0, e1⟩ ≲ ⟨E2, e3⟩

v0 ≲ v2 E1 ≲ E3

⟨v0,E1⟩ ≲ ⟨v2,E3⟩

E0 ≲ E2 e1 ≲ e3

app{τ/U} E0 e1 ≲ app{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

app{τ/U}v0 E1 ≲ app{τ/U}v2 E3

E0 ≲ E1

unop{τ/U} E0 ≲ unop{τ/U} E1

E0 ≲ E2 e1 ≲ e3

binop{τ/U} E0 e1 ≲ binop{τ/U} E2 e3

v0 ≲ v2 E1 ≲ E3

binop{τ/U}v0 E1 ≲ binop{τ/U}v2 E3

E0 ≲ E1

dyn b0 E0 ≲ dyn b0 E1

E0 ≲ E1

stat b0 E0 ≲ stat b0 E1

E0 ≲ E1

traceb0 E0 ≲ E1
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Theorem 6.70 (Amnesic Erasure error preorder). A ≲ E

Proof. By lemma 6.72 and that e0 ≲ BoundaryErr (b1,v1) implies e0 ∈ BoundaryErr (b,v). □

Theorem 6.71. E ̸≲ A

Proof. Because Amnesic enforces types at boundaries. For example, dyn (ℓ0◀Nat◀ ℓ1) −1 raises
a boundary error in Amnesic and computes a negative number in Erasure. □

Lemma 6.72.
There is a stuttering simulation between Amnesic and Erasure. More precisely, the following two results
hold:
• If e0 ≲ e2 and e0 →A e1 then ∃ e3, e4 such that e1 →∗A e3 and e2 →E e4 and e3 ≲ e4.
• If e0 ≲ e2 and e2 →E e3 then ∃ e1 and e0 →

∗

A
e1 and e1 ≲ e4

Proof Sketch. Amnesic takes extra steps to unwrap at elimination forms and to combine traces
into a single wrapper. More details in appendix: lemma A.45. □
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A PROOFS
A.1 Natural

Lemma A.1 (Natural type progress). If · ⊢1 E0[e0] : τ/U and N (E0[e0]) then one of the following
holds:

• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷N e1
• τ/U ∈ U and ∃ e1. e0 ▶N e1

Proof. By unique decomposition (lemma 6.1) and case analysis:
Case: · ⊢1 n0 : Nat

Immediate.
Case: · ⊢1 i0 : Int

Immediate.
Case: · ⊢1 λ(x0 : τ0). e1 : τ0⇒τ1

Immediate.
Case: · ⊢1 ⟨v0,v1⟩ : τ0×τ1

Immediate.
Case: · ⊢1 unop{τ0}v0 : τ0
- ▷N δ (unop,v0) if defined
- ▷N Err otherwise

Case: · ⊢1 binop{τ0}v0v1 : τ0
- ▷N δ (binop,v0,v1) if defined
- ▷N Err otherwise

Case: · ⊢1 app{τ0}v0 v1 : τ0
- ▷N e1[x0←v1]

if v0 = λ(τ1 : x0). e1
- ▷N dyn (ℓ0◀ τ1◀ ℓ1) (app{U}v2 (stat (ℓ1◀ τ1◀ ℓ0) v1))

if v0 = G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v2
- ▷N Err otherwise

Case: · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) v0 : τ0
- ▷N G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ and shape-match (⌊τ0⌋,v0)
- ▷N ⟨(dyn (ℓ0◀ τ1◀ ℓ1) v1), (dyn (ℓ0◀ τ2◀ ℓ1) v2)⟩

if τ0 = τ1×τ2 and v0 = ⟨v1,v2⟩
- ▷N v0

if v0 ∈ i and τ0 ∈ Int
- ▷N v0

if v0 ∈ n and τ0 ∈ Nat
- ▷N Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v0 : τ0
Immediate.

Case: · ⊢1 Err : τ0
Immediate.

Case: · ⊢1 i : U
Immediate.

Case: · ⊢1 λx0. e0 : U
Immediate.
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Case: · ⊢1 ⟨v0,v1⟩ : U
Immediate.

Case: · ⊢1 unop{U}v0 : U
- ▶N δ (unop,v0) if defined
- ▶N Err otherwise

Case: · ⊢1 binop{U}v0v1 : U
- ▶N δ (binop,v0,v1) if defined
- ▶N Err otherwise

Case: · ⊢1 app{U}v0 v1 : U
- ▶N e1[x0←v1]

if v0 = λx0. e1
- ▶N stat (ℓ0◀ τ0◀ ℓ1) (app{τ0}v2 (dyn (ℓ1◀ τ1◀ ℓ0) v1))

if v0 = G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v2
- ▶N Err otherwise

Case: · ⊢1 stat (ℓ0◀ τ0◀ ℓ1) v0 : U
- ▶N G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ and shape-match (⌊τ0⌋,v0)
- ▶N ⟨(stat (ℓ0◀ τ1◀ ℓ1) v1), (stat (ℓ0◀ τ2◀ ℓ1) v2)⟩

if τ0 = τ1×τ2 and v0 = ⟨v1,v2⟩
- ▶N v0

if v0 ∈ i and τ0 ∈ Int
- ▶N v0

if v0 ∈ n and τ0 ∈ Nat
- ▶N Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v0 : U
Immediate.

Case: · ⊢1 Err : U
Immediate.

□
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Lemma A.2 (Natural type preservation).
If · ⊢1 E0[e0] : τ/U and N (E0[e0]) and e0(▷N ∪ ▶N )e1 then · ⊢1 E0[e1] :

τ/U and N (E0[e1]).

Proof. By case analysis of each reduction relation:

Case: unop{τ0}v0 ▷N InvariantErr
Immediate.

Case: unop{τ0}v0 ▷N δ (unop,v0)
By lemma 6.2.

Case: binop{τ0}v0v1 ▷N InvariantErr
Immediate.

Case: binop{τ0}v0v1 ▷N δ (binop,v0,v1)
By lemma 6.2.

Case: app{τ0}v0 v1 ▷N InvariantErr
Immediate.

Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷N e0[x0←v0]
By substitution lemmas for typed functions and for N (·).

Case: app{τ0} (G (ℓ0◀ (τ1⇒τ2)◀ ℓ1) v0) v1 ▷N dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1))
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 v1 : τ1

By ⊢1 on the redex
(3) · ⊢1 stat (ℓ1◀ τ1◀ ℓ0) v1 : U

By (2)
(4) · ⊢1 app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1) : U

By (1) and (3)
(5) τ2 ⩽: τ0

By ⊢1 on the redex
(6) · ⊢1 dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)) : τ0

By (4) and (5)
(7) N (dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)))

By similar reasoning
Case: dyn (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 ▷N G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 : τ0⇒τ1

By (1)
Case: dyn (ℓ0◀ (τ0×τ1)◀ ℓ1) ⟨v0,v1⟩ ▷N ⟨dyn (ℓ0◀ τ0◀ ℓ1) v0, dyn (ℓ0◀ τ1◀ ℓ1) v1⟩
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 v1 : U

By ⊢1 on the redex
(3) · ⊢1 ⟨dyn (ℓ0◀ τ0◀ ℓ1) v0, dyn (ℓ0◀ τ1◀ ℓ1) v1⟩ : τ0×τ1

By (1) and (2)
Case: dyn (ℓ0◀ Int◀ ℓ1) i0 ▷N i0

Immediate.
Case: dyn (ℓ0◀Nat◀ ℓ1) n0 ▷N n0

Immediate.
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Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷N BoundaryErr ((ℓ0◀ τ0◀ ℓ1),v0)
Immediate.

Case: unop{U}v0 ▶N TagErr
Immediate.

Case: unop{U}v0 ▶N δ (unop,v0)
Immediate.

Case: binop{U}v0v1 ▶N TagErr
Immediate.

Case: binop{U}v0v1 ▶N δ (binop,v0,v1)
Immediate.

Case: app{U}v0 v1 ▶N TagErr
Immediate.

Case: app{U} (λx0. e0) v0 ▶N e0[x0←v0]
By substitution lemmas for untyped functions and for N (·).

Case: app{U} (G (ℓ0◀ (τ1⇒τ2)◀ ℓ1) v0) v1 ▶N stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1))
(1) · ⊢1 v0 : τ1⇒τ2

By ⊢1 on the redex
(2) · ⊢1 v1 : U

By ⊢1 on the redex
(3) · ⊢1 dyn (ℓ1◀ τ1◀ ℓ0) v1 : τ1

By (2)
(4) · ⊢1 app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1) : τ2

By (1) and (3)
(5) · ⊢1 stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1)) : U

By (4)
Case: stat (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 ▶N G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0
(1) · ⊢1 v0 : τ0⇒τ1

By ⊢1 on the redex
(2) · ⊢1 G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 : U

By (1)
Case: stat (ℓ0◀ (τ0×τ1)◀ ℓ1) ⟨v0,v1⟩ ▶N ⟨stat (ℓ0◀ τ0◀ ℓ1) v0, stat (ℓ0◀ τ1◀ ℓ1) v1⟩
(1) · ⊢1 v0 : τ0

By ⊢1 on the redex
(2) · ⊢1 v1 : τ1

By ⊢1 on the redex
(3) · ⊢1 ⟨stat (ℓ0◀ τ0◀ ℓ1) v0, stat (ℓ0◀ τ1◀ ℓ1) v1⟩ : U

By (1) and (2)
Case: stat (ℓ0◀ Int◀ ℓ1) i0 ▶N i0

Immediate.
Case: stat (ℓ0◀Nat◀ ℓ1) n0 ▶N n0

Immediate.
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶N InvariantErr

Immediate.
□
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Theorem A.3 (Natural complete monitoring). Natural satisfies CM

Proof. By preservation of single-owner consistency (⊩) for ▷
N
and ▶

N
.

Case: (unop{τ0} ((v0))ℓ0 )
ℓ0
▷
N
(InvariantErr)ℓ0

Immediate: ℓ0; · ⊩ (TagErr)ℓ0

Case: (unop{τ0} ((v0))ℓ0 )
ℓ0
▷
N
(δ (unop,v0))ℓ0ℓ0

(1) v0 = ⟨v1,v2⟩ and δ (unop,v0) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩ v0
By ⊩ on the redex

(3) ℓ0; · ⊩ v1 and ℓ0; · ⊩ v2
By (2)

(4) ℓ0; · ⊩ δ (unop,v0)
By (1) and (3)

Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0
▷
N
(InvariantErr)ℓ0

Immediate.
Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▷
N
(δ (binop,v0,v1))ℓ0

(1) δ (binop,v0,v1) ∈ i
By definition of δ

(2) ℓ0; · ⊩ δ (binop,v0,v1)
By (1)

Case: (app{τ0} ((v0))ℓ0 v1)
ℓ0
▷
N
(InvariantErr)ℓ0

Immediate.
Case: (app{τ0} ((λ(x0 : τ1). e0))ℓ0 v1)

ℓ0
▷
N
((e0[x0←((v1))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(1) ℓ0; · ⊩ λ(x0 : τ1). e0
By ⊩ on the redex

(2) ℓ0; · ⊩ v0
By ⊩ on the redex

(3) ℓ0; · ⊩ ((v0))ℓ0rev (ℓ0)
By (1) and (2)

(4) ℓ0; · ⊩ x0 for each occurrence of x0 in e0
By ⊩ on the redex

(5) ℓ0; · ⊩ ((e0[x0←((v1))ℓ0rev (ℓ0)]))
ℓ0ℓ0

By (3) and (4)

Case: (app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
N

((dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

(1) ℓ2; · ⊩ v0
By ⊩ on the redex

(2) ℓ3; · ⊩ v1
By ⊩ on the redex

(3) ℓ3; · ⊩ ((v1))ℓ3rev (ℓ0)
By (2) and ⊩ on the redex
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(4) ℓ2; · ⊩ stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)
By (3) and ⊩ on the redex

(5) ℓ3; · ⊩ ((dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

By (1) and (4)
Case: (dyn (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))

ℓ0 )
ℓ2
▷
N
(G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))

ℓ0 )
ℓ2

Immediate.
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((⟨v0,v1⟩))ℓ0 )

ℓ2
▷
N

(⟨dyn (ℓ0◀ fst (τ0)◀ ℓ1) ((v0))ℓ0 , dyn (ℓ0◀ snd (τ0)◀ ℓ1) ((v1))ℓ0⟩)
ℓ2

(1) ℓ1; · ⊩ ((v0))ℓ0 and ℓ1; · ⊩ ((v1))ℓ0
By ⊩ on the redex

(2) ℓ2; · ⊩ ⟨dyn (ℓ0◀ fst (τ0)◀ ℓ1) ((v0))ℓ0 , dyn (ℓ0◀ snd (τ0)◀ ℓ1) ((v1))ℓ0⟩
By (1) and ⊩ on the redex

Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ0 )
ℓ2
▷
N
(i0)

ℓ2

Immediate.
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )

ℓ2
▷
N
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1), ((v0))ℓ0 ))

ℓ2

Immediate.
Case: (unop{U} ((v0))ℓ0 )

ℓ0
▶
N
(TagErr)ℓ0

Immediate.
Case: (unop{U} ((v0))ℓ0 )

ℓ0
▶
N
(δ (unop,v0))ℓ0ℓ0

(1) v0 = ⟨v1,v2⟩ and δ (unop,v0) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩ v0
By ⊩ on the redex

(3) ℓ0; · ⊩ v1 and ℓ0; · ⊩ v2
By (2)

(4) ℓ0; · ⊩ δ (unop,v0)
By (1) and (3)

Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0
▶
N
(TagErr)ℓ0

Immediate.
Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▶
N
(δ (binop,v0,v1))ℓ0

(1) δ (binop,v0,v1) ∈ i
By definition of δ

(2) ℓ0; · ⊩ δ (binop,v0,v1)
By (1)

Case: (app{U} ((v0))ℓ0 v1)
ℓ0
▶
N
(TagErr)ℓ0

Immediate.
Case: (app{U} ((λx0. e0))ℓ0 v1)

ℓ0
▶
N
((e0[x0←((v1))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(1) ℓ0; · ⊩ λx0. e0
By ⊩ on the redex

(2) ℓ0; · ⊩ v0
By ⊩ on the redex
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(3) ℓ0; · ⊩ ((v0))ℓ0rev (ℓ0)
By (1) and (2)

(4) ℓ0; · ⊩ x0 for each occurrence of x0 in e0
By ⊩ on the redex

(5) ℓ0; · ⊩ ((e0[x0←((v1))ℓ0rev (ℓ0)]))
ℓ0ℓ0

By (3) and (4)

Case: (app{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▶
N

((stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

(1) ℓ2; · ⊩ v0
By ⊩ on the redex

(2) ℓ3; · ⊩ v1
By ⊩ on the redex

(3) ℓ3; · ⊩ ((v1))ℓ3rev (ℓ0)
By (2) and ⊩ on the redex

(4) ℓ2; · ⊩ dyn (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)
By (3) and ⊩ on the redex

(5) ℓ3; · ⊩ ((stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

By (1) and (4)
Case: (stat (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))

ℓ0 )
ℓ2
▶
N
(G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) ((v0))

ℓ0 )
ℓ2

Immediate.
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((⟨v0,v1⟩))ℓ0 )

ℓ2
▶
N

(⟨stat (ℓ0◀ fst (τ0)◀ ℓ1) ((v0))ℓ0 , stat (ℓ0◀ snd (τ0)◀ ℓ1) ((v1))ℓ0⟩)
ℓ2

(1) ℓ1; · ⊩ ((v0))ℓ0 and ℓ1; · ⊩ ((v1))ℓ0
By ⊩ on the redex

(2) ℓ2; · ⊩ ⟨stat (ℓ0◀ fst (τ0)◀ ℓ1) ((v0))ℓ0 , stat (ℓ0◀ snd (τ0)◀ ℓ1) ((v1))ℓ0⟩
By (1) and ⊩ on the redex

Case: (stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )
ℓ3
▶
N
(i0)

ℓ3

Immediate.
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )

ℓ2
▶
N
(InvariantErr)ℓ2

Immediate.
□
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A.2 Co-Natural
Lemma A.4 (Co-Natural type progress).

If · ⊢1 E0[e0] : τ/U and C(E0[e0]) then one of the following holds:
• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷C e1
• τ/U ∈ U and ∃ e1. e0 ▶C e1

Proof. By unique decomposition (lemma 6.1) and case analysis:
Case: · ⊢1 n0 : Nat

Immediate.
Case: · ⊢1 i0 : Int

Immediate.
Case: · ⊢1 λ(x0 : τ0). e1 : τ0⇒τ1

Immediate.
Case: · ⊢1 ⟨v0,v1⟩ : τ0×τ1

Immediate.
Case: · ⊢1 unop{τ0}v0 : τ0
- ▷C dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v1)

if unop = fst and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▷C dyn (ℓ0◀ τ2◀ ℓ1) (snd{U}v1)

if unop = snd and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▷C δ (unop,v0) if defined
- ▷C Err otherwise

Case: · ⊢1 binop{τ0}v0v1 : τ0
- ▷C δ (binop,v0,v1) if defined
- ▷C Err otherwise

Case: · ⊢1 app{τ0}v0 v1 : τ0
- ▷C e1[x0←v1]

if v0 = λ(τ1 : x0). e1
- ▷C dyn (ℓ0◀ τ1◀ ℓ1) (app{U}v2 (stat (ℓ1◀ τ1◀ ℓ0) v1))

if v0 = G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v2
- ▷C Err otherwise

Case: · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) v0 : τ0
- ▷C G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ ∪ τ×τ and shape-match (⌊τ0⌋,v0)
- ▷C v0

if v0 ∈ i and τ0 ∈ Int
- ▷C v0

if v0 ∈ n and τ0 ∈ Nat
- ▷C Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 : τ0
Immediate.

Case: · ⊢1 G (ℓ0◀ (τ0×τ1)◀ ℓ1) v0 : τ0
Immediate.

Case: · ⊢1 Err : τ0
Immediate.

Case: · ⊢1 i : U
Immediate.

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



3480

3481

3482

3483

3484

3485

3486

3487

3488

3489

3490

3491

3492

3493

3494

3495

3496

3497

3498

3499

3500

3501

3502

3503

3504

3505

3506

3507

3508

3509

3510

3511

3512

3513

3514

3515

3516

3517

3518

3519

3520

3521

3522

3523

3524

3525

3526

3527

3528

72 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

Case: · ⊢1 λx0. e0 : U
Immediate.

Case: · ⊢1 ⟨v0,v1⟩ : U
Immediate.

Case: · ⊢1 unop{U}v0 : U
- ▶C stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v1)

if unop = fst and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▶C stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v1)

if unop = snd and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▶C δ (unop,v0) if defined
- ▶C Err otherwise

Case: · ⊢1 binop{U}v0v1 : U
- ▶C δ (binop,v0,v1) if defined
- ▶C Err otherwise

Case: · ⊢1 app{U}v0 v1 : U
- ▶C e1[x0←v1]

if v0 = λx0. e1
- ▶C stat (ℓ0◀ τ0◀ ℓ1) (app{τ0}v2 (dyn (ℓ1◀ τ1◀ ℓ0) v1))

if v0 = G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v2
- ▶C Err otherwise

Case: · ⊢1 stat (ℓ0◀ τ0◀ ℓ1) v0 : U
- ▶C G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ ∪ τ×τ and shape-match (⌊τ0⌋,v0)
- ▶C v0

if v0 ∈ i and τ0 ∈ Int
- ▶C v0

if v0 ∈ n and τ0 ∈ Nat
- ▶C Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v0 : U
Immediate.

Case: · ⊢1 G (ℓ0◀ (τ1×τ0)◀ ℓ1) v0 : U
Immediate.

Case: · ⊢1 Err : U
Immediate.

□
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Lemma A.5 (Co-Natural type preservation).
If · ⊢1 E0[e0] : τ/U and C(E0[e0]) and e0(▷C ∪ ▶C )e1 then · ⊢1 E0[e1] :

τ/U and C(E0[e1]).

Proof. By case analysis of each reduction relation.

Case: unop{τ0}v0 ▷C InvariantErr
Immediate.

Case: unop{τ0}v0 ▷C δ (unop,v0)
By lemma 6.2.

Case: fst{τ0} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0) ▷C dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v0)
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 fst{U}v0 : U

By (1)
(3) τ1 ⩽: τ0

By ⊢1 on the redex
(4) · ⊢1 dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v0) : τ0

By (2) and (3)
(5) C(dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v0))

By similar reasoning
Case: snd{τ0} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0 ▷C dyn (ℓ0◀ τ2◀ ℓ1) (snd{U}v0)
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 snd{U}v0 : U

By (1)
(3) τ2 ⩽: τ0

By ⊢1 on the redex
(4) · ⊢1 dyn (ℓ0◀ τ2◀ ℓ1) (snd{U}v0) : τ0

By (2) and (3)
Case: binop{τ0}v0v1 ▷C InvariantErr

Immediate.
Case: binop{τ0}v0v1 ▷C δ (binop,v0,v1)

By lemma 6.2.
Case: app{τ0}v0 v1 ▷C InvariantErr

Immediate.
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷C e0[x0←v0]

By substitution lemmas for typed functions and for C(·).
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷C dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1))
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 v1 : τ1

By ⊢1 on the redex
(3) · ⊢1 stat (ℓ1◀ τ1◀ ℓ0) v1 : U

By (2)
(4) · ⊢1 app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1) : U

By (1) and (3)
(5) τ2 ⩽: τ0

By ⊢1 on the redex
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(6) · ⊢1 dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)) : τ0
By (4) and (5)

(7) C(dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)))
By similar reasoning

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C G (ℓ0◀ τ0◀ ℓ1) v0
Immediate.

Case: dyn (ℓ0◀ τ0◀ ℓ1) i0 ▷C i0
Immediate.

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C BoundaryErr ((ℓ0◀ τ0◀ ℓ1),v0)
Immediate.

Case: unop{U}v0 ▶C TagErr
Immediate.

Case: unop{U}v0 ▶C δ (unop,v0)
Immediate.

Case: fst{U} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0) ▶C stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v0)
(1) · ⊢1 v0 : τ1×τ2

By ⊢1 on the redex
(2) · ⊢1 fst{τ1}v0 : τ1

By (1)
(3) · ⊢1 stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v0) : U

By (2)
Case: snd{U} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0 ▶C stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v0)
(1) · ⊢1 v0 : τ1×τ2

By ⊢1 on the redex
(2) · ⊢1 snd{τ2}v0 : τ2

By (1)
(3) · ⊢1 stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v0) : U

By (2)
Case: binop{U}v0v1 ▶C TagErr

Immediate.
Case: binop{U}v0v1 ▶C δ (binop,v0,v1)

Immediate.
Case: app{U}v0 v1 ▶C TagErr

Immediate.
Case: app{U} (λx0. e0) v0 ▶C e0[x0←v0]

By substitution lemmas for untyped functions and for C(·).
Case: app{U} (G (ℓ0◀ (τ1⇒τ2)◀ ℓ1) v0) v1 ▶C stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1))
(1) · ⊢1 v0 : τ1⇒τ2

By ⊢1 on the redex
(2) · ⊢1 v1 : U

By ⊢1 on the redex
(3) · ⊢1 dyn (ℓ1◀ τ1◀ ℓ0) v1 : τ1⇒τ2

By (2)
(4) · ⊢1 app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1) : τ2

By (1) and (3)
(5) · ⊢1 stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1)) : U

By (4)
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Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C G (ℓ0◀ τ0◀ ℓ1) v0
Immediate.

Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶C i0
Immediate.

Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C InvariantErr
Immediate.

□
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Theorem A.6 (Co-Natural complete monitoring). Co-Natural satisfies CM

Proof. By preservation of single-owner consistency (⊩) for ▷
C
and ▶

C
.

Case: (unop{τ0} ((v0))ℓ0 )
ℓ0
▷
C
(InvariantErr)ℓ0

Immediate: ℓ0; · ⊩ (InvariantErr)ℓ0

Case: (unop{τ0} ((v0))ℓ0 )
ℓ0
▷
C
(δ (unop,v0))ℓ0ℓ0

(1) v0 = ⟨v1,v2⟩ and δ (unop,v0) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩ v0
By ⊩ on the redex

(3) ℓ0; · ⊩ v1 and ℓ0; · ⊩ v2
By (2)

(4) ℓ0; · ⊩ δ (unop,v0)
By (1) and (3)

Case: (fst{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▷
C
(dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩ (v0)ℓ2
By ⊩ on the redex

(2) ℓ1; · ⊩ fst{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩ (dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩ on the redex

Case: (snd{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▷
C
(dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩ (v0)ℓ2
By ⊩ on the redex

(2) ℓ1; · ⊩ snd{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩ (dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩ on the redex
Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▷
C
(InvariantErr)ℓ0

Immediate.
Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▷
C
(δ (binop,v0,v1))ℓ0

(1) δ (binop,v0,v1) ∈ i
By definition of δ

(2) ℓ0; · ⊩ δ (binop,v0,v1)
By (1)

Case: (app{τ0} ((v0))ℓ0 v1)
ℓ0
▷
C
(InvariantErr)ℓ0

Immediate.
Case: (app{τ0} ((λ(x0 : τ1). e0))ℓ0 v0)

ℓ0
▷
C
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(1) ℓ0; · ⊩ λ(x0 : τ1). e0
By ⊩ on the redex

(2) ℓ0; · ⊩ v0
By ⊩ on the redex
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(3) ℓ0; · ⊩ ((v0))ℓ0rev (ℓ0)
By (1) and (2)

(4) ℓ0; · ⊩ x0 for each occurrence of x0 in e0
By ⊩ on the redex

(5) ℓ0; · ⊩ ((e0[x0←((v1))ℓ0rev (ℓ0)]))
ℓ0ℓ0

By (3) and (4)

Case: (app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
C

((dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

(1) ℓ2; · ⊩ v0
By ⊩ on the redex

(2) ℓ3; · ⊩ v1
By ⊩ on the redex

(3) ℓ3; · ⊩ ((v1))ℓ3rev (ℓ0)
By (2) and ⊩ on the redex

(4) ℓ2; · ⊩ stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)
By (3) and ⊩ on the redex

(5) ℓ3; · ⊩ ((dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

By (1) and (4)
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )

ℓ2
▷
C
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

Immediate.
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ0 )

ℓ2
▷
C
(i0)

ℓ2

Immediate.
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )

ℓ2
▷
C
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1), ((v0))ℓ0 ))

ℓ2

Immediate.
Case: (unop{U} ((v0))ℓ0 )

ℓ0
▶
C
(TagErr)ℓ0

Immediate.
Case: (unop{U} ((v0))ℓ0 )

ℓ0
▶
C
(δ (unop,v0))ℓ0ℓ0

(1) v0 = ⟨v1,v2⟩ and δ (unop,v0) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩ v0
By ⊩ on the redex

(3) ℓ0; · ⊩ v1 and ℓ0; · ⊩ v2
By (2)

(4) ℓ0; · ⊩ δ (unop,v0)
By (1) and (3)

Case: (fst{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▶
C
(stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩ (v0)ℓ2
By ⊩ on the redex

(2) ℓ1; · ⊩ fst{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩ (dyn (ℓ0◀ fst (τ0)◀ ℓ1) (fst{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩ on the redex
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Case: (snd{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▶
C
(stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{τ1} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩ (v0)ℓ2
By ⊩ on the redex

(2) ℓ1; · ⊩ snd{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩ (dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩ on the redex
Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▶
C
(TagErr)ℓ0

Immediate.
Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▶
C
(δ (binop,v0,v1))ℓ0

(1) δ (binop,v0,v1) ∈ i
By definition of δ

(2) ℓ0; · ⊩ δ (binop,v0,v1)
By (1)

Case: (app{U} ((v0))ℓ0 v1)
ℓ0
▶
C
(TagErr)ℓ0

Immediate.
Case: (app{U} ((λx0. e0))ℓ0 v1)

ℓ0
▶
C
((e0[x0←((v1))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(1) ℓ0; · ⊩ λx0. e0
By ⊩ on the redex

(2) ℓ0; · ⊩ v0
By ⊩ on the redex

(3) ℓ0; · ⊩ ((v0))ℓ0rev (ℓ0)
By (1) and (2)

(4) ℓ0; · ⊩ x0 for each occurrence of x0 in e0
By ⊩ on the redex

(5) ℓ0; · ⊩ ((e0[x0←((v1))ℓ0rev (ℓ0)]))
ℓ0ℓ0

By (3) and (4)

Case: (app{U} ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▶
C

((stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

(1) ℓ2; · ⊩ v0
By ⊩ on the redex

(2) ℓ3; · ⊩ v1
By ⊩ on the redex

(3) ℓ3; · ⊩ ((v1))ℓ3rev (ℓ0)
By (2) and ⊩ on the redex

(4) ℓ2; · ⊩ dyn (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)
By (3) and ⊩ on the redex

(5) ℓ3; · ⊩ ((stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

By (1) and (4)
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )

ℓ2
▶
C
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

Immediate.
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Case: (stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )
ℓ3
▶
C
(i0)

ℓ3

Immediate.
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )

ℓ2
▶
C
(InvariantErr)ℓ2

Immediate.
□
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Lemma A.7 (N ≲ C).
• If e0 ≲ e2 and e0 →N e1 then ∃ e3, e4 such that e1 →∗N e3 and e2 →

∗

C
e4 and e3 ≲ e4.

• If e0 ≲ e2 and e2 →C e3 then ∃ e1, e4 such that e3 →∗C e4 and e0 →
∗

N
e1 and e1 ≲ e4

Proof. By lemma A.8 and lemma A.9.
□

wfrNC (e0, e1) holds for well-formed residuals of a common term; that is, pairs such that there
exists an e2 where e2 : τ/U wf and e2 →∗N e0 and e2 →∗C e1

Lemma A.8.
If wfrNC (e0, e2) and e0 ≲ e2 and e0 →N e1 then ∃ e3, e4 such that e1 →∗N e3 and e2 →

∗

C
e4 and

e3 ≲ e4.

Proof. By lemma A.10, lemma A.13, and case analysis of ▷N ∪ ▶N .
Case: unop{τ0}v0 ▷N InvariantErr

Impossible, by type soundness
Case: unop{τ0}v0 ▷N δ (unop,v0)
(1) e1 = unop{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) If v1 ∈ ⟨v,v⟩ then δ (unop,v1) is defined and δ (unop,v0) ≲ δ (unop,v1)
(3) Otherwise v1 ∈ G b v and e1 →∗C v2 where δ (unop,v0) ≲ v2
Case: binop{τ0}v0v1 ▷N InvariantErr

Impossible, by type soundness
Case: binop{τ0}v0v1 ▷N δ (binop,v0,v1)
(1) e1 = binop{τ0}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v0,v1) ≲ δ (binop,v2,v3)

By δ
Case: app{τ0}v0 v1 ▷N InvariantErr

Impossible, by type soundness
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷N e0[x0←v0]
(1) e1 = app{τ0}v1 v2 and (λ(x0 : τ1). e4) ≲ v1 and v0 ≲ v2

By ≲ on the redex
(2) v1 = λ(x0 : τ1). e5

By (1)
(3) e4[x0←v0] ≲ e5[x0←v2]
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷N

dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))
(1) e1 = app{τ0}v2 v3 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) v2 = G (ℓ0◀ τ1◀ ℓ1) v4

By (1)
(3) e1 ▷C dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))

By (2)
(4) dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1)) ≲

dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
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Case: dyn (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 ▷N G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0
(1) e1 = dyn (ℓ0◀ τ2◀ ℓ1) v1 and v0 ≲ v1 and τ0⇒τ1 = τ2

By ≲
(2) e1 ▷C G (ℓ0◀ τ2◀ ℓ1) v1

By ▷C
(3) G (ℓ0◀ τ0⇒τ1◀ ℓ1) v0 ≲ G (ℓ0◀ τ2◀ ℓ1) v1

By (1)
Case: dyn (ℓ0◀ τ0◀ ℓ1) ⟨v0,v1⟩ ▷N ⟨dyn (ℓ0◀ fst (τ0)◀ ℓ1) v0, dyn (ℓ0◀ snd (τ0)◀ ℓ1) v1⟩
(1) e1 = dyn (ℓ0◀ τ1×τ2◀ ℓ1) v1 and v0 ≲ v1 and τ0 = τ1×τ2

By ≲
(2) e1 ▷C G (ℓ0◀ τ1×τ2◀ ℓ1) v1

By ▷C
(3) Either e0 →∗N BoundaryErr (b,v)

or e0 →∗N ⟨v2,v3⟩ and ⟨v2,v3⟩ ≲ G (ℓ0◀ τ1×τ2◀ ℓ1) v1
Case: dyn (ℓ0◀ τ0◀ ℓ1) i0 ▷N i0
(1) e1 = dyn (ℓ0◀ τ0◀ ℓ1) i0

By ≲
(2) i0 ≲ i0
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷N BoundaryErr ((ℓ0◀ τ0◀ ℓ1),v0)

Immediate
Case: unop{U}v0 ▶N TagErr
(1) e1 = unop{U}v1 and v0 ≲ v1

By ≲ on the redex
(2) δ (unop,v1) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: unop{U}v0 ▶N δ (unop,v0)
(1) e1 = unop{U}v1 and v0 ≲ v1

By ≲ on the redex
(2) If v1 ∈ ⟨v,v⟩ then δ (unop,v1) is defined

By (1)
(3) Otherwise v1 ∈ G b v and e1 →∗C 2 where δ (unop,v0) ≲ v2
Case: binop{U}v0v1 ▶N TagErr
(1) e1 = binop{U}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop,v2,v3) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: binop{U}v0v1 ▶N δ (binop,v0,v1)
(1) e1 = binop{U}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v0,v1) ≲ δ (binop,v2,v3)

By δ
Case: app{U}v0 v1 ▶N TagErr
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(1) e1 = app{U}v2 v3 and v0 ≲ v2 and v1 ≲ v3
By ≲ on the redex

(2) v2 < λx . e ∪ G b v
By (1)

(3) TagErr ≲ TagErr
Case: app{U} (λx0. e0) v0 ▶N e0[x0←v0]
(1) e1 = app{U}v1 v2 and (λx0. e4) ≲ v1 and v0 ≲ v2

By ≲ on the redex
(2) v1 = (λx0. e5)

By (1)
(3) (e4[x0←v1]) ≲ (e5[x0←v2])
Case: app{U} (G (ℓ0◀ τ0◀ ℓ1) v0) v1 ▶N

stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1))
(1) e1 = app{U}v2 v3 and (G (ℓ0◀ τ0◀ ℓ1) v0) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) v2 = (G (ℓ0◀ τ1◀ ℓ1) v4) and τ0 = τ1

By (1)
(3) e1 ▶C stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))

By (2)
(4) stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1)) ≲

stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
Case: stat (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 ▶N G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0
(1) e1 = stat (ℓ0◀ τ0⇒τ1◀ ℓ1) v1 and v0 ≲ v1

By ≲
(2) e1 ▶C G (ℓ0◀ τ0⇒τ1◀ ℓ1) v1

By ▶C
(3) G (ℓ0◀ τ0⇒τ1◀ ℓ1) v0 ≲ G (ℓ0◀ τ0⇒τ1◀ ℓ1) v1

By (1)
Case: stat (ℓ0◀ τ0◀ ℓ1) ⟨v0,v1⟩ ▶N ⟨stat (ℓ0◀ fst (τ0)◀ ℓ1) v0, stat (ℓ0◀ snd (τ0)◀ ℓ1) v1⟩
(1) e1 = dyn (ℓ0◀ τ1×τ2◀ ℓ1) v1 and v0 ≲ v1 and τ0 = τ1×τ2

By ≲
(2) e1 ▶C G (ℓ0◀ τ1×τ2◀ ℓ1) v1

By ▶C
(3) Either e0 →∗N BoundaryErr (b,v)

or e0 →∗N ⟨v2,v3⟩ and ⟨v2,v3⟩ ≲ G (ℓ0◀ τ1×τ2◀ ℓ1) v1
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶N i0
(1) e1 = stat (ℓ0◀ τ0◀ ℓ1) i0

By ≲
(2) i0 ≲ i0
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶N InvariantErr

Impossible, by type soundness
□
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Lemma A.9.
If wfrNC (e0, e2) and e0 ≲ e2 and e2 →C e3 then ∃ e1, e4 such that e3 →∗C e4 and e0 →

∗

N
e1 and

e1 ≲ e4

Proof. By lemma A.10, lemma A.13, and case analysis of ▷C ∪ ▶C .
Case: unop{τ0}v0 ▷C InvariantErr

Impossible, by type soundness
Case: unop{τ0}v0 ▷C δ (unop,v0)
(1) e0 = unop{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) v1 ∈ ⟨v,v⟩ and δ (unop,v1) is defined

By (1)
(3) δ (unop,v1) ≲ δ (unop,v0)
Case: fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷C dyn (ℓ0◀ fst (τ0)◀ ℓ1) (fst{U}v0)
(1) e0 = fst{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) v1 ∈ ⟨v,v⟩ and δ (unop,v1) is defined

By (1)
(3) dyn b0 (fst{U}v0) →∗C v2

By (2)
(4) δ (fst,v1) ≲ v2
Case: snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷C dyn (ℓ0◀ snd (τ0)◀ ℓ1) (snd{U}v0)
(1) e0 = snd{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) v1 ∈ ⟨v,v⟩ and δ (unop,v1) is defined

By (1)
(3) dyn b0 (snd{U}v0) →∗C v2

By (2)
(4) δ (snd,v1) ≲ v2
Case: binop{τ0}v0v1 ▷C InvariantErr

Impossible, by type soundness
Case: binop{τ0}v0v1 ▷C δ (binop,v0,v1)
(1) e0 = binop{τ0}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v2,v3) ≲ δ (binop,v0,v1)

By δ
Case: app{τ0}v0 v1 ▷C InvariantErr

Impossible, by type soundness
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷C e0[x0←v0]
(1) e0 = app{τ0}v1 v2 and v1 ≲ (λ(x0 : τ1). e4) and v2 ≲ v0

By ≲ on the redex
(2) v1 = λ(x0 : τ1). e5

By (1)
(3) e5[x0←v2] ≲ e4[x0←v0]
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷C

dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: November 2022.



4068

4069

4070

4071

4072

4073

4074

4075

4076

4077

4078

4079

4080

4081

4082

4083

4084

4085

4086

4087

4088

4089

4090

4091

4092

4093

4094

4095

4096

4097

4098

4099

4100

4101

4102

4103

4104

4105

4106

4107

4108

4109

4110

4111

4112

4113

4114

4115

4116

84 Ben Greenman, Christos Dimoulas, and Matthias Felleisen

(1) e0 = app{τ0}v2 v3 and v2 ≲ (G (ℓ0◀ τ1◀ ℓ1) v0) and v3 ≲ v1
By ≲ on the redex

(2) v2 = G (ℓ0◀ τ1◀ ℓ1) v4
By (1)

(3) e0 ▷N dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
By (2)

(4) dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)) ≲
dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C G (ℓ0◀ τ0◀ ℓ1) v0
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲
(2) If τ0 ∈ τ⇒τ then e0 ▷N G (ℓ0◀ τ0◀ ℓ1) v1
(3) If τ0 ∈ τ ×τ then either e0 ▷N BoundaryErr (b,v) or e0 →∗N ⟨v2,v3⟩ where ⟨v2,v3⟩ ≲
G (ℓ0◀ τ0◀ ℓ1) v0

Case: dyn (ℓ0◀ τ0◀ ℓ1) i0 ▷C i0
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) i0

By ≲
(2) i0 ≲ i0
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C BoundaryErr ((ℓ0◀ τ0◀ ℓ1),v0)
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲
(2) e0 ▷N BoundaryErr (b,v1)
Case: unop{U}v0 ▶C TagErr
(1) e0 = unop{U}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop,v1) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: unop{U}v0 ▶C δ (unop,v0)
(1) e0 = unop{U}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop,v1) is defined

By (1)
(3) δ (unop,v1) ≲ δ (unop,v0)
Case: fst{U} (G (ℓ0◀ τ0◀ ℓ1) v0) ▶C stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{τ1}v0)
(1) e0 = fst{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) v1 ∈ ⟨v,v⟩ and δ (unop,v1) is defined

By (1)
(3) stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{U}v0) →∗C v2

By (2)
(4) δ (fst,v1) ≲ v2
Case: snd{U} (G (ℓ0◀ τ0◀ ℓ1) v0 ▶C stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{τ1}v0)
(1) e0 = snd{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) v1 ∈ ⟨v,v⟩ and δ (unop,v1) is defined

By (1)
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(3) stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{U}v0) →∗C v2
By (2)

(4) δ (snd,v1) ≲ v2
Case: binop{U}v0v1 ▶C TagErr
(1) e0 = binop{U}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop,v2,v3) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: binop{U}v0v1 ▶C δ (binop,v0,v1)
(1) e0 = binop{U}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v2,v3) ≲ δ (binop,v0,v1)

By δ
Case: app{U}v0 v1 ▶C TagErr
(1) e0 = app{U}v2 v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) v2 < λx . e ∪ G b v

By (1)
(3) TagErr ≲ TagErr
Case: app{U} (λx0. e0) v0 ▶C e0[x0←v0]
(1) e0 = app{U}v1 v2 and v1 ≲ (λx0. e4) and v2 ≲ v0

By ≲ on the redex
(2) v1 = (λx0. e5)

By (1)
(3) (e5[x0←v2]) ≲ (e4[x0←v1])
Case: app{U} (G (ℓ0◀ τ0◀ ℓ1) v0) v1 ▶C

stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1))
(1) e0 = app{U}v2 v3 and v2 ≲ (G (ℓ0◀ τ0◀ ℓ1) v0) and v3 ≲ v1

By ≲ on the redex
(2) v2 = (G (ℓ0◀ τ1◀ ℓ1) v4) and τ0 = τ1

By (1)
(3) e0 ▶N stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))

By (2)
(4) stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)) ≲

stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1))
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C G (ℓ0◀ τ0◀ ℓ1) v0
(1) e0 = stat (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0 and τ1 = τ0

By ≲
(2) If τ0 ∈ τ⇒τ then e1 ▶N G (ℓ0◀ τ0◀ ℓ1) v1
(3) Otherwise τ0 ∈ τ ×τ and either e0 →∗N BoundaryErr (b,v) or e0 →∗N ⟨v2,v3⟩ where
⟨v2,v3⟩ ≲ G (ℓ0◀ τ0◀ ℓ1) v0
By→∗

N
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶C i0
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(1) e0 = stat (ℓ0◀ τ0◀ ℓ1) i0
By ≲

(2) i0 ≲ i0
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C InvariantErr

Impossible, by type soundness
□

Lemma A.10.
If wfrNC (e0, e1) and e0 ≲ e1 and either e0 →N e2 or e1 →C e3 then the following results hold:
• e0 = E0[e4]
• e1 = E1[e5]
• E0 ≲ E1
• e4 ≲ e5.

Proof. By lemma A.11 and lemma A.12. □

Lemma A.11.
If wfrNC (E0[e0], e1) and E0[e0] ≲ e1 and e0(▷N ∪ ▶N )e2 then the following results hold:
• e1 = E1[e3]
• E0 ≲ E1
• e0 ≲ e3.

Proof. By induction on E0[e0] ≲ e1, proceeding by case analysis of E0[e0]. □

Lemma A.12.
If wfrNC (e0,E1[e1]) and e0 ≲ E1[e1] and e1(▷C ∪ ▶C )e3 then the following results hold:
• e0 = E0[e2]
• E0 ≲ E1
• e2 ≲ e1.

Proof. By induction on e0 ≲ E1[e1], proceeding by case analysis of E1[e1]. □

Lemma A.13.
If E0 ≲ E1 and e2 ≲ e3 then E0[e2] ≲ E1[e3].

Proof. By induction on E0 ≲ E1. □
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A.3 Forgetful
Lemma A.14 (Forgetful type progress). If · ⊢1 E0[e0] : τ/U and F (E0[e0]) then one of the

following holds:

• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷F e1
• τ/U ∈ U and ∃ e1. e0 ▶F e1

Proof. By unique decomposition (lemma 6.1) and case analysis:

Case: · ⊢1 n0 : Nat
Immediate.

Case: · ⊢1 i0 : Int
Immediate.

Case: · ⊢1 λ(x0 : τ0). e1 : τ0⇒τ1
Immediate.

Case: · ⊢1 ⟨v0,v1⟩ : τ0×τ1
Immediate.

Case: · ⊢1 unop{τ0}v0 : τ0
- ▷F dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v1)

if unop = fst and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▷F dyn (ℓ0◀ τ2◀ ℓ1) (snd{U}v1)

if unop = snd and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▷F δ (unop,v0) if defined
- ▷F Err otherwise

Case: · ⊢1 binop{τ0}v0v1 : τ0
- ▷F δ (binop,v0,v1) if defined
- ▷F Err otherwise

Case: · ⊢1 app{τ0}v0 v1 : τ0
- ▷F e1[x0←v1]

if v0 = λ(τ1 : x0). e1
- ▷F dyn (ℓ0◀ τ1◀ ℓ1) (app{U}v2 (stat (ℓ1◀ τ1◀ ℓ0) v1))

if v0 = G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v2
- ▷F Err otherwise

Case: · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) v0 : τ0
- ▷F G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ ∪ τ×τ and shape-match (⌊τ0⌋,v0)
- ▷F v0

if v0 ∈ T?b0 i and τ0 ∈ Int
- ▷F v0

if v0 ∈ T?b0 n and τ0 ∈ Nat
- ▷F Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 : τ0
Immediate.

Case: · ⊢1 G (ℓ0◀ (τ0×τ1)◀ ℓ1) v0 : τ0
Immediate.

Case: · ⊢1 Err : τ0
Immediate.
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Case: · ⊢1 i : U
Immediate.

Case: · ⊢1 λx0. e0 : U
Immediate.

Case: · ⊢1 ⟨v0,v1⟩ : U
Immediate.

Case: · ⊢1 unop{U}v0 : U
- ▶F traceb0 (stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v1))

if unop = fst and v0 = T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1)
- ▶F traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v1))

if unop = snd and v0 = T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1)
- ▶F add-trace (get-trace (v0),δ (unop, rem-trace (v0))) if defined
- ▶F Err otherwise

Case: · ⊢1 binop{U}v0v1 : U
- ▶F δ (binop, rem-trace (v0), rem-trace (v1)) if defined
- ▶F Err otherwise

Case: · ⊢1 app{U}v0 v1 : U
- ▶F traceb0 (e1[x0←(add-trace (rev (b0),v1)])

if v0 = T?b0 (λx0. e1)
- ▶F traceb0 stat (ℓ0◀ τ0◀ ℓ1) (app{τ0}v2 (dyn (ℓ1◀ τ1◀ ℓ0) add-trace (rev (b0),v1)))

if v0 = T?b0 (G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v2)
- ▶F Err otherwise

Case: · ⊢1 stat (ℓ0◀ τ0◀ ℓ1) v0 : U
- ▶F G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ ∪ τ×τ and v0 ∈ (λ(x : τ ). e) ∪ ⟨v,v⟩ and shape-match (⌊τ0⌋,v0)
- ▶F trace (b0b1b0)v1

if τ0 ∈ τ⇒τ ∪ τ×τ and v0 = G b1 (T?b0v1) and shape-match (⌊τ0⌋,v0)
- ▶F v0

if v0 ∈ i and τ0 ∈ Int
- ▶F v0

if v0 ∈ n and τ0 ∈ Nat
- ▶F Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v0 : U
Immediate.

Case: · ⊢1 G (ℓ0◀ (τ1×τ0)◀ ℓ1) v0 : U
Immediate.

Case: · ⊢1 Tb0v0 : U
Immediate.

Case: · ⊢1 traceb0v0 : U
- ▶F add-trace (b0,v0)

Case: · ⊢1 Err : U
Immediate.

□
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Lemma A.15 (Forgetful type preservation).
If · ⊢1 E0[e0] : τ/U and F (E0[e0]) and e0(▷F ∪ ▶F )e1 then · ⊢1 E0[e1] :

τ/U and F (E0[e1]).

Proof. By case analysis of each reduction relation. An interesting case is the ▶F rule that removes
a guard wrapper; the rule preserves soundness because it unwraps an untyped value in an untyped
context.

Case: unop{τ0}v0 ▷F InvariantErr
Immediate.

Case: unop{τ0}v0 ▷F δ (unop,v0)
By lemma 6.2.

Case: fst{τ0} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0) ▷F dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v0)
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 fst{U}v0 : U

By (1)
(3) τ1 ⩽: τ0

By ⊢1 on the redex
(4) · ⊢1 dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v0) : τ0

By (2) and (3)
(5) F (dyn (ℓ0◀ τ1◀ ℓ1) (fst{U}v0))

By similar reasoning
Case: snd{τ0} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0 ▷F dyn (ℓ0◀ τ2◀ ℓ1) (snd{U}v0)
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 snd{U}v0 : U

By (1)
(3) τ2 ⩽: τ0

By ⊢1 on the redex
(4) · ⊢1 dyn (ℓ0◀ τ2◀ ℓ1) (snd{U}v0) : τ0

By (2) and (3)
Case: binop{τ0}v0v1 ▷F InvariantErr

Immediate.
Case: binop{τ0}v0v1 ▷F δ (binop,v0,v1)

Immediate.
Case: app{τ0}v0 v1 ▷F InvariantErr

Immediate.
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷F e0[x0←v0]

By substitution lemmas for typed functions and for F (·).
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷F dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1))
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 v1 : τ1

By ⊢1 on the redex
(3) · ⊢1 stat (ℓ1◀ τ1◀ ℓ0) v1 : U

By (2)
(4) · ⊢1 app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1) : U

By (1) and (3)
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(5) τ2 ⩽: τ0
By ⊢1 on the redex

(6) · ⊢1 dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)) : τ0
By (4) and (5)

(7) F (dyn (ℓ0◀ τ2◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)))
By similar reasoning

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F G (ℓ0◀ τ0◀ ℓ1) v0
Immediate.

Case: dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷F i0
Immediate.

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)
Immediate.

Case: unop{U}v0 ▶F TagErr
Immediate.

Case: unop{U}v0 ▶F add-trace (get-trace (v0),δ (unop,v1))
Immediate.

Case: fst{U} (T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0)) ▶F traceb0 (stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v0))
(1) · ⊢1 v0 : τ1×τ2

By ⊢1 on the redex
(2) · ⊢1 fst{τ1}v0 : τ1

By (1)
(3) · ⊢1 traceb0 (stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v0)) : U

By (2)
Case: snd{U} (T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0)) ▶F traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v0))
(1) · ⊢1 v0 : τ1×τ2

By ⊢1 on the redex
(2) · ⊢1 snd{τ2}v0 : τ2

By (1)
(3) · ⊢1 stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v0) : U

By (2)
Case: binop{U}v0v1 ▶F TagErr

Immediate.
Case: binop{U}v0v1 ▶F δ (binop,v2,v3)

Immediate.
Case: app{U}v0 v1 ▶F TagErr

Immediate.
Case: app{U} (T?b0 (λx0. e0)) v0 ▶F traceb0 (e0[x0←v1])

By substitution lemmas for untyped functions and for F (·).
Case: app{U} (T?b0 (G (ℓ0◀ (τ1⇒τ2)◀ ℓ1) v0)) v1 ▶F

traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v2)))
(1) · ⊢1 v0 : τ1⇒τ2

By ⊢1 on the redex
(2) · ⊢1 v1 : U

By ⊢1 on the redex
(3) · ⊢1 dyn (ℓ1◀ τ1◀ ℓ0) v1 : τ1⇒τ2

By (2)
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(4) · ⊢1 app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1) : τ2
By (1) and (3)

(5) · ⊢1 traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v2))) : U
By (4)

Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F G (ℓ0◀ τ0◀ ℓ1) v0
Immediate.

Case: stat b0 (G b1 (T?b0v0)) ▶F trace (b0b1b0)v0
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 trace (b0b1b0)v0 : U

By (1)
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶F i0

Immediate.
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F InvariantErr

Immediate.
Case: traceb0v0 ▶F add-trace (b0,v0)

Immediate.
□
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Theorem A.16 (Forgetful blame soundness and completeness). Forgetful satisfies BS and
BC.

Proof. By preservation of path-owner consistency (⊩p ) for ▷F and ▶F.

Case: (unop{τ0} ((v0))ℓ0 )
ℓ0
▷
F
(InvariantErr)ℓ0

Immediate.
Case: (unop{τ0} ((v0))ℓ0 )

ℓ0
▷
F
(δ (unop,v0))ℓ0ℓ0

(1) v0 = ⟨v1,v2⟩ and δ (unop,v0) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩p v0
By ⊩p on the redex

(3) ℓ0; · ⊩p v1 and ℓ0; · ⊩p v2
By (2) and (3)

(4) ℓ0; · ⊩p δ (unop,v0)
By (1) and (3)

Case: (fst{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▷
F
(dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩p (v0)ℓ2
By ⊩p on the redex

(2) ℓ1; · ⊩p fst{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩p (dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩p on the redex

Case: (snd{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▷
F
(dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩p (v0)ℓ2
By ⊩p on the redex

(2) ℓ1; · ⊩p snd{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩p (dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩p on the redex

Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0
▷
F
(InvariantErr)ℓ0

Immediate.
Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▷
F
(δ (binop,v0,v1))ℓ0

(1) δ (binop,v0,v1) ∈ i
By definition of δ

(2) ℓ0; · ⊩p δ (binop,v0,v1)
By (1)

Case: (app{τ0} ((v0))ℓ0 v1)
ℓ0
▷
F
(InvariantErr)ℓ0

Immediate.
Case: (app{τ0} ((λ(x0 : τ1). e0))ℓ0 v0)

ℓ0
▷
F
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(1) ℓ0; · ⊩p λ(x0 : τ1). e0
By ⊩p on the redex
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(2) ℓ0; · ⊩p v0
By ⊩p on the redex

(3) ℓ0; · ⊩p ((v0))ℓ0rev (ℓ0)
By (1) and (2)

(4) ℓ0; · ⊩p x0 for each occurrence of x0 in e0
By ⊩p on the redex

(5) ℓ0; · ⊩p ((e0[x0←((v1))ℓ0rev (ℓ0)]))
ℓ0ℓ0

By (3) and (4)

Case: (app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
F

((dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

(1) ℓ2; · ⊩p v0
By ⊩p on the redex

(2) ℓ3; · ⊩p v1
By ⊩p on the redex

(3) ℓ3; · ⊩p ((v1))ℓ3rev (ℓ0)
By (2) and ⊩p on the redex

(4) ℓ2; · ⊩p stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)

By (3) and ⊩p on the redex

(5) ℓ3; · ⊩p ((dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

By (1) and (4)
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )

ℓ2
▷
F
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

Immediate.

Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((T?b0 ((i0))ℓ0 ))
ℓ1
)

ℓ2

▷
F
(i0)

ℓ2

Immediate.
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )

ℓ3
▷
F
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0, ((v0))ℓ2 ))

ℓ3

Immediate.
Case: (unop{U} ((v0))ℓ0 )

ℓ0
▶
F
(TagErr)ℓ0

Immediate.
Case: (unop{U}v0)ℓ0 ▶F
(add-trace (get-trace (v0),δ (unop, rem-trace (v0))))ℓ0

(1) v0 = T?b0 ⟨v1,v2⟩ and δ (unop, rem-trace (v0)) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩p v0 and ℓn ; · ⊩p rem-trace (v0)
By ⊩p on the redex

(3) ℓn ; · ⊩p v1 and ℓn ; · ⊩p v2
By (2)

(4) ℓ0; · ⊩p add-trace (get-trace (v0),δ (unop, rem-trace (v0)))
By (1) and (3)

Case: (fst{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
F

(traceb0 ((stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)ℓ2 ))
ℓ3
)
ℓ4ℓ5
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(1) ℓ5; · ⊩p T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3

By ⊩p on the redex
(2) ℓ0; · ⊩p G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2

By (1)
(3) ℓ1; · ⊩p v0

By (2)
(4) ℓ1; · ⊩p fst{fst (τ0)}v0

By (3)
(5) ℓ0; · ⊩p stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)ℓ2

By (4)
(6) ℓ5; · ⊩p traceb0 ((stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)ℓ2 ))

ℓ3

By (1) and (5)

Case: (snd{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
F

(traceb0 ((stat b0 (snd{snd (τ0)}v0)ℓ2 ))
ℓ3
)
ℓ4ℓ5

(1) ℓ5; · ⊩p T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3

By ⊩p on the redex
(2) ℓ0; · ⊩p G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2

By (1)
(3) ℓ1; · ⊩p v0

By (2)
(4) ℓ1; · ⊩p snd{snd (τ0)}v0

By (3)
(5) ℓ0; · ⊩p stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)ℓ2

By (4)
(6) ℓ5; · ⊩p traceb0 ((stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)ℓ2 ))

ℓ3

By (1) and (5)
Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▶
F
(TagErr)ℓ0

Immediate.
Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▶
F
δ (binop,v2,v3)

Immediate.
Case: (app{U} ((v0))ℓ0 v1)

ℓ0
▶
F
(TagErr)ℓ0

Immediate.

Case: (app{U} ((T?b0 ((λx0. e0))ℓ0 ))
ℓ1
v0)

ℓ2

▶
F

(traceb0 ((e0[x0←add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))]))
ℓ0
)

ℓ1ℓ2

(1) ℓ2; · ⊩p T?b0 ((λx0. e0))ℓ0
By ⊩p on the redex

(2) ℓn ; · ⊩p λx0. e0
By (1)

(3) ℓ2; · ⊩p v0
By ⊩p on the redex
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(4) ℓ2; · ⊩p v0
By ⊩p on the redex

(5) ℓn ; · ⊩p add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))
By (2) and (4)

(6) ℓn ; · ⊩p x0 for each occurrence of x0 in e0
By ⊩p on the redex

(7) ℓ2; · ⊩p traceb0 ((e0[x0←add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))]))
ℓ0

By (5) and (6)

Case: (app{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
v1)

ℓ5

▶
F

((traceb0 ((stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 v2)ℓ2 ))
ℓ3
))
ℓ4ℓ5

where v2 = dyn (ℓ1◀ dom (τ0)◀ ℓ0) add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))

(1) ℓ5; · ⊩p T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3

By ⊩p on the redex
(2) ℓ0; · ⊩p G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 and ℓ1; · ⊩p v0

By (1)
(3) ℓ5; · ⊩p v1

By ⊩p on the redex
(4) ℓ0; · ⊩p add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))

By (1) and (3)
(5) ℓ1; · ⊩p dyn (ℓ1◀ dom (τ0)◀ ℓ0) add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))

By (4)
(6) ℓ5; · ⊩p traceb0 ((stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 v2)ℓ2 ))

ℓ3

where v2 = dyn (ℓ1◀ dom (τ0)◀ ℓ0) add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))
By (1) and (5)

Case: (stat (ℓ0◀ τ0◀ ℓ1) v0)ℓ2 ▶F (G (ℓ0
◀ τ0◀ ℓ1) v0)

ℓ2

Immediate.

Case: (stat b0 ((G b1 ((T?b2v0))
ℓ0
))
ℓ1
)

ℓ2

▶
F
(trace (b0b1b2) ((v0))ℓ0ℓ1ℓ2 )

ℓ2

(1) b0 = (ℓ2◀ τ0◀ ℓ1) and b1 = (ℓ1◀ τ1◀ ℓ0)
By ⊩p on the redex

(2) ℓ1; · ⊩p ((G b1 ((T?b2v0))
ℓ0
))
ℓ1

By ⊩p on the redex and (1)

(3) ℓ0; · ⊩p ((T?b2v0))
ℓ0

By ⊩p on the redex and (1)
(4) ℓ2; · ⊩p trace (b0b1b2) ((v0))ℓ0ℓ1ℓ2

By (2) and (3)
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )

ℓ3
▶
F
(i0)

ℓ3

Immediate.
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )

ℓ3
▶
F
(InvariantErr)ℓ3

Immediate.
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Case: (traceb0v0)
ℓ0
▶
F
(add-trace (b0,v0))

ℓ0

Immediate.
□
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Lemma A.17 (C ≲ F ).
• If e0 ≲ e2 and e0 →C e1 then ∃ e3, e4 such that e1 →∗C e3 and e2 →

∗

F
e4 and e3 ≲ e4.

• If e0 ≲ e2 and e2 →F e3 then ∃ e1, e4 such that e3 →∗F e4 and e0 →
∗

C
e1 and e1 ≲ e4

Proof. By lemma A.18 and lemma A.19.
□

wfrCF (e0, e1) holds for well-formed residuals of a common term; that is, pairs such that there
exists an e2 where e2 : τ/U wf and e2 →∗C e0 and e2 →∗F e1

Lemma A.18.
If wfrCF (e0, e2) and e0 ≲ e2 and e0 →C e1 then ∃ e3, e4 such that e1 →∗C e3 and e2 →∗F e4 and e3 ≲ e4.

Proof. By lemma A.20, lemma A.23, and case analysis of ▷C ∪ ▶C .
Case: unop{τ0}v0 ▷C InvariantErr

Impossible, by type soundness
Case: unop{τ0}v0 ▷C δ (unop,v0)
(1) e1 = unop{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) δ (unop,v1) is defined

By (1)
(3) δ (unop,v0) ≲ δ (unop,v1)
Case: fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷C dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v0)
(1) e1 = fst{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) v1 ∈ G (ℓ0◀ τ1◀ ℓ1) v5
(3) e1 ▷F dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v1)

and dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v5) ≲ dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v1)
Case: snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷C dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v0)
(1) e1 = snd{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) v1 ∈ G (ℓ0◀ τ1◀ ℓ1) v5
(3) e1 ▷F dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v1)

and dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v5) ≲ dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v1)
Case: binop{τ0}v0v1 ▷C InvariantErr

Impossible, by type soundness
Case: binop{τ0}v0v1 ▷C δ (binop,v0,v1)
(1) e1 = binop{τ0}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v0,v1) ≲ δ (binop,v2,v3)

By δ
Case: app{τ0}v0 v1 ▷C InvariantErr

Impossible, by type soundness
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷C e0[x0←v0]
(1) e1 = app{τ0}v1 v2 and (λ(x0 : τ1). e4) ≲ v1 and v0 ≲ v2

By ≲ on the redex
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(2) v1 = λ(x0 : τ1). e5
By (1)

(3) e4[x0←v0] ≲ e5[x0←v2]
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷C

dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))
(1) e1 = app{τ0}v2 v3 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) v2 = G (ℓ0◀ τ1◀ ℓ1) v4
(3) e1 ▷F dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
(4) dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1)) ≲

dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C G (ℓ0◀ τ0◀ ℓ1) v0
(1) e1 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and v0 ≲ v1

By ≲
(2) e1 ▷F G (ℓ0◀ τ0◀ ℓ1) v1

By ▷F
(3) G (ℓ0◀ τ0◀ ℓ1) v0 ≲ G (ℓ0◀ τ0◀ ℓ1) v1
Case: dyn (ℓ0◀ τ0◀ ℓ1) i0 ▷C i0
(1) e1 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and i0 ≲ v1

By ≲
(2) dyn (ℓ0◀ τ0◀ ℓ1) v1 ▷F v1 and i0 ≲ v1
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷C BoundaryErr ((ℓ0◀ τ0◀ ℓ1),v0)

Immediate
Case: unop{U}v0 ▶C TagErr
(1) e1 = unop{U}v1 and v0 ≲ v1

By ≲ on the redex
(2) δ (unop,v1) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: unop{U}v0 ▶C δ (unop,v0)
(1) e1 = unop{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) δ (unop,v1) is defined

By (1)
(3) δ (unop,v0) ≲ δ (unop,v1)
Case: fst{U} (G (ℓ0◀ τ0◀ ℓ1) v0) ▶C stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)
(1) e1 = fst{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) If v1 ∈ Tb0v2 then either stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0) →∗C BoundaryErr (b,v) or

stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0) →∗C v3 and e1 →∗F v4 and v3 ≲ v4
(3) Otherwise v1 ∈ G (ℓ0◀ τ0◀ ℓ1) v5 and e1 ▶F stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v1)

and stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v5) ≲ stat (ℓ0◀ fst (τ1)◀ ℓ1) (fst{fst (τ0)}v1)
Case: snd{U} (G (ℓ0◀ τ0◀ ℓ1) v0 ▶C stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)
(1) e1 = snd{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) If v1 ∈ Tb0v2 then either stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0) →∗C BoundaryErr (b,v)

or stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0) →∗C v3 and e1 →∗F v4 and v3 ≲ v4
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(3) Otherwise v1 ∈ G (ℓ0◀ τ0◀ ℓ1) v5 and e1 ▶F stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v1) and
stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v5) ≲ stat (ℓ0◀ snd (τ1)◀ ℓ1) (snd{snd (τ0)}v1)

Case: binop{U}v0v1 ▶C TagErr
(1) e1 = binop{U}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop, rem-trace (v2), rem-trace (v3)) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: binop{U}v0v1 ▶C δ (binop,v0,v1)
(1) e1 = binop{U}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop, rem-trace (v2), rem-trace (v3)) is defined

By (1)
(3) δ (binop,v0,v1) ≲ δ (binop, rem-trace (v2), rem-trace (v3))

By δ
Case: app{U}v0 v1 ▶C TagErr
(1) e1 = app{U}v2 v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) v2 < λx . e ∪ G b v

By (1)
(3) TagErr ≲ TagErr
Case: app{U} (λx0. e0) v0 ▶C e0[x0←v0]
(1) e1 = app{U}v1 v2 and (λx0. e4) ≲ v1 and v0 ≲ v2

By ≲ on the redex
(2) v1 = (λx0. e5)

By (1)
(3) (e4[x0←v1]) ≲ (e5[x0←v2])
Case: app{U} (G (ℓ0◀ τ0◀ ℓ1) v0) v1 ▶C

stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1))
(1) e1 = app{U}v2 v3 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) If v2 = Tb0v4 then either

stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1)) →∗C BoundaryErr (b,v)
or stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1)) →∗C v5
and e1 →∗F v6 and v5 ≲ v6

(3) Otherwise v2 ∈ G (ℓ0◀ τ0◀ ℓ1) v7
and e1 ▶F stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{U}v7 (stat (ℓ1◀ dom (τ0)◀ ℓ0) v3))
and stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v1)) ≲
stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{U}v7 (stat (ℓ1◀ dom (τ0)◀ ℓ0) v3))

Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C G (ℓ0◀ τ0◀ ℓ1) v0
(1) e1 = stat (ℓ0◀ τ0◀ ℓ1) v1 and v0 ≲ v1

By ≲
(2) If e1 < G b v then e1 ▶F G (ℓ0◀ τ0◀ ℓ1) v1 and G (ℓ0◀ τ0◀ ℓ1) v0 ≲ G (ℓ0◀ τ0◀ ℓ1) v1

By ▶F
(3) Otherwise e1 = G b1 (T?b0v2) and e1 →∗F T b0b1b0v2 and G (ℓ0◀ τ0◀ ℓ1) v0 ≲ T b0b1b0v2
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶C i0
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(1) e1 = stat (ℓ0◀ τ0◀ ℓ1) v1 and i0 ≲ v1
By ≲

(2) stat (ℓ0◀ τ0◀ ℓ1) v1 ▶F v1 and i0 ≲ v1
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶C InvariantErr

Impossible, by type soundness
□
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Lemma A.19.
If wfrCF (e0, e2) and e0 ≲ e2 and e2 →F e3 then ∃ e1, e4 such that e3 →∗F e4 and e0 →

∗

C
e1 and e1 ≲ e4

Proof. By lemma A.20, lemma A.23, and case analysis of ▷F ∪ ▶F .

Case: unop{τ0}v0 ▷F InvariantErr
Impossible, by type soundness

Case: unop{τ0}v0 ▷F δ (unop,v0)
(1) e0 = unop{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop,v1) is defined

By (1)
(3) δ (unop,v1) ≲ δ (unop,v0)
Case: fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷F dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v0)
(1) e0 = fst{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) v1 ∈ G (ℓ0◀ τ1◀ ℓ1) v5
(3) e1 ▷C dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v1)

and dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v5) ≲ dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v1)
Case: snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷F dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v0)
(1) e0 = snd{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) v1 ∈ G (ℓ0◀ τ1◀ ℓ1) v5
(3) e1 ▷C dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v1)

and dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v5) ≲ dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v1)
Case: binop{τ0}v0v1 ▷F InvariantErr

Impossible, by type soundness
Case: binop{τ0}v0v1 ▷F δ (binop,v0,v1)
(1) e0 = binop{τ0}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v2,v3) ≲ δ (binop,v0,v1)

By δ
Case: app{τ0}v0 v1 ▷F InvariantErr

Impossible, by type soundness
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷F e0[x0←v0]
(1) e0 = app{τ0}v1 v2 and v1 ≲ (λ(x0 : τ1). e4) and v2 ≲ v0

By ≲ on the redex
(2) v1 = λ(x0 : τ1). e5

By (1)
(3) e5[x0←v2] ≲ e4[x0←v0]
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷F

dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))
(1) e0 = app{τ0}v2 v3 and v2 ≲ (G (ℓ0◀ τ1◀ ℓ1) v0) and v3 ≲ v1

By ≲ on the redex
(2) v2 ∈ G (ℓ0◀ τ1◀ ℓ1) v4
(3) e0 ▷C dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
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(4) dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)) ≲
dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F G (ℓ0◀ τ0◀ ℓ1) v0
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲
(2) e0 ▷C G (ℓ0◀ τ0◀ ℓ1) v1

By ▷C
(3) G (ℓ0◀ τ0◀ ℓ1) v1 ≲ G (ℓ0◀ τ0◀ ℓ1) v0
Case: dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷F i0
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) i1 and i1 ≲ i0

By ≲
(2) dyn (ℓ0◀ τ0◀ ℓ1) i1 ▷C i1 and i1 ≲ i0
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲
(2) dyn (ℓ0◀ τ0◀ ℓ1) v1 ▷C BoundaryErr (b,v)
Case: unop{U}v0 ▶F TagErr
(1) e0 = unop{U}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop,v1) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: unop{U}v0 ▶F add-trace (get-trace (v0),δ (unop,v1))
(1) e0 = unop{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop,v1) is defined

By (1)
(3) δ (unop,v1) ≲ δ (unop,v0)
Case: fst{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶F traceb0 (stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0))
(1) e0 = fst{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) If b0 is not empty then either fst{τ0}v1 →∗C BoundaryErr (b,v) or fst{τ0}v1 →∗C v3 and

e1 →
∗

F
v4 (unfolding guards and collecting traces) and v3 ≲ v4

(3) Otherwise b0 is empty and fst{τ0}v1 ▶C stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v1)
and e0 ▶F stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)
and stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v1) ≲ stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)

Case: snd{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶F traceb0 (stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{τ1}v0))
(1) e0 = snd{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) If b0 is not empty then either snd{τ0}v1 →∗C BoundaryErr (b,v) or snd{τ0}v1 →∗C v3 and

e1 →
∗

F
v4 (unfolding guards and collecting traces) and v3 ≲ v4

(3) Otherwise b0 is empty and snd{τ0}v1 ▶C stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v1)
and e0 ▶F stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)
and stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v1) ≲ stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)

Case: binop{U}v0v1 ▶F TagErr
(1) e0 = binop{U}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
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(2) δ (binop, rem-trace (v2), rem-trace (v3)) is undefined
By (1)

(3) TagErr ≲ TagErr
Case: binop{U}v0v1 ▶F δ (binop,v2,v3)
(1) e0 = binop{U}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop, rem-trace (v2), rem-trace (v3)) is defined

By (1)
(3) δ (binop, rem-trace (v2), rem-trace (v3)) ≲ δ (binop,v0,v1)

By δ
Case: app{U}v0 v1 ▶F TagErr
(1) e0 = app{U}v2 v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) v2 < λx . e ∪ G b v

By (1)
(3) TagErr ≲ TagErr
Case: app{U} (T?b0 (λx0. e0)) v0 ▶F traceb0 (e0[x0←v1])

(1) e1 = app{U}v1 v2 and v1 ≲ (λx0. e4) and v2 ≲ v0 and b0 is empty
By ≲ on the redex

(2) v1 = (λx0. e5)
By (1)

(3) (e5[x0←v2]) ≲ (e4[x0←v1])
Case: app{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) v1 ▶F traceb0 (stat b0 (app{τ1}v0 (dyn b1 v1)))
(1) e0 = app{U}v2 v3 and v2 ≲ (G (ℓ0◀ τ1◀ ℓ1) v0) and v3 ≲ v1

By ≲ on the redex
(2) If b0 is not empty then either app{U}v2 v3 →∗C BoundaryErr (b,v)

or app{U}v2 v3 →∗C v5
and e1 →∗F v6 (unfolding guards and collecting traces) and v5 ≲ v6

(3) Otherwise b0 is empty
and e1 ▶F stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{U}v7 (stat (ℓ1◀ dom (τ0)◀ ℓ0) v1))
and e0 ▶C stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{U}v8 (stat (ℓ1◀ dom (τ0)◀ ℓ0) v3))
and stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{U}v8 (stat (ℓ1◀ dom (τ0)◀ ℓ0) v3)) ≲
stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{U}v7 (stat (ℓ1◀ dom (τ0)◀ ℓ0) v1))

Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F G (ℓ0◀ τ0◀ ℓ1) v0
(1) e0 = stat (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲
(2) e1 ▶C G (ℓ0◀ τ0◀ ℓ1) v0
(3) G (ℓ0◀ τ0◀ ℓ1) v0 ≲ G (ℓ0◀ τ0◀ ℓ1) v0
Case: stat b0 (G b1 (T?b0v0)) ▶F trace (b0b1b0)v0
(1) e0 = stat (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ G b1 (T?b0v0)

By ≲
(2) v1 = G b1 v2 and v2 ≲ T?b0v0

By (1)
(3) e0 ▶C G b0 (G b1 v2)

By (2)
(4) e1 ▶F T (b0b1b0)v0

By ▶F
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(5) G b0 (G b1 v2) ≲ T (b0b1b0)v0
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶F i0
(1) e0 = stat (ℓ0◀ τ0◀ ℓ1) i1 and i1 ≲ i0

By ≲
(2) stat (ℓ0◀ τ0◀ ℓ1) i1 ▶F i1 and i1 ≲ i0
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F InvariantErr

Impossible, by type soundness
Case: traceb0v0 ▶F add-trace (b0,v0)
(1) e0 = stat b0 (dyn b1 v1) and b0 = b0b1b0

By ≲
(2) add-trace (b0,v0) = Tb0v0

By (1)
(3) Either e0 →∗C BoundaryErr (b,v) or e0 →∗C v2 and v2 ≲ Tb0v0

□

Lemma A.20.
If wfrCF (e0, e1) and e0 ≲ e1 and either e0 →C e2 or e1 →F e3 then the following results hold:
• e0 = E0[e4]
• e1 = E1[e5]
• E0 ≲ E1
• e4 ≲ e5.

Proof. By lemma A.21 and lemma A.22. □

Lemma A.21.
If wfrCF (E0[e0], e1) and E0[e0] ≲ e1 and e0(▷C ∪ ▶C )e2 then the following results hold:
• e1 = E1[e3]
• E0 ≲ E1
• e0 ≲ e3.

Proof. By induction on E0[e0] ≲ e1, proceeding by case analysis of E0[e0]. □

Lemma A.22.
If wfrCF (e0,E1[e1]) and e0 ≲ E1[e1] and e1(▷F ∪ ▶F )e3 then the following results hold:
• e0 = E0[e2]
• E0 ≲ E1
• e2 ≲ e1.

Proof. By induction on e0 ≲ E1[e1], proceeding by case analysis of E1[e1]. □

Lemma A.23.
If E0 ≲ E1 and e2 ≲ e3 then E0[e2] ≲ E1[e3].

Proof. By induction on E0 ≲ E1. □
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A.4 Transient
Lemma A.24 (Transient type progress).

If T0; · ⊢s E0[e0];H0;B0 : s ∪U then one of the following holds:

• e0 ∈ v ∪ Err
• ∃ e1,H1,B1. e0;H0;B0 ▶▷T e1;H1;B1

Proof. By unique decomposition (lemma 6.1) and case analysis:
Case: T0; · ⊢s i0;H0;B0 : Int

Immediate.
Case: T0; · ⊢s n0;H0;B0 : Nat

Immediate.
Case: T0; · ⊢s (λx0. e0);H0;B0 : Fun
▶▷T p0; ({p0 7→ (λx0. e0)} ∪H0); ({p0 7→ ∅} ∪ B0)

Case: T0; · ⊢s (λ(x0 : τ0). e0);H0;B0 : Fun
▶▷T p0; ({p0 7→ (λ(x0 : τ0). e0)} ∪H0); ({p0 7→ ∅} ∪ B0)

Case: T0; · ⊢s ⟨v0,v1⟩;H0;B0 : Pair
▶▷T p0; ({p0 7→ ⟨v0,v1⟩} ∪H0); ({p0 7→ ∅} ∪ B0)

Case: T0; · ⊢s (app{τ0}v0 v1);H0;B0 : ⌊τ0⌋
- ▶▷T (check{τ0} (e0[x0←v1])v0;H0;B0[v1 ∪ rev (B0(v0))]

if H0(v0) = λ(x0 : τ1). e0 and shape-match (⌊τ1⌋,v1)
- ▶▷T (check{τ0} (e0[x0←v1])v0);H0;B0[v1 ∪ rev (B0(v0))]

if H0(v0) = λx0. e0
- ▶▷T Err otherwise

Case: T0; · ⊢s (unop{τ0}v0);H0;B0 : ⌊τ0⌋
- ▶▷T check{τ0} δ (unop,H0(v0))v0;H0;B0 if defined
- ▶▷T Err otherwise

Case: T0; · ⊢s (binop{τ0}v0v1);H0;B0 : ⌊τ0⌋
- ▶▷T δ (binop,v0,v1);H0;B0 if defined
- ▶▷T Err otherwise

Case: T0; · ⊢s (dyn (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 : ⌊τ0⌋
- ▶▷T v0;H0;B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}]

if shape-match (⌊τ0⌋,H0(v0))
- ▶▷T Err otherwise

Case: T0; · ⊢s (check{τ0}v0 p0);H0;B0 : ⌊τ0⌋
- ▶▷T v0;H0;B0[v0 ∪ B0(p0)]

if shape-match (⌊τ0⌋,v0)
- ▶▷T Err otherwise

Case: T0; · ⊢s p0;H0;B0 : s0
Immediate.

Case: T0; · ⊢s Err;H0;B0 : s0
Immediate.

Case: T0; · ⊢s i0;H0;B0 : U
Immediate.

Case: T0; · ⊢s n0;H0;B0 : U
Immediate.

Case: T0; · ⊢s (λx0. e0);H0;B0 : U
▶▷T p0; ({p0 7→ (λx0. e0)} ∪H0); ({p0 7→ ∅} ∪ B0)
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Case: T0; · ⊢s (λ(x0 : τ0). e0);H0;B0 : U
▶▷T p0; ({p0 7→ (λ(x0 : τ0). e0)} ∪H0); ({p0 7→ ∅} ∪ B0)

Case: T0; · ⊢s ⟨v0,v1⟩;H0;B0 : U
▶▷T p0; ({p0 7→ ⟨v0,v1⟩} ∪H0); ({p0 7→ ∅} ∪ B0)

Case: T0; · ⊢s (app{U}v0 v1);H0;B0 : U
- ▶▷T (check{U} (e0[x0←v1])v0;H0;B0[v1 ∪ rev (B0(v0))]

if H0(v0) = λ(x0 : τ1). e0 and shape-match (⌊τ1⌋,v1)
- ▶▷T (e0[x0←v1]);H0;B0

if H0(v0) = λx0. e0
- ▶▷T Err otherwise

Case: T0; · ⊢s (unop{U}v0);H0;B0 : U
- ▶▷T check{U} δ (unop,H0(v0))v0;H0;B0 if defined
- ▶▷T Err otherwise

Case: T0; · ⊢s (binop{U}v0v1);H0;B0 : U
- ▶▷T δ (binop,v0,v1);H0;B0 if defined
- ▶▷T Err otherwise

Case: T0; · ⊢s (stat (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 : U
- ▶▷T v0;H0;B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}]

if shape-match (⌊τ0⌋,H0(v0))
- ▶▷T Err otherwise

Case: T0; · ⊢s (check{U}v0 p0);H0;B0 : U
▶▷T v0;H0;B0

Case: T0; · ⊢s p0;H0;B0 : U
Immediate.

Case: T0; · ⊢s Err;H0;B0 : U
Immediate.

□
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Lemma A.25 (Transient type preservation).
If T0; · ⊢s e0;H0;B0 : τ/U and e0;H0;B0 ▶▷T e1;H1;B1 then ∃ T1. T0 ⊆ T1 and T1; · ⊢s e1;H1;B1 : τ/U.

Proof. By case analysis of the reduction relation. The new heap typing T1 gains an entry only
when the value heap does; if H1 = {p0 7→ w0} ∪H0 then T1 = {(p0 : s0)} ∪T0, where s0 is the shape
of the pre-value (lemma 6.47).

Case: w0;H0;B0 ▶▷T p0; ({p0 7→ w0} ∪H0); ({p0 7→ ∅} ∪ B0)

(1) T0; · ⊢s w0;H0;B0 : s0
By ⊢s on the redex

(2) T1 = (p0 : s0), T0
(3) T1; · ⊢s p0; ({p0 7→ w0} ∪H0); ({p0 7→ ∅} ∪ B0) : s0

By (1) and (2)
Case: (unop{τ0}v0);H0;B0 ▶▷T InvariantErr;H0;B0

Impossible for a well-typed redex
Case: (unop{U}v0);H0;B0 ▶▷T TagErr;H0;B0

T1 = T0
Case: (unop{τ/U} p0);H0;B0 ▶▷T (check{

τ/U} δ (unop,H0(p0)) p0);H0;B0
(1) T1 = T0
(2) T1; · ⊢s δ (unop,H0(p0));H0;B0 : s1

By a variant of lemma 6.2 for ⊢s.
(3) T1; · ⊢s (check{τ/U} δ (unop,H0(p0)) p0);H0;B0 : τ/U

By (2)
Case: (binop{τ0}v0v1);H0;B0 ▶▷T InvariantErr;H0;B0

Impossible for a well-typed redex
Case: (binop{U}v0v1);H0;B0 ▶▷T TagErr;H0;B0

T1 = T0
Case: (binop{τ/U} i0 i1);H0;B0 ▶▷T δ (binop, i0, i1);H0;B0
(1) T1 = T0
(2) T1; · ⊢s δ (binop, i0, i1);H0;B0 : τ/U

By lemma 6.2 (restated for tags rather than types)
Case: (app{τ0}v0 v1);H0;B0 ▶▷T InvariantErr;H0;B0

Impossible for a well-typed redex
Case: (app{U}v0 v1);H0;B0 ▶▷T TagErr;H0;B0

T1 = T0
Case: (app{τ/U} p0 v0);H0;B0 ▶▷T (check{

τ/U} e0[x0←v0] p0);H0;B1
(1) T1 = T0
(2) T0; · ⊢s e0[x0←v0];H0;B0 : s1

By a substitution lemma for ⊢s
(3) T1; · ⊢s e0[x0←v0];H0;B1 : s1

By a store extension lemma and (2)
(4) T1; · ⊢s (check{τ/U} e0[x0←v0] p0);H0;B1 : ⌊τ/U⌋

By (3)
Case: (app{τ/U} p0 v0);H0;B0 ▶▷T BoundaryErr (rev (B0(p0)),v0);H0;B1

T1 = T0
Case: (app{τ0} p0 v0);H0;B0 ▶▷T (check{τ0} e0[x0←v0] p0);H0;B1
(1) T1 = T0
(2) T0; · ⊢s e0[x0←v0];H0;B0 : U

By a substitution lemma for ⊢s
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(3) T1; · ⊢s e0[x0←v0];H0;B1 : U
By a store extension lemma and (2)

(4) T1; · ⊢s (check{τ0} e0[x0←v0] p0);H0;B1 : ⌊τ/U⌋
By (3)

Case: (app{U} p0 v0);H0;B0 ▶▷T (e0[x0←v0]);H0;B0
(1) T1 = T0
(2) T1; · ⊢s e0[x0←v0];H0;B0 : U

By a substitution lemma for ⊢s
Case: (dyn (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T v0;H0; (B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}])
(1) T1 = T0
(2) T1; · ⊢s v0;H0; (B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}]) : ⌊τ0⌋

By a lemma for shape-match (⌊τ0⌋, ·) and ⊢s
Case: (dyn (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T BoundaryErr ({(ℓ0◀ τ0◀ ℓ1)},v0);H0;B0

T1 = T0
Case: (stat (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T v0;H0; (B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}])
(1) T1 = T0
(2) T1; · ⊢s v0;H0; (B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}]) : ⌊τ0⌋

By a lemma for shape-match (⌊τ0⌋, ·) and ⊢s
Case: (stat (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T InvariantErr;H0;B0

Impossible for a well-typed redex
Case: (check{U}v0 p0);H0;B0 ▶▷T v0;H0;B0

T1 = T0
Case: (check{τ0}v0 p0);H0;B0 ▶▷T v0;H0; (B0[v0 ∪ B0(p0)])
(1) T1 = T0
(2) T1; · ⊢s v0;H0; (B0[v0 ∪ {(ℓ0◀ τ0◀ ℓ1)}]) : ⌊τ0⌋

By a lemma for shape-match (⌊τ0⌋, ·) and ⊢s
Case: (check{τ0}v0 p0);H0;B0 ▶▷T BoundaryErr (B0(v0) ∪ B0(p0),v0);H0;B0

T1 = T0

□
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A.5 Amnesic
Lemma A.26 (Amnesic type progress). If · ⊢1 E0[e0] : τ/U and A(E0[e0]) then one of the following

holds:

• e0 ∈ v ∪ Err
• τ/U ∈ τ and ∃ e1. e0 ▷A e1
• τ/U ∈ U and ∃ e1. e0 ▶A e1

Proof. By unique decomposition (lemma 6.1) and case analysis:

Case: · ⊢1 n0 : Nat
Immediate.

Case: · ⊢1 i0 : Int
Immediate.

Case: · ⊢1 λ(x0 : τ0). e1 : τ0⇒τ1
Immediate.

Case: · ⊢1 ⟨v0,v1⟩ : τ0×τ1
Immediate.

Case: · ⊢1 unop{τ0}v0 : τ0
- ▷A dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v1)

if unop = fst and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▷A dyn (ℓ0◀ τ0◀ ℓ1) (snd{U}v1)

if unop = snd and v0 = G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1
- ▷A δ (unop,v0) if defined
- ▷A Err otherwise

Case: · ⊢1 binop{τ0}v0v1 : τ0
- ▷A δ (binop,v0,v1) if defined
- ▷A Err otherwise

Case: · ⊢1 app{τ0}v0 v1 : τ0
- ▷A e1[x0←v1]

if v0 = λ(τ1 : x0). e1
- ▷A dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v2 (stat (ℓ1◀ τ1◀ ℓ0) v1))

if v0 = G (ℓ0◀ (τ1⇒τ2)◀ ℓ1) v2
- ▷A Err otherwise

Case: · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) v0 : τ0
- ▷A G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ ∪ τ×τ and shape-match (⌊τ0⌋,v0)
- ▷A v0

if v0 ∈ T?b0 i and τ0 ∈ Int
- ▷A v0

if v0 ∈ T?b0 n and τ0 ∈ Nat
- ▷A Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ0⇒τ1)◀ ℓ1) v0 : τ0
Immediate.

Case: · ⊢1 G (ℓ0◀ (τ0×τ1)◀ ℓ1) v0 : τ0
Immediate.

Case: · ⊢1 Err : τ0
Immediate.
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Case: · ⊢1 i : U
Immediate.

Case: · ⊢1 λx0. e0 : U
Immediate.

Case: · ⊢1 ⟨v0,v1⟩ : U
Immediate.

Case: · ⊢1 unop{U}v0 : U
- ▶A traceb0 (stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v1))

if unop = fst and v0 = T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1)
- ▶A traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v1))

if unop = snd and v0 = T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v1)
- ▶A add-trace (get-trace (v0),δ (unop, rem-trace (v0))) if defined
- ▶A Err otherwise

Case: · ⊢1 binop{U}v0v1 : U
- ▶A δ (binop, rem-trace (v0), rem-trace (v1)) if defined
- ▶A Err otherwise

Case: · ⊢1 app{U}v0 v1 : U
- ▶A traceb0 (e1[x0←(add-trace (rev (b0),v1)])

if v0 = T?b0 (λx0. e1)
- ▶A traceb0 stat (ℓ0◀ τ0◀ ℓ1) (app{τ0}v2 (dyn (ℓ1◀ τ1◀ ℓ0) add-trace (rev (b0),v1)))

if v0 = T?b0 (G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v2)
- ▶A Err otherwise

Case: · ⊢1 stat (ℓ0◀ τ0◀ ℓ1) v0 : U
- ▶A G (ℓ0◀ τ0◀ ℓ1) v0

if τ0 ∈ τ⇒τ ∪ τ×τ and v0 ∈ (λ(x : τ ). e) ∪ ⟨v,v⟩ and shape-match (⌊τ0⌋,v0)
- ▶A trace (b0b1b0)v1

if τ0 ∈ τ⇒τ ∪ τ×τ and v0 = G b1 (T?b0v1) and shape-match (⌊τ0⌋,v0)
- ▶A v0

if v0 ∈ i and τ0 ∈ Int
- ▶A v0

if v0 ∈ n and τ0 ∈ Nat
- ▶A Err otherwise

Case: · ⊢1 G (ℓ0◀ (τ1⇒τ0)◀ ℓ1) v0 : U
Immediate.

Case: · ⊢1 G (ℓ0◀ (τ1×τ0)◀ ℓ1) v0 : U
Immediate.

Case: · ⊢1 Tb0v0 : U
Immediate.

Case: · ⊢1 traceb0v0 : U
- ▶A add-trace (b0,v0)

Case: · ⊢1 Err : U
Immediate.

□
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Lemma A.27 (Amnesic type preservation).
If · ⊢1 E0[e0] : τ/U and A(E0[e0]) and e0(▷A ∪ ▶A )e1 then · ⊢1 E0[e1] :

τ/U and A(E0[e1]).

Proof. By case analysis of each reduction relation.

Case: unop{τ0}v0 ▷A InvariantErr
Immediate.

Case: unop{τ0}v0 ▷A δ (unop,v0)
By lemma 6.2.

Case: fst{τ0} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0) ▷A dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v0)
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 fst{U}v0 : U

By (1)
(3) · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v0) : τ0

By (2)
(4) A(dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v0))

By similar reasoning
Case: snd{τ0} (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0 ▷A dyn (ℓ0◀ (τ0×τ2)◀ ℓ1) (snd{U}v0)
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 snd{U}v0 : U

By (1)
(3) · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) (snd{U}v0) : τ0

By (2)
Case: binop{τ0}v0v1 ▷A InvariantErr

Immediate.
Case: binop{τ0}v0v1 ▷A δ (binop,v0,v1)

Immediate.
Case: app{τ0}v0 v1 ▷A InvariantErr

Immediate.
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷A e0[x0←v0]

By substitution lemmas for typed functions and for A(·).
Case: app{τ0} (G (ℓ0◀ (τ1⇒τ2)◀ ℓ1) v0) v1 ▷A dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ0◀ τ1◀ ℓ1) v1))
(1) · ⊢1 v0 : U

By ⊢1 on the redex
(2) · ⊢1 v1 : τ1

By ⊢1 on the redex
(3) · ⊢1 stat (ℓ1◀ τ1◀ ℓ0) v1 : U

By (2)
(4) · ⊢1 app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1) : U

By (1) and (3)
(5) · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)) : τ0

By (4)
(6) A(dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ τ1◀ ℓ0) v1)))

By similar reasoning
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A G (ℓ0◀ τ0◀ ℓ1) v0

Immediate.
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Case: dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷A i0
Immediate.

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)
Immediate.

Case: unop{U}v0 ▶A TagErr
Immediate.

Case: unop{U}v0 ▶A add-trace (get-trace (v0),δ (unop,v1))
Immediate.

Case: fst{U} (T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0)) ▶A traceb0 (stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v0))
(1) · ⊢1 v0 : τ1×τ2

By ⊢1 on the redex
(2) · ⊢1 fst{τ1}v0 : τ1

By (1)
(3) · ⊢1 traceb0 (stat (ℓ0◀ τ1◀ ℓ1) (fst{τ1}v0)) : U

By (2)
Case: snd{U} (T?b0 (G (ℓ0◀ (τ1×τ2)◀ ℓ1) v0)) ▶A traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v0))
(1) · ⊢1 v0 : τ1×τ2

By ⊢1 on the redex
(2) · ⊢1 snd{τ2}v0 : τ2

By (1)
(3) · ⊢1 stat (ℓ0◀ τ2◀ ℓ1) (snd{τ2}v0) : U

By (2)
Case: binop{U}v0v1 ▶A TagErr

Immediate.
Case: binop{U}v0v1 ▶A δ (binop,v2,v3)

Immediate.
Case: app{U}v0 v1 ▶A TagErr

Immediate.
Case: app{U} (T?b0 (λx0. e0)) v0 ▶A traceb0 (e0[x0←v1])

By substitution lemmas for untyped functions and for A(·).
Case: app{U} (T?b0 (G (ℓ0◀ (τ1⇒τ2)◀ ℓ1) v0)) v1 ▶A

traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ0◀ τ1◀ ℓ1) v2)))
(1) · ⊢1 v0 : τ1⇒τ2

By ⊢1 on the redex
(2) · ⊢1 v1 : U

By ⊢1 on the redex
(3) · ⊢1 dyn (ℓ1◀ τ1◀ ℓ0) v1 : τ1⇒τ2

By (2)
(4) · ⊢1 app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v1) : τ2

By (1) and (3)
(5) · ⊢1 traceb0 (stat (ℓ0◀ τ2◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ τ1◀ ℓ0) v2))) : U

By (4)
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A G (ℓ0◀ τ0◀ ℓ1) v0

Immediate.
Case: stat b0 (G b1 (T?b0v0)) ▶A trace (b0b1b0)v0
(1) · ⊢1 v0 : U

By ⊢1 on the redex
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(2) · ⊢1 trace (b0b1b0)v0 : U
By (1)

Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶A i0
Immediate.

Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A InvariantErr
Immediate.

Case: traceb0v0 ▶A v1
Immediate.

□
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Theorem A.28 (Amnesic blame soundness and completeness). Amnesic satisfies BS and BC

Proof. By preservation of path-owner consistency (⊩p ) for ▷A and ▶
A
.

Case: (unop{τ0} ((v0))ℓ0 )
ℓ0
▷
A
(InvariantErr)ℓ0

Immediate.
Case: (unop{τ0} ((v0))ℓ0 )

ℓ0
▷
A
(δ (unop,v0))ℓ0ℓ0

(1) v0 = ⟨v1,v2⟩ and δ (unop,v0) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩p v0
By ⊩p on the redex

(3) ℓ0; · ⊩p v1 and ℓ0; · ⊩p v2
By (2) and (3)

(4) ℓ0; · ⊩p δ (unop,v0)
By (1) and (3)

Case: (fst{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▷
A
(dyn (ℓ0◀ τ0◀ ℓ1) (fst{U} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩p (v0)ℓ2
By ⊩p on the redex

(2) ℓ1; · ⊩p fst{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩p (dyn (ℓ0◀ τ0◀ ℓ1) (fst{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩p on the redex

Case: (snd{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
)
ℓ3
▷
A
(dyn (ℓ0◀ τ0◀ ℓ1) (snd{U} (v0)ℓ2 ))

ℓ0ℓ3

(1) ℓ1; · ⊩p (v0)ℓ2
By ⊩p on the redex

(2) ℓ1; · ⊩p snd{U} (v0)ℓ2
By (1)

(3) ℓ3; · ⊩p (dyn (ℓ0◀ τ0◀ ℓ1) (snd{U} (v0)ℓ2 ))
ℓ0ℓ3

By (1) and ⊩p on the redex

Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )
ℓ0
▷
A
(InvariantErr)ℓ0

Immediate.
Case: (binop{τ0} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▷
A
(δ (binop,v0,v1))ℓ0

(1) δ (binop,v0,v1) ∈ i
By definition of δ

(2) ℓ0; · ⊩p δ (binop,v0,v1)
By (1)

Case: (app{τ0} ((v0))ℓ0 v1)
ℓ0
▷
A
(InvariantErr)ℓ0

Immediate.
Case: (app{τ0} ((λ(x0 : τ1). e0))ℓ0 v0)

ℓ0
▷
A
((e0[x0←((v0))

ℓ0rev (ℓ0)]))
ℓ0ℓ0

(1) ℓ0; · ⊩p λ(x0 : τ1). e0
By ⊩p on the redex

(2) ℓ0; · ⊩p v0
By ⊩p on the redex
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(3) ℓ0; · ⊩p ((v0))ℓ0rev (ℓ0)
By (1) and (2)

(4) ℓ0; · ⊩p x0 for each occurrence of x0 in e0
By ⊩p on the redex

(5) ℓ0; · ⊩p ((e0[x0←((v1))ℓ0rev (ℓ0)]))
ℓ0ℓ0

By (3) and (4)

Case: (app{τ0} ((G (ℓ0◀ τ1◀ ℓ1) (v0)ℓ2 ))
ℓ0
v1)

ℓ3
▷
A

((dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

(1) ℓ2; · ⊩p v0
By ⊩p on the redex

(2) ℓ3; · ⊩p v1
By ⊩p on the redex

(3) ℓ3; · ⊩p ((v1))ℓ3rev (ℓ0)
By (2) and ⊩p on the redex

(4) ℓ2; · ⊩p stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)

By (3) and ⊩p on the redex

(5) ℓ3; · ⊩p ((dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) ((v1))ℓ3rev (ℓ0)))
ℓ2
))
ℓ0ℓ3

By (1) and (4)
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ0 )

ℓ2
▷
A
(G (ℓ0◀ τ0◀ ℓ1) ((v0))

ℓ0 )
ℓ2

Immediate.

Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((T?b0 ((i0))ℓ0 ))
ℓ1
)

ℓ2

▷
A
(i0)

ℓ2

Immediate.
Case: (dyn (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )

ℓ3
▷
A
(BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0, ((v0))ℓ2 ))

ℓ3

Immediate.
Case: (unop{U} ((v0))ℓ0 )

ℓ0
▶
A
(TagErr)ℓ0

Immediate.
Case: (unop{U}v0)ℓ0 ▶A (add-trace (get-trace (v0),δ (unop,v1)))

ℓ0

(1) v0 = T?b0 ⟨v1,v2⟩ and δ (unop, rem-trace (v0)) ∈ {v1,v2}
By definition

(2) ℓ0; · ⊩p v0 and ℓn ; · ⊩p rem-trace (v0)
By ⊩p on the redex

(3) ℓn ; · ⊩p v1 and ℓn ; · ⊩p v2
By (2)

(4) ℓ0; · ⊩p add-trace (get-trace (v0),δ (unop, rem-trace (v0)))
By (1) and (3)

Case: (fst{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
A

(traceb0 ((stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)ℓ2 ))
ℓ3
)
ℓ4ℓ5

(1) ℓ5; · ⊩p T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3

By ⊩p on the redex
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(2) ℓ0; · ⊩p G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2
By (1)

(3) ℓ1; · ⊩p v0
By (2)

(4) ℓ1; · ⊩p fst{fst (τ0)}v0
By (3)

(5) ℓ0; · ⊩p stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)ℓ2

By (4)
(6) ℓ5; · ⊩p traceb0 ((stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)ℓ2 ))

ℓ3

By (1) and (5)

Case: (snd{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
)

ℓ5

▶
A

(traceb0 ((stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)ℓ2 ))
ℓ3
)
ℓ4ℓ5

(1) ℓ5; · ⊩p T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3

By ⊩p on the redex
(2) ℓ0; · ⊩p G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2

By (1)
(3) ℓ1; · ⊩p v0

By (2)
(4) ℓ1; · ⊩p snd{snd (τ0)}v0

By (3)
(5) ℓ0; · ⊩p stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)ℓ2

By (4)
(6) ℓ5; · ⊩p traceb0 ((stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)ℓ2 ))

ℓ3

By (1) and (5)
Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▶
A
(TagErr)ℓ0

Immediate.
Case: (binop{U} ((v0))ℓ0 ((v1))ℓ1 )

ℓ0
▶
A
δ (binop,v2,v3)

Immediate.
Case: (app{U} ((v0))ℓ0 v1)

ℓ0
▶
A
(TagErr)ℓ0

Immediate.

Case: (app{U} ((T?b0 ((λx0. e0))ℓ0 ))
ℓ1
v0)

ℓ2

▶
A

(traceb0 ((e0[x0←add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))]))
ℓ0
)

ℓ1ℓ2

(1) ℓ2; · ⊩p T?b0 ((λx0. e0))ℓ0
By ⊩p on the redex

(2) ℓn ; · ⊩p λx0. e0
By (1)

(3) ℓ2; · ⊩p v0
By ⊩p on the redex

(4) ℓ2; · ⊩p v0
By ⊩p on the redex

(5) ℓn ; · ⊩p add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))
By (2) and (4)
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(6) ℓn ; · ⊩p x0 for each occurrence of x0 in e0
By ⊩p on the redex

(7) ℓ2; · ⊩p traceb0 ((e0[x0←add-trace (rev (b0), ((v0))ℓ2rev (ℓ1)rev (ℓ0))]))
ℓ0

By (5) and (6)

Case: (app{U} ((T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3
))
ℓ4
v1)

ℓ5

▶
A

((traceb0 ((stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v2))ℓ2 ))
ℓ3
))
ℓ4ℓ5

where v2 = add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))

(1) ℓ5; · ⊩p T?b0 ((G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 ))
ℓ3

By ⊩p on the redex
(2) ℓ0; · ⊩p G (ℓ0◀ τ0◀ ℓ1) (v0)ℓ2 and ℓ1; · ⊩p v0

By (1)
(3) ℓ5; · ⊩p v1

By ⊩p on the redex
(4) ℓ0; · ⊩p add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))

By (1) and (3)
(5) ℓ1; · ⊩p dyn (ℓ1◀ dom (τ0)◀ ℓ0) add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))

By (4)
(6) ℓ5; · ⊩p traceb0 ((stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 v2)ℓ2 ))

ℓ3

where v2 = dyn (ℓ1◀ dom (τ0)◀ ℓ0) add-trace (rev (b0), ((v1))ℓ5rev (ℓ3ℓ4))
By (1) and (5)

Case: (stat (ℓ0◀ τ0◀ ℓ1) v0)ℓ2 ▶A (G (ℓ0
◀ τ0◀ ℓ1) v0)

ℓ2

Immediate.

Case: (stat b0 ((G b1 ((T?b2v0))
ℓ0
))
ℓ1
)

ℓ2

▶
A
(trace (b0b1b2) ((v0))ℓ0ℓ1ℓ2 )

ℓ2

(1) b0 = (ℓ2◀ τ0◀ ℓ1) and b1 = (ℓ1◀ τ1◀ ℓ0)
By ⊩p on the redex

(2) ℓ1; · ⊩p ((G b1 ((T?b2v0))
ℓ0
))
ℓ1

By ⊩p on the redex and (1)

(3) ℓ0; · ⊩p ((T?b2v0))
ℓ0

By ⊩p on the redex and (1)
(4) ℓ2; · ⊩p trace (b0b1b2) ((v0))ℓ0ℓ1ℓ2

By (2) and (3)
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((i0))ℓ2 )

ℓ3
▶
A
(i0)

ℓ3

Immediate.
Case: (stat (ℓ0◀ τ0◀ ℓ1) ((v0))ℓ2 )

ℓ3
▶
A
(InvariantErr)ℓ3

Immediate.
Case: (traceb0v0)

ℓ0
▶
A
(add-trace (b0,v0))

ℓ0

Immediate.
□
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Lemma A.29 (A ≂ T ). If e0 ≂ e1;H0;B0 then:

• if e0 →A e2 then e2 →∗A e3 and e1;H0;B0 →
∗

T
e4;H1;B1 and e3 ≂ e4;H1;B1

• if e1;H0;B0 →T e3;H1;B1 then e0 →∗A e2 and e2 ≂ e3;H1;B1

Proof. By lemma A.30 and lemma A.31.
□

wfrAT (e0, e1) holds for well-formed residuals of a common term; that is, pairs such that there
exists an e2 where e2 : τ/U wf and e2 →∗A e0 and e2; ·; · →∗T e1;H1;B1

Lemma A.30. If wfrAT (e0, e1) and e0 ≂ e1;H0;B0 and e0 →A e2 then e2 →∗A e3 and e1;H0;B0 →
∗

T
e4;H1;B1 and e3 ≂ e4;H1;B1

Proof. By lemma A.32, lemma A.35, and case analysis of ▷A ∪ ▶A .
Case: unop{τ0}v0 ▷A InvariantErr

Impossible, by type soundness
Case: unop{τ0}v0 ▷A δ (unop,v0)
(1) e1 = unop{τ0} e5 and v0 ≲ e5

By ≲ on the redex
(2) If e5 is a pre-value, it gets allocated. If not, e5 must be a value. Either way e1;H0;B0 →

∗

T
unop{τ0}v1;H1;B1 and v0 ≲ v1

(3) δ (unop,v1) is defined
By (2)

(4) δ (unop,v0) ≂ δ (unop,v1);H1;B1
By δ

Case: fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷A dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v0)
(1) e1 = fst{τ0} e5 and v0 ≲ e5

By ≲ on the redex
(2) If e5 is a pre-value, it gets allocated. If not, e5 must be a value. Either way e1;H0;B0 →

∗

T
fst{τ0}v1;H1;B1 and v0 ≲ v1

(3) fst{τ0}v1;H1;B1 →
∗

T
check{τ0} δ (fst,v1)v1;H1;B1

By→∗
T

(4) If v0 = ⟨v2,v3⟩ then e0 →
∗

A
dyn (ℓ0◀ τ0◀ ℓ1) v2

and dyn (ℓ0◀ τ0◀ ℓ1) v2 ≂ check{τ0} δ (fst,v1)v1;H1;B1
By (3)

(5) Otherwise v0 = G b1 ⟨v2,v3⟩ and e0 →∗A dyn (ℓ0◀ τ0◀ ℓ1) (stat b1 v2)
and dyn (ℓ0◀ τ0◀ ℓ1) (stat b1 v2) ≂ check{τ0} δ (fst,v1)v1;H1;B1

Case: snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷A dyn (ℓ0◀ τ0◀ ℓ1) (snd{U}v0)
(1) e1 = snd{τ0} e5 and v0 ≲ e5

By ≲ on the redex
(2) If e5 is a pre-value, it gets allocated. If not, e5 must be a value. Either way e1;H0;B0 →

∗

T
snd{τ0}v1;H1;B1 and v0 ≲ v1

(3) snd{τ0}v1;H1;B1 →
∗

T
check{τ0} δ (snd,v1)v1;H1;B1

By→∗
T

(4) If v0 = ⟨v2,v3⟩ then e0 →
∗

A
dyn (ℓ0◀ τ0◀ ℓ1) v2

and dyn (ℓ0◀ τ0◀ ℓ1) v2 ≂ check{τ0} δ (snd,v1)v1;H1;B1
By (3)
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(5) Otherwise v0 = G b1 ⟨v2,v3⟩ and e0 →∗A dyn (ℓ0◀ τ0◀ ℓ1) (stat b1 v2)
and dyn (ℓ0◀ τ0◀ ℓ1) (stat b1 v2) ≂ check{τ0} δ (snd,v1)v1;H1;B1

Case: binop{τ0}v0v1 ▷A InvariantErr
Impossible, by type soundness

Case: binop{τ0}v0v1 ▷A δ (binop,v0,v1)
(1) e1 = binop{τ0} e5 e6 and v0 ≲ e5 and v1 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
binop{τ0}v2v3;H1;B1 and v0 ≲ v2 and v1 ≲ v3

(3) δ (binop,v2,v3) is defined
By (2)

(4) δ (binop,v0,v1) ≂ δ (binop,v2,v3);H1;B1
By δ

Case: app{τ0}v0 v1 ▷A InvariantErr
Impossible, by type soundness

Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷A check{τ0} e0[x0←v0] •
(1) e1 = app{τ0} e5 e6 and (λ(x0 : τ1). e4) ≲ e5 and v0 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
app{τ0}v2 v3;H1;B1 and (λ(x0 : τ1). e4) ≲ v2 and v0 ≲ v3

(3) e1;H1;B1 →
∗

T
check{τ0} e7[x0←3]v2;H2;B2

By (2)
(4) check{τ0} e0[x0←v0] • ≂ check{τ0} e7[x0←3]v2;H2;B2

By (3) and a substitution lemma
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷A

dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))
(1) e1 = app{τ0} e5 e6 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ e5 and v1 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
app{τ0}v2 v3;H1;B1 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ v2 and v1 ≲ v3

(3) stat (ℓ1◀ dom (τ1)◀ ℓ0) v1 →∗A v4
By v1 ≲ v3

(4) dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 v4) ≂ app{τ0}v2 v3;H1;B1
By (3)

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A G (ℓ0◀ τ0◀ ℓ1) v0
(1) If e1;H0;B0 →

∗

T
dyn (ℓ0◀ τ0◀ ℓ1) v1;H1;B1 then v0 ≲ v1 and e1;H0;B0 →

∗

T
v1;H2;B2 and

G (ℓ0◀ τ0◀ ℓ1) v0 ≲ v1;H2;B2
(2) Otherwise e1;H0;B0 →

∗

T
check{τ0}v1 p0;H1;B1 and v0 ≂ v1;H1;B1

(3) check{τ0}v1 p0;H1;B1 →
∗

T
v1;H2;B2

By (2)
(4) G (ℓ0◀ τ0◀ ℓ1) v0 ≂ v1;H2;B2
Case: dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷A i0
(1) If e1;H0;B0 →

∗

T
dyn (ℓ0◀ τ0◀ ℓ1) v1;H1;B1 then i0 ≲ v1 and e1;H0;B0 →

∗

T
v1;H2;B2 and

i0 ≲ v1;H2;B2
(2) Otherwise e1;H0;B0 →

∗

T
check{τ0}v1 p0;H1;B1 and i0 ≂ v1;H1;B1
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(3) check{τ0}v1 p0;H1;B1 →
∗

T
v1;H2;B2

By (2)
(4) i0 ≂ v1;H2;B2
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)
(1) If e1;H0;B0 →

∗

T
dyn (ℓ0◀ τ0◀ ℓ1) v1;H1;B1 then v0 ≲ v1

and e1;H0;B0 →
∗

T
BoundaryErr (b,v);H2;B2

and BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0) ≲ BoundaryErr (b,v);H2;B2
(2) Otherwise e1;H0;B0 →

∗

T
check{τ0}v1 p0;H1;B1 and v0 ≂ v1;H1;B1 and e1;H0;B0 →

∗

T
BoundaryErr (b,v);H2;B2 andBoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0) ≲ BoundaryErr (b,v);H2;B2

Case: unop{U}v0 ▶A TagErr
(1) e1 = unop{U} e5 and v0 ≲ e5

By ≲ on the redex
(2) If e5 is a pre-value, it gets allocated. If not, e5 must be a value. Either way e1;H0;B0 →

∗

T
unop{U}v1;H1;B1 and v0 ≲ v1

(3) δ (unop,v1) is undefined
By v0 ≲ v1

(4) TagErr ≂ TagErr;H1;B1
Case: unop{U}v0 ▶A add-trace (get-trace (v0),δ (unop,v1))
(1) e1 = unop{U} e5 and v0 ≲ e5

By ≲ on the redex
(2) If e5 is a pre-value, it gets allocated. If not, e5 must be a value. Either way e1;H0;B0 →

∗

T
unop{U}v1;H1;B1 and v0 ≲ v1

(3) δ (unop,v1) is undefined
By v0 ≲ v1

(4) add-trace (get-trace (v0),δ (unop, rem-trace (v0))) ≂ δ (unop,v1);H1;B1
Case: fst{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{τ1}v0))
(1) e1 = fst{τ0} e5 and v0 ≲ e5

By ≲ on the redex
(2) If e5 is a pre-value, it gets allocated. If not, e5 must be a value. Either way e1;H0;B0 →

∗

T
fst{U}v1;H1;B1 and v0 ≲ v1

(3) fst{U}v1;H1;B1 →
∗

T
check{τ0} δ (fst,v1)v1;H1;B1

By→∗
T

(4) If v0 = ⟨v2,v3⟩ then e0 →
∗

A
stat (ℓ0◀ τ0◀ ℓ1) v2

and traceb0 (stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{τ1}v0)) ≂ check{τ0} δ (fst,v1)v1;H1;B1
By (3)

(5) Otherwise v0 = G b1 ⟨v2,v3⟩ and e0 →∗A traceb0 (stat (ℓ0◀ τ0◀ ℓ1) (dyn b1 v2))

and traceb0 (stat (ℓ0◀ τ0◀ ℓ1) (dyn b1 v2)) ≂ check{τ0} δ (fst,v1)v1;H1;B1
Case: snd{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{τ1}v0))
(1) e1 = snd{τ0} e5 and v0 ≲ e5

By ≲ on the redex
(2) If e5 is a pre-value, it gets allocated. If not, e5 must be a value. Either way e1;H0;B0 →

∗

T
snd{U}v1;H1;B1 and v0 ≲ v1

(3) snd{U}v1;H1;B1 →
∗

T
check{τ0} δ (snd,v1)v1;H1;B1

By→∗
T
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(4) If v0 = ⟨v2,v3⟩ then e0 →
∗

A
stat (ℓ0◀ τ0◀ ℓ1) v2

and traceb0 (stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{τ1}v0)) ≂ check{τ0} δ (snd,v1)v1;H1;B1
By (3)

(5) Otherwise v0 = G b1 ⟨v2,v3⟩ and e0 →∗A traceb0 (stat (ℓ0◀ τ0◀ ℓ1) (dyn b1 v2))

and traceb0 (stat (ℓ0◀ τ0◀ ℓ1) (dyn b1 v2)) ≂ check{τ0} δ (snd,v1)v1;H1;B1
Case: binop{U}v0v1 ▶A TagErr
(1) e1 = binop{τ0} e5 e6 and v0 ≲ e5 and v1 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
binop{τ0}v2v3;H1;B1 and v0 ≲ v2 and v1 ≲ v3

(3) δ (binop,v2,v3) is undefined
By (2)

(4) TagErr ≂ TagErr;H1;B1
By δ

Case: binop{U}v0v1 ▶A δ (binop,v2,v3)
(1) e1 = binop{τ0} e5 e6 and v0 ≲ e5 and v1 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
binop{τ0}v2v3;H1;B1 and v0 ≲ v2 and v1 ≲ v3

(3) δ (binop,v2,v3) is defined
By (2)

(4) δ (binop, rem-trace (v0), rem-trace (v1)) ≂ δ (binop,v2,v3);H1;B1
By δ

Case: app{U}v0 v1 ▶A TagErr
(1) e1 = app{τ0} e5 e6 and v0 ≲ e5 and v1 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
app{τ0}v2 v3;H1;B1 and v0 ≲ v2 and v1 ≲ v3

(3) v2 is not a function
By (2)

(4) TagErr ≂ TagErr;H1;B1
Case: app{U} (T?b0 (λx0. e0)) v0 ▶A check{U} traceb0 (e0[x0←v1]) •
(1) e1 = app{U} e5 e6 and (λ(x0 : τ1). e4) ≲ e5 and v0 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
app{U}v2 v3;H1;B1 and (λ(x0 : τ1). e4) ≲ v2 and v0 ≲ v3

(3) e1;H1;B1 →
∗

T
check{τ0} e7[x0←3]v2;H2;B2

By (2)
(4) check{U} traceb0 (e0[x0←v1]) • ≂ check{τ0} e7[x0←3]v2;H2;B2

By (3) and a substitution lemma
Case: app{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) v1 ▶A

traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v2)))
(1) e1 = app{τ0} e5 e6 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ e5 and v1 ≲ e6

By ≲ on the redex
(2) If e5 a pre-value, it gets allocated. If not, e5 must be a value. Similarly for e6. Either way

e1;H0;B0 →
∗

T
app{τ0}v2 v3;H1;B1 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ v2 and v1 ≲ v3
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(3) Either dyn (ℓ1◀ dom (τ1)◀ ℓ0) v1 →∗A BoundaryErr (b,v) or dyn (ℓ1◀ dom (τ1)◀ ℓ0) v1 →∗A v4

and traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v2)))
≂ app{τ0}v2 v3;H1;B1
By v1 ≲ v3

Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A G (ℓ0◀ τ0◀ ℓ1) v0
(1) If e1;H0;B0 →

∗

T
stat (ℓ0◀ τ0◀ ℓ1) v1;H1;B1 then v0 ≲ v1 and e1;H0;B0 →

∗

T
v1;H2;B2 and

G (ℓ0◀ τ0◀ ℓ1) v0 ≲ v1;H2;B2
(2) Otherwise e1;H0;B0 →

∗

T
check{τ0}v1 p0;H1;B1 and v0 ≂ v1;H1;B1

(3) check{τ0}v1 p0;H1;B1 →
∗

T
v1;H2;B2

By (2)
(4) G (ℓ0◀ τ0◀ ℓ1) v0 ≂ v1;H2;B2
Case: stat b0 (G b1 (T?b0v0)) ▶A trace (b0b1b0)v0
(1) If e1;H0;B0 →

∗

T
stat (ℓ0◀ τ0◀ ℓ1) v1;H1;B1 then v0 ≲ v1 and e1;H0;B0 →

∗

T
v1;H2;B2 and

trace (b0b1b0)v0 ≲ v1;H2;B2
(2) Otherwise e1;H0;B0 →

∗

T
check{τ0}v1 p0;H1;B1 and v0 ≂ v1;H1;B1

(3) check{τ0}v1 p0;H1;B1 →
∗

T
v1;H2;B2

By (2)
(4) trace (b0b1b0)v0 ≂ v1;H2;B2
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶A i0
(1) If e1;H0;B0 →

∗

T
stat (ℓ0◀ τ0◀ ℓ1) v1;H1;B1 then i0 ≲ v1 and e1;H0;B0 →

∗

T
v1;H2;B2 and

i0 ≲ v1;H2;B2
(2) Otherwise e1;H0;B0 →

∗

T
check{τ0}v1 p0;H1;B1 and i0 ≂ v1;H1;B1

(3) check{τ0}v1 p0;H1;B1 →
∗

T
v1;H2;B2

By (2)
(4) i0 ≂ v1;H2;B2
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A InvariantErr

Impossible, by type soundness
Case: traceb0v0 ▶A v1

Immediate
□
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LemmaA.31. If wfrAT (e0, e1) and e0 ≂ e1;H0;B0 then: and e1;H0;B0 →T e3;H1;B1 then e0 →∗A e2
and e2 ≂ e3;H1;B1

Proof. By lemma A.32, lemma A.35, and case analysis of ▶▷T .

Case: w0;H0;B0 ▶▷T p0;H1;B1
Immediate

Case: (unop{τ0}v0);H0;B0 ▶▷T InvariantErr;H0;B0
Impossible, by type soundness

Case: (unop{U}v0);H0;B0 ▶▷T TagErr;H0;B0
(1) e0 = unop{U}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop, rem-trace (v1)) is undefined

By (1)
(3) TagErr ≂ TagErr;H0;B0

By δ
Case: (unop{τ/U} p0);H0;B0 ▶▷T (check{

τ/U} δ (unop,H0(p0)) p0);H0;B0
(1) e0 = unop{τ/U}v1 and v1 ≲ p0

By ≲ on the redex
(2) If v1 is a pair then δ (unop, rem-trace (v1)) is defined

and check{τ/U} add-trace (get-trace (v1),δ (unop,v1)) • ≂
; (check{τ/U} δ (unop,H0(p0)) p0);H0B0
By (1)

(3) If v1 is a guarded pair G b v2, then e0 unfolds to one boundary (dyn or stat) for example
dyn (ℓ0◀ τ0◀ ℓ1) δ (unop,v2) ≂ check{τ0} δ (unop, p0) p0;H1;B1
By δ

(4) Otherwise v1 is a pair with two wrappers G b (G b v2) and e0 unfolds to two boundaries,
for example dyn (ℓ0◀ τ0◀ ℓ1) (stat b1 v2) ≂ check{τ0} δ (unop, p0) p0;H1;B1
By δ

Case: (binop{τ0}v0v1);H0;B0 ▶▷T InvariantErr;H0;B0
Impossible, by type soundness

Case: (binop{U}v0v1);H0;B0 ▶▷T TagErr;H0;B0
(1) e0 = binop{U}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop, rem-trace (v2), rem-trace (v3)) is undefined

By (1)
(3) TagErr ≂ TagErr;H0;B0

By δ
Case: (binop{τ/U} i0 i1);H0;B0 ▶▷T δ (binop, i0, i1);H0;B0
(1) e0 = binop{τ/U}v2v3 and v2 ≲ i0 and v3 ≲ i1

By ≲ on the redex
(2) δ (binop, rem-trace (v2), rem-trace (v3)) is defined

By (1)
(3) δ (binop,v2,v3) ≂ δ (binop,H0(p0),H0(p1);H0;B0

By δ
Case: (app{τ0}v0 v1);H0;B0 ▶▷T InvariantErr;H0;B0

Impossible, by type soundness
Case: (app{U}v0 v1);H0;B0 ▶▷T TagErr;H0;B0
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(1) e0 = app{U}v2 v3 and v2 ≲ v0 and v3 ≲ v1
By ≲ on the redex

(2) v2 is not a function
By (1)

(3) TagErr ≂ TagErr;H0;B0
Case: (app{τ/U} p0 v0);H0;B0 ▶▷T (check{

τ/U} e0[x0←v0] p0);H0;B1
(1) e0 = app{τ/U}v2 v3 and v2 ≲ p0 and v3 ≲ v0

By ≲ on the redex
(2) If v2 is a function, then e0 →

∗

A
check{τ/U} e1[x0←v3] •

and check{τ/U} e1[x0←v3] • ≂ (check{τ/U} e0[x0←v0] p0);H0;B1
By (1)

(3) Otherwise v2 ∈ G b v4 and unfolds to a dyn/stat boundary,
for example, e0 →∗A dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
and the argument reduces to a value, for example, stat (ℓ1◀ dom (τ1)◀ ℓ0) v3 →∗A v5

Case: (app{τ/U} p0 v0);H0;B0 ▶▷T BoundaryErr (rev (B0(p0)),v0);H0;B1
(1) e0 = app{τ/U}v2 v3 and v2 ≲ p0 and v3 ≲ v0

By ≲ on the redex
(2) v2 must be a guarded, typed function

By (1)
(3) e0 →∗A BoundaryErr (b,v)

By type soundness
(4) BoundaryErr (b,v) ≂ BoundaryErr (b,v);H0;B1
Case: (app{τ0} p0 v0);H0;B0 ▶▷T (check{τ0} e0[x0←v0] p0);H0;B1
(1) e0 = app{τ0}v2 v3 and v2 ≲ p0 and v3 ≲ v0

By ≲ on the redex
(2) If v2 is a function, then e0 →

∗

A
check{τ0} e1[x0←v3] •

and check{τ0} e1[x0←v3] • ≂ (check{τ0} e0[x0←v0] p0);H0;B1
By (1)

(3) Otherwise v2 ∈ G b v4 and unfolds to a dyn/stat boundary,
for example, e0 →∗A dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)) and the argu-
ment reduces to a value,
for example, stat (ℓ1◀ dom (τ1)◀ ℓ0) v3 →∗A v5

Case: (app{U} p0 v0);H0;B0 ▶▷T (e0[x0←v0]);H0;B0
(1) e0 = app{U}v2 v3 and v2 ≲ p0 and v3 ≲ v0

By ≲ on the redex
(2) If v2 is a function, then e0 →

∗

A
check{τ0} e1[x0←v3] •

and check{τ0} e1[x0←v3] • ≂ (check{τ0} e0[x0←v0] p0);H0;B1
By (1)

(3) Otherwise v2 ∈ G b v4 and e0 unfolds to
a stat boundary e0 →

∗

A
stat (ℓ0◀ τ0◀ ℓ1) (app{τ }v4 (dyn (ℓ1◀ τ ◀ ℓ0) v3)) and the argument

reduces to a value stat (ℓ1◀ τ ◀ ℓ0) v3 →∗A v5
and stat (ℓ0◀ τ0◀ ℓ1) (app{τ }v4 v5) ≂ (e0[x0←v0]);H0;B0

Case: (dyn (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T v0;H0;B1
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲ on the redex
(2) If v1 ∈ i then e0 →

∗

A
v1 and v1 ≂ v0;H0;B1
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(3) Otherwise e0 →∗A G (ℓ0◀ τ0◀ ℓ1) v1 and G (ℓ0◀ τ0◀ ℓ1) v1 ≂ v0;H0;B1

Case: (dyn (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T BoundaryErr ({(ℓ0◀ τ0◀ ℓ1)},v0);H0;B0
(1) e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲ on the redex
(2) e0 →∗A BoundaryErr (b,v)

By (1)
(3) BoundaryErr (b,v) ≂ BoundaryErr ({(ℓ0◀ τ0◀ ℓ1)},v0);H0;B0
Case: (stat (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T v0;H0;B1
(1) e0 = stat (ℓ0◀ τ0◀ ℓ1) v1 and v1 ≲ v0

By ≲ on the redex
(2) If v1 ∈ i then e0 →

∗

A
v1 and v1 ≂ v0;H0;B1

(3) If v1 has no guard wrappers, then e0 →
∗

A
G (ℓ0◀ τ0◀ ℓ1) v1 and G (ℓ0◀ τ0◀ ℓ1) v1 ≂ v0;H0;B1

(4) Otherwise v1 = G b v2 and e0 →∗A Tbv2 and Tbv2 ≂ v0;H0;B1

Case: (stat (ℓ0◀ τ0◀ ℓ1) v0);H0;B0 ▶▷T InvariantErr;H0;B0
Impossible, by type soundness

Case: (check{U}v0 p0);H0;B0 ▶▷T v0;H0;B0
(1) If e0 = stat (ℓ0◀ τ0◀ ℓ1) v1 then e0 →

∗

A
v2 and v2 ≂ v0;H0;B0

(2) Otherwise e0 = check{U}v1 • and e0 →∗A v1 and v1 ≂ v0;H0;B0

Case: (check{τ0}v0 p0);H0;B0 ▶▷T v0;H0;B1
(1) If e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 then v1 ≲ v0 and e0 →∗A v2 and v2 ≂ v0;H0;B1

Same as the dyn case
(2) Otherwise e0 = check{τ0}v1 • and e0 →∗A v1 and v1 ≂ v0;H0;B1

Case: (check{τ0}v0 p0);H0;B0 ▶▷T BoundaryErr (B0(v0) ∪ B0(p0),v0);H0;B0

(1) If e0 = dyn (ℓ0◀ τ0◀ ℓ1) v1 then v1 ≲ v0 and e0 →∗A BoundaryErr (b,v)

and BoundaryErr (b,v) ≂ BoundaryErr (B0(v0) ∪ B0(p0),v0);H0;B1
Same as the dyn case

(2) Otherwise e0 = check{τ0}v1 •, but this is impossible by type soundness.
□

Lemma A.32.
If wfrAT (e0, e1) and e0 ≲ e1 and either e0 →A e2 or e1;H0;B0 →T e3;H2;B2 then the following results
hold:
• e0 = E0[e4]
• e1 = E1[e5]
• E0 ≲ E1
• e4 ≲ e5.

Proof. By lemma A.33 and lemma A.34. □

Lemma A.33.
If wfrAT (E0[e0], e1) and E0[e0] ≲ e1 and e0(▷A ∪ ▶A )e2 then the following results hold:
• e1 = E1[e3]
• E0 ≲ E1
• e0 ≲ e1.

Proof. By induction on E0[e0] ≲ e1, proceeding by case analysis of E0[e0]. □
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Lemma A.34.
If wfrAT (e0,E1[e1]) and e0 ≲ E1[e1] and e1;H1;B1 ▶▷T e3;H3;B3 then the following results hold:
• e0 = E0[e2]
• E0 ≲ E1
• e1 ≲ e2.

Proof. By induction on e0 ≲ E1[e1], proceeding by case analysis of E1[e1]. □

Lemma A.35.
If E0 ≲ E1 and e2 ≲ e3 then E0[e2] ≲ E1[e3].

Proof. By induction on E0 ≲ E1. □
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Lemma A.36 (F ≲ A). F ≲ A

Proof. By lemma A.37 and lemma A.38, the relation e ≲ e is a lock-step bisimulation. □

wfrFT (e0, e1) holds for well-formed residuals of a common term; that is, pairs such that there
exists an e2 where e2 : τ/U wf and e2 →∗F e0 and e2 →

∗

A
e1

Lemma A.37. If wfrFT (e0, e1) and e0 ≲ e1 and e0 →F e2 then e1 →A e3

Proof. By lemma A.39, lemma A.42, and case analysis of ▷F ∪ ▶F .
Case: unop{τ0}v0 ▷F InvariantErr

Impossible, by type soundness
Case: unop{τ0}v0 ▷F δ (unop,v0)
(1) e1 = unop{τ0}v1 and v0 ≲ v1

By ≲ on the redex
(2) δ (unop,v1) is defined

By (1)
(3) δ (unop,v0) ≲ δ (unop,v1)

By δ
Case: fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷F dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v0)
(1) e1 = unop{τ0} (G (ℓ0◀ τ2◀ ℓ1) v1) and v0 ≲ v1 and τ1 ⩽: τ2

By ≲ on the redex
(2) e1 ▷A dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v1)

By (1)
(3) dyn (ℓ0◀ fst (τ1)◀ ℓ1) (fst{U}v0) ≲ dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v1)

By fst (τ1) ⩽: τ0
Case: snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷F dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v0)
(1) e1 = unop{τ0} (G (ℓ0◀ τ2◀ ℓ1) v1) and v0 ≲ v1 and τ1 ⩽: τ2

By ≲ on the redex
(2) e1 ▷A dyn (ℓ0◀ τ0◀ ℓ1) (snd{U}v1)

By (1)
(3) dyn (ℓ0◀ snd (τ1)◀ ℓ1) (snd{U}v0) ≲ dyn (ℓ0◀ τ0◀ ℓ1) (snd{U}v1)

By snd (τ1) ⩽: τ0
Case: binop{τ0}v0v1 ▷F InvariantErr

Impossible, by type soundness
Case: binop{τ0}v0v1 ▷F δ (binop,v0,v1)
(1) e1 = binop{τ0}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v0,v1) ≲ δ (binop,v2,v3)

By δ
Case: app{τ0}v0 v1 ▷F InvariantErr

Impossible, by type soundness
Case: app{τ0} (λ(x0 : τ1). e4) v0 ▷F e4[x0←v0]
(1) e1 = app{τ0}v1 v2 and (λ(x0 : τ1). e4) ≲ v1 and v0 ≲ v2

By ≲ on the redex
(2) v1 = λ(x0 : τ1). e5

By (1)
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(3) e4[x0←v0] ≲ e5[x0←v2]
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷F

dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))
(1) e1 = app{τ0}v2 v3 and (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) v2 = G (ℓ0◀ τ2◀ ℓ1) v4 and τ1 ⩽: τ2

By (1)
(3) e1 ▷A dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))

By (2)
(4) dyn (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1)) ≲

dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
By cod (τ1) ⩽: τ0

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F G (ℓ0◀ τ0◀ ℓ1) v0
(1) e1 = dyn (ℓ0◀ τ1◀ ℓ1) v1 and v0 ≲ v1 and τ0 ⩽: τ1

By ≲
(2) e1 ▷A G (ℓ0◀ τ1◀ ℓ1) v1

By ▷A
(3) G (ℓ0◀ τ0◀ ℓ1) v0 ≲ G (ℓ0◀ τ1◀ ℓ1) v1

By (1)
Case: dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷F i0
(1) e1 = dyn (ℓ0◀ τ1◀ ℓ1) i1 and i0 ≲ i1 and τ0 ⩽: τ1

By ≲
(2) e1 ▷A i1

By ▷A and τ0 ⩽: τ1
(3) i0 ≲ i1

By (1)
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷F BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)

Immediate, by BoundaryErr (b,v) ≲ e
Case: unop{U}v0 ▶F TagErr
(1) e1 = unop{U}v1 and v0 ≲ v1

By ≲ on the redex
(2) δ (unop,v1) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: unop{U}v0 ▶F add-trace (get-trace (v0),δ (unop, rem-trace (v0)))
(1) e1 = unop{U}v1 and v0 ≲ v1

By ≲ on the redex
(2) δ (unop, rem-trace (v1)) is defined

By (1)
(3) δ (unop, rem-trace (v0)) ≲ δ (unop, rem-trace (v1))

By δ
Case: fst{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶F traceb0 (stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0))
(1) e1 = unop{U} (T?b0 (G (ℓ0◀ τ1◀ ℓ1) v1)) and v0 ≲ v1 and τ0 ⩽: τ1

By ≲ on the redex
(2) e1 ▶A traceb0 (stat (ℓ0◀ fst (τ1)◀ ℓ1) (fst{fst (τ1)}v1))

By (1)
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(3) traceb0 (stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{fst (τ0)}v0)) ≲
traceb0 (stat (ℓ0◀ fst (τ1)◀ ℓ1) (fst{fst (τ1)}v1))
By fst (τ0) ⩽: fst (τ1)

Case: snd{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶F traceb0 (stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0))
(1) e1 = unop{U} (T?b0 (G (ℓ0◀ τ1◀ ℓ1) v1)) and v0 ≲ v1 and τ0 ⩽: τ1

By ≲ on the redex
(2) e1 ▶A traceb0 (stat (ℓ0◀ snd (τ1)◀ ℓ1) (snd{snd (τ1)}v1))

By (1)
(3) traceb0 (stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{snd (τ0)}v0)) ≲

traceb0 (stat (ℓ0◀ snd (τ1)◀ ℓ1) (snd{snd (τ1)}v1))
By snd (τ0) ⩽: snd (τ1)

Case: binop{U}v0v1 ▶F TagErr
(1) e1 = binop{U}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop,v2,v3) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: binop{U}v0v1 ▶F δ (binop, rem-trace (v0), rem-trace (v1))
(1) e1 = binop{U}v2v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) δ (binop, rem-trace (v2), rem-trace (v3)) is defined

By (1)
(3) δ (binop, rem-trace (v0), rem-trace (v1)) ≲ δ (binop, rem-trace (v2), rem-trace (v3))

By δ
Case: app{U}v0 v1 ▶F TagErr
(1) e1 = app{U}v2 v3 and v0 ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) rem-trace (v2) < λx . e ∪ G b v

By (1)
(3) TagErr ≲ TagErr
Case: app{U} (T?b0 (λx0. e4)) v0 ▶F traceb0 (e4[x0←v1])

(1) e1 = app{U}v1 v2 and (T?b0 (λx0. e4)) ≲ v1 and v0 ≲ v2
By ≲ on the redex

(2) v1 = (T?b0 (λx0. e5))
By (1)

(3) traceb0 (e4[x0←v1]) ≲ traceb0 (e5[x0←v2])
Case: app{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) v1 ▶F

traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{τ1}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v2)))
(1) e1 = app{U}v2 v3 and (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) v2 = T?b0 (G (ℓ0◀ τ1◀ ℓ1) v4) and τ0 ⩽: τ1

By (1)
(3) e1 ▶A traceb0 (stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)))

By (2)
(4) traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{τ1}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v2))) ≲

traceb0 (stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)))
By τ0 ⩽: τ1
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Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F G (ℓ0◀ τ0◀ ℓ1) v0
(1) e1 = stat (ℓ0◀ τ1◀ ℓ1) v1 and v0 ≲ v1 and τ0 ⩽: τ1

By ≲
(2) e1 ▶A G (ℓ0◀ τ1◀ ℓ1) v1

By ▶A
(3) G (ℓ0◀ τ0◀ ℓ1) v0 ≲ G (ℓ0◀ τ1◀ ℓ1) v1

By (1)
Case: stat b0 (G b1 (T?b0v0)) ▶F trace (b0b1b0)v0
(1) e1 = stat b2 (G b3 (T?b1v1)) and v0 ≲ v1 and τ0 ⩽: τ1 and b0 ≲ b2 and b1 ≲ b3

By ≲
(2) e1 ▶A trace (b2b3b1)v1

By ▶A
(3) trace (b0b1b0)v0 ≲ trace (b2b3b1)v1

By (1)
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶F i0
(1) e1 = stat (ℓ0◀ τ1◀ ℓ1) i1 and i0 ≲ i1 and τ0 ⩽: τ1

By ≲
(2) e1 ▶A i1

By ▶A and τ0 ⩽: τ1
(3) i0 ≲ i1

By (1)
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶F InvariantErr

Impossible, by type soundness
Case: traceb0v0 ▶F add-trace (b0,v0)
(1) e1 = traceb1v1

By ≲
(2) e1 ▶A add-trace (b1,v1)

By ▶A
(3) add-trace (b0,v0) ≲ add-trace (b1,v1)

By (1)
□
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Lemma A.38. If wfrFT (e0, e1) and e0 ≲ e1 and e1 →A e3 then e0 →F e2

Proof. By lemma A.39, lemma A.42, and case analysis of ▷A ∪ ▶A .

Case: unop{τ0}v0 ▷A InvariantErr
Impossible, by type soundness

Case: unop{τ0}v0 ▷A δ (unop,v0)
(1) e0 = unop{τ0}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop,v1) is defined

By (1)
(3) δ (unop,v1) ≲ δ (unop,v0)

By δ
Case: fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷A dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v0)
(1) e0 = unop{τ0} (G (ℓ0◀ τ2◀ ℓ1) v1) and v1 ≲ v0 and fst (τ2) ⩽: τ0

By ≲ on the redex
(2) e0 ▷F dyn (ℓ0◀ fst (τ2)◀ ℓ1) (fst{U}v1)

By (1)
(3) dyn (ℓ0◀ fst (τ2)◀ ℓ1) (fst{U}v1) ≲ dyn (ℓ0◀ τ0◀ ℓ1) (fst{U}v0)

By (1)
Case: snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷A dyn (ℓ0◀ τ0◀ ℓ1) (snd{U}v0)
(1) e1 = unop{τ0} (G (ℓ0◀ τ2◀ ℓ1) v1) and v1 ≲ v0 and snd (τ2) ⩽: τ0

By ≲ on the redex
(2) e0 ▷F dyn (ℓ0◀ snd (τ2)◀ ℓ1) (snd{U}v1)

By (1)
(3) dyn (ℓ0◀ snd (τ2)◀ ℓ1) (snd{U}v1) ≲ dyn (ℓ0◀ τ0◀ ℓ1) (snd{U}v0)

By (1)
Case: binop{τ0}v0v1 ▷A InvariantErr

Impossible, by type soundness
Case: binop{τ0}v0v1 ▷A δ (binop,v0,v1)
(1) e0 = binop{τ0}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop,v2,v3) is defined

By (1)
(3) δ (binop,v2,v3) ≲ δ (binop,v0,v1)

By δ
Case: app{τ0}v0 v1 ▷A InvariantErr

Impossible, by type soundness
Case: app{τ0} (λ(x0 : τ1). e0) v0 ▷A e0[x0←v0]
(1) e0 = app{τ0}v1 v2 and v1 ≲ (λ(x0 : τ1). e4) and v2 ≲ v0

By ≲ on the redex
(2) v1 = λ(x0 : τ1). e5

By (1)
(3) e5[x0←v2] ≲ e4[x0←v0]
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷A

dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))
(1) e1 = app{τ0}v2 v3 and v2 ≲ (G (ℓ0◀ τ1◀ ℓ1) v0) and v3 ≲ v1

By ≲ on the redex
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(2) v2 = G (ℓ0◀ τ2◀ ℓ1) v4 and cod (τ2) ⩽: τ0
By (1)

(3) e1 ▷F dyn (ℓ0◀ cod (τ2)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))
By (2)

(4) dyn (ℓ0◀ cod (τ2)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)) ≲
dyn (ℓ0◀ τ0◀ ℓ1) (app{U}v0 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v1))
By cod (τ0) ⩽: τ0

Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A G (ℓ0◀ τ0◀ ℓ1) v0
(1) e1 = dyn (ℓ0◀ τ1◀ ℓ1) v1 and v1 ≲ v0 and τ1 ⩽: τ0

By ≲
(2) Either e1 ▷F G (ℓ0◀ τ1◀ ℓ1) v1 or e1 ▷F BoundaryErr (b,v)

By ▷F
(3) G (ℓ0◀ τ1◀ ℓ1) v1 ≲ G (ℓ0◀ τ0◀ ℓ1) v0

By (1)
Case: dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷A i0
(1) e1 = dyn (ℓ0◀ τ1◀ ℓ1) i1 and i1 ≲ i0 and τ1 ⩽: τ0

By ≲
(2) Either e1 ▷F i1 or e1 ▷F BoundaryErr (b, i)

By ▷F and τ0 ⩽: τ1
(3) i1 ≲ i0

By (1)
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)
(1) e1 = dyn (ℓ0◀ τ1◀ ℓ1) v1 and v1 ≲ v0 and τ1 ⩽: τ0

By ≲
(2) BoundaryErr (b1,v1) ≲ BoundaryErr (b0,v0)

By (1) and ▷F
Case: unop{U}v0 ▶A TagErr
(1) e1 = unop{U}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop, rem-trace (v1)) is defined

By (1)
(3) δ (unop, rem-trace (v1)) ≲ δ (unop, rem-trace (v0))

By δ
Case: unop{U}v0 ▶A add-trace (get-trace (v0),δ (unop,v1))
(1) e1 = unop{U}v1 and v1 ≲ v0

By ≲ on the redex
(2) δ (unop, rem-trace (v1)) is defined

By (1)
(3) δ (unop, rem-trace (v1)) ≲ δ (unop, rem-trace (v0))

By δ
Case: fst{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{τ1}v0))
(1) e1 = unop{U} (T?b0 (G (ℓ0◀ τ1◀ ℓ1) v1)) and v1 ≲ v0 and τ1 ⩽: τ0

By ≲ on the redex
(2) e1 ▶F traceb0 (stat (ℓ0◀ fst (τ1)◀ ℓ1) (fst{fst (τ1)}v1))

By (1)
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(3) traceb0 (stat (ℓ0◀ fst (τ1)◀ ℓ1) (fst{fst (τ1)}v1)) ≲
traceb0 (stat (ℓ0◀ fst (τ0)◀ ℓ1) (fst{τ1}v0))
By fst (τ1) ⩽: fst (τ0)

Case: snd{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{τ1}v0))
(1) e1 = unop{U} (T?b0 (G (ℓ0◀ τ1◀ ℓ1) v1)) and v1 ≲ v0 and τ1 ⩽: τ0

By ≲ on the redex
(2) e1 ▶F traceb0 (stat (ℓ0◀ snd (τ1)◀ ℓ1) (snd{snd (τ1)}v1))

By (1)
(3) traceb0 (stat (ℓ0◀ snd (τ1)◀ ℓ1) (snd{snd (τ1)}v1)) ≲

traceb0 (stat (ℓ0◀ snd (τ0)◀ ℓ1) (snd{τ1}v0))
By snd (τ1) ⩽: snd (τ0)

Case: binop{U}v0v1 ▶A TagErr
(1) e1 = binop{U}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop,v2,v3) is undefined

By (1)
(3) TagErr ≲ TagErr
Case: binop{U}v0v1 ▶A δ (binop,v2,v3)
(1) e1 = binop{U}v2v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) δ (binop, rem-trace (v2), rem-trace (v3)) is defined

By (1)
(3) δ (binop, rem-trace (v2), rem-trace (v3)) ≲ δ (binop, rem-trace (v0), rem-trace (v1))

By δ
Case: app{U}v0 v1 ▶A TagErr
(1) e1 = app{U}v2 v3 and v2 ≲ v0 and v3 ≲ v1

By ≲ on the redex
(2) rem-trace (v2) < λx . e ∪ G b v

By (1)
(3) TagErr ≲ TagErr
Case: app{U} (T?b0 (λx0. e0)) v0 ▶A traceb0 (e0[x0←v1])

(1) e1 = app{U}v1 v2 and v1 ≲ (T?b0 (λx0. e4)) and v2 ≲ v0
By ≲ on the redex

(2) v1 = (T?b0 (λx0. e5))
By (1)

(3) traceb0 (e5[x0←v2]) ≲ traceb0 (e4[x0←v1])
Case: app{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) v1 ▶A

traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v2)))
(1) e1 = app{U}v2 v3 and v2 ≲ (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) and v3 ≲ v1

By ≲ on the redex
(2) v2 = T?b0 (G (ℓ0◀ τ1◀ ℓ1) v4) and τ1 ⩽: τ0

By (1)
(3) e1 ▶F traceb0 (stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3)))

By (2)
(4) traceb0 (stat (ℓ0◀ cod (τ1)◀ ℓ1) (app{U}v4 (stat (ℓ1◀ dom (τ1)◀ ℓ0) v3))) ≲

traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{τ2}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) v2)))
By τ1 ⩽: τ0
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Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A G (ℓ0◀ τ0◀ ℓ1) v0
(1) e1 = stat (ℓ0◀ τ1◀ ℓ1) v1 and v1 ≲ v0 and τ1 ⩽: τ0

By ≲
(2) Either e1 ▶F G (ℓ0◀ τ1◀ ℓ1) v1 or e1 ▶F BoundaryErr (b,v)

By ▶F
(3) G (ℓ0◀ τ1◀ ℓ1) v1 ≲ G (ℓ0◀ τ0◀ ℓ1) v0

By (1)
Case: stat b0 (G b1 (T?b0v0)) ▶A trace (b0b1b0)v0
(1) e1 = stat b2 (G b3 (T?b1v1)) and v1 ≲ v0 and τ1 ⩽: τ0 and b2 ≲ b0 and b3 ≲ b1

By ≲
(2) Either e1 ▶F trace (b2b3b1)v1 or e1 ▶F BoundaryErr (b,v)

By ▶F
(3) trace (b2b3b1)v1 ≲ trace (b0b1b0)v0

By (1)
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶A i0
(1) e1 = stat (ℓ0◀ τ1◀ ℓ1) i1 and i1 ≲ i0 and τ1 ⩽: τ0

By ≲
(2) Either e1 ▶F i1 or e1 ▶F BoundaryErr (b, i)

By ▶F and τ1 ⩽: τ0
(3) i1 ≲ i0

By (1)
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A InvariantErr

Impossible, by type soundness
Case: traceb0v0 ▶A v1
(1) e1 = traceb1v1

By ≲
(2) e1 ▶A add-trace (b1,v1)

By ▶A
(3) add-trace (b1,v1) ≲ add-trace (b0,v0)

By (1)
□

Lemma A.39.
If wfrFT (e0, e1) and e0 ≲ e1 and either e0 →F e2 or e1 →A e3 then the following results hold:
• e0 = E0[e4]
• e1 = E1[e5]
• E0 ≲ E1
• e4 ≲ e5.

Proof. By lemma A.40 and lemma A.41. □

Lemma A.40.
If wfrFT (E0[e0], e1) and E0[e0] ≲ e1 and e0(▷F ∪ ▶F )e2 then the following results hold:
• e1 = E1[e3]
• E0 ≲ E1
• e0 ≲ e3.

Proof. By induction on E0[e0] ≲ e1, proceeding by case analysis of E0[e0]. □
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Lemma A.41.
If wfrFT (e0,E1[e1]) and e0 ≲ E1[e1] and e1(▷A ∪ ▶A )e3 then the following results hold:
• e0 = E0[e2]
• E0 ≲ E1
• e2 ≲ e1.

Proof. By induction on e0 ≲ E1[e1], proceeding by case analysis of E1[e1]. □

Lemma A.42.
If E0 ≲ E1 and e2 ≲ e3 then E0[e2] ≲ E1[e3].

Proof. By induction on E0 ≲ E1. □
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A.6 Erasure
Lemma A.43 (Erasure type progress). If · ⊢0 E0[e0] : U then one of the following holds:
• e0 ∈ v ∪ Err
• ∃ e1. e0 ▶▷E e1

Proof. By unique decomposition (lemma 6.1) and case analysis:
Case: · ⊢1 i : U

Immediate.
Case: · ⊢1 λ(x0 : τ0). e0 : U

Immediate.
Case: · ⊢1 λx0. e0 : U

Immediate.
Case: · ⊢1 ⟨v0,v1⟩ : U

Immediate.
Case: · ⊢1 unop{U}v0 : U
- ▶▷E δ (unop,v0) if defined
- ▶▷E Err otherwise

Case: · ⊢1 binop{U}v0v1 : U
- ▶▷E δ (binop,v0,v1) if defined
- ▶▷E Err otherwise

Case: · ⊢1 app{U}v0 v1 : U
- ▶▷E e1[x0←v1]

if v0 = λ(x0 : τ0). e1
- ▶▷E e1[x0←v1]

if v0 = λx0. e1
- ▶▷E Err otherwise

Case: · ⊢1 dyn (ℓ0◀ τ0◀ ℓ1) v0 : U
- ▶▷E v0

Case: · ⊢1 stat (ℓ0◀ τ0◀ ℓ1) v0 : U
- ▶▷E v0

Case: · ⊢1 Err : U
Immediate.

□
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Lemma A.44 (Erasure type preservation).
If · ⊢0 e0 : U and e0 ▶▷E e1 then · ⊢0 e1 : U.

Proof. By case analysis of the reduction relation.
Case: unop{τ0}v0 ▶▷E BoundaryErr (∅,v0)

Immediate.
Case: unop{U}v0 ▶▷E TagErr

Immediate.
Case: unop{τ/U}v0 ▶▷E δ (unop,v0)

Immediate.
Case: binop{τ0}v0v1 ▶▷E BoundaryErr (∅,v0)

Immediate.
Case: binop{τ0}v0v1 ▶▷E BoundaryErr (∅,v1)

Immediate.
Case: binop{U}v0v1 ▶▷E TagErr

Immediate.
Case: binop{τ/U}v0v1 ▶▷E δ (binop,v0,v1)

Immediate.
Case: app{τ0}v0 v1 ▶▷E BoundaryErr (∅,v0)

Immediate.
Case: app{U}v0 v1 ▶▷E TagErr

Immediate.
Case: app{τ/U} (λ(x0 : τ0). e0) v0 ▶▷E e0[x0←v0]

By a substitution lemma for the erased syntax.
Case: app{τ/U} (λx0. e0) v0 ▶▷E e0[x0←v0]

By a substitution lemma for the erased syntax.
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▶▷E v0

Immediate.
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶▷E v0

Immediate.
□
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Lemma A.45 (A ≲ E).
There is a stuttering simulation between Amnesic and Erasure. More precisely, the following two results
hold:
• If e0 ≲ e2 and e0 →A e1 then ∃ e3, e4 such that e1 →∗A e3 and e2 →E e4 and e3 ≲ e4.
• If e0 ≲ e2 and e2 →E e3 then ∃ e1 and e0 →

∗

A
e1 and e1 ≲ e4

Proof. By lemma A.46 and lemma A.47. □

wfrAE (e0, e1) holds for well-formed residuals of a common term; that is, pairs such that there
exists an e2 where e2 : τ/U wf and e2 →∗A e0 and e2 →∗E e1

Lemma A.46.
If wfrAE (e0, e2) and e0 ≲ e2 and e0 →A e1 then ∃ e3, e4 such that e1 →∗A e3 and e2 →∗E e4 and e3 ≲ e4.

Proof. By lemma A.48, lemma A.51, and case analysis of ▷A ∪ ▶A .
Case: unop{τ0}v0 ▷A InvariantErr

Impossible, by type soundness
Case: unop{τ0}v0 ▷A δ (unop,v0)
(1) e2 →E δ (unop,v1)

By ≲ on the redex
(2) δ (unop,v0) ≲ δ (unop,v1)

By (1)
Case: fst{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) ▷A dyn b0 (fst{U}v0)

Immediate, dyn b0 (fst{U}v0) ≲ e2
Case: snd{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0 ▷A dyn b0 (snd{U}v0)

Immediate, dyn b0 (fst{U}v0) ≲ e2
Case: binop{τ0}v0v1 ▷A InvariantErr

Impossible, by type soundness
Case: binop{τ0}v0v1 ▷A δ (binop,v0,v1)
(1) e2 →E δ (binop,v2,v3)

By ≲ on the redex
(2) δ (binop,v0,v1) ≲ δ (binop,v2,v3)

By (1)
Case: app{τ0}v0 v1 ▷A InvariantErr

Impossible, by type soundness
Case: app{τ0} (λ(x0 : τ1). e5) v0 ▷A e5[x0←v0]
(1) e2 = app{τ0} (λ(x0 : τ1). e6) v1

By ≲ on the redex
(2) e5[x0←v0] ≲ e6[x0←v1]
Case: app{τ0} (G (ℓ0◀ τ1◀ ℓ1) v0) v1 ▷A dyn b0 (app{U}v0 (stat b1 v1))
(1) e1 = app{τ0}v2 v3 where (G (ℓ0◀ τ1◀ ℓ1) v0) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) stat b1 v1 ▶A v4 and v4 ≲ v3

By type soundness
(3) dyn b0 (app{U}v0 v4) ≲ app{τ0}v2 v3

By (1) and (2)
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A G (ℓ0◀ τ0◀ ℓ1) v0
(1) Either e2 = v1 or e2 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and e2 ▶▷E v1

By ≲ on the redex
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(2) G (ℓ0◀ τ0◀ ℓ1) v0 ≲ v1
Case: dyn (ℓ0◀ τ0◀ ℓ1) (T?b0 i0) ▷A i0
(1) Either e2 = v1 or e2 = dyn (ℓ0◀ τ0◀ ℓ1) v1 and e2 ▶▷E v1

By ≲ on the redex
(2) i0 ≲ v1
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▷A BoundaryErr ((ℓ0◀ τ0◀ ℓ1)b0,v0)

Immediate.
Case: unop{U}v0 ▶A TagErr
(1) e2 →E BoundaryErr (b,v)

By ≲ on the redex
(2) TagErr ≲ BoundaryErr (b,v)
Case: unop{U}v0 ▶A add-trace (get-trace (v0),δ (unop, rem-trace (v0)))
(1) e2 →E δ (unop,v1)

By ≲ on the redex
(2) add-trace (get-trace (v0),δ (unop, rem-trace (v0))) ≲ δ (unop,v1)

By (1)
Case: fst{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat b0 (fst{τ1}v0))

Immediate, traceb0 (stat b0 (fst{τ1}v0)) ≲ e2
Case: snd{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ▶A traceb0 (stat b0 (snd{τ1}v0))

Immediate, traceb0 (stat b0 (snd{τ1}v0)) ≲ e2
Case: binop{U}v0v1 ▶A TagErr
(1) e2 →E BoundaryErr (b,v)

By ≲ on the redex
(2) TagErr ≲ BoundaryErr (b,v)
Case: binop{U}v0v1 ▶A δ (binop, rem-trace (v0), rem-trace (v1))
(1) e2 →E δ (binop,v2,v3)

By ≲ on the redex
(2) δ (binop, rem-trace (v0), rem-trace (v1)) ≲ δ (binop,v2,v3)

By (1)
Case: app{U}v0 v1 ▶A TagErr
(1) e2 →E BoundaryErr (b,v)

By ≲ on the redex
(2) TagErr ≲ BoundaryErr (b,v)
Case: app{U} (T?b0 (λx0. e5)) v0 ▶A traceb0 (e5[x0←v1])
(1) e2 = app{tdyn} (λx0. e6) v1

By ≲ on the redex
(2) e5[x0←v0] ≲ e6[x0←v1]
Case: app{U} (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) v1 ▶A

traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 (dyn (ℓ1◀ dom (τ0)◀ ℓ0) add-trace (rev (b0),v1))))
(1) e2 = app{tdyn}v2 v3 and (T?b0 (G (ℓ0◀ τ0◀ ℓ1) v0)) ≲ v2 and v1 ≲ v3

By ≲ on the redex
(2) dyn (ℓ1◀ dom (τ0)◀ ℓ0) add-trace (rev (b0),v1) steps to either a boundary error or tov4 where

v4 ≲ v3
By (1)

(3) traceb0 (stat (ℓ0◀ cod (τ0)◀ ℓ1) (app{cod (τ0)}v0 v4)) ≲ app{U}v2 v3
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A G (ℓ0◀ τ0◀ ℓ1) v0
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(1) Either e1 = v1 or e1 = stat (ℓ0◀ τ0◀ ℓ1) v1 and e1 ▶▷E v1
By ≲ on the redex

(2) G (ℓ0◀ τ0◀ ℓ1) v0 ≲ v1
Case: stat b0 (G b1 (T?b0v0)) ▶A trace (b0b1b0)v0
(1) Either e1 = v1 or e1 = stat (ℓ0◀ τ0◀ ℓ1) v1 and e1 ▶▷E v1

By ≲ on the redex
(2) G (ℓ0◀ τ0◀ ℓ1) v0 ≲ v1
Case: stat (ℓ0◀ τ0◀ ℓ1) i0 ▶A i0
(1) Either e1 = v1 or e1 = stat (ℓ0◀ τ0◀ ℓ1) v1 and e1 ▶▷E v1

By ≲ on the redex
(2) i0 ≲ v1
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶A InvariantErr

Impossible, by type soundness
Case: traceb0v0 ▶A v1

Immediate, v1 ≲ e2

□
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Lemma A.47.
If wfrAE (e0, e2) and e0 ≲ e2 and e2 →E e3 then ∃ e1 and e0 →

∗

A
e1 and e1 ≲ e4

Proof. By lemma A.48, lemma A.51, and case analysis of ▶▷E .
Case: unop{τ0}v0 ▶▷E BoundaryErr (∅,v0)
(1) Either e0 →∗A unop{τ0}v1 or e0 →∗A BoundaryErr (b,v)

By ≲ on the redex
(2) v1 < ⟨v,v⟩ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v)

By ≲ on the redex and (1)
(3) But (2) is impossible by type soundness. Amnesic must raise a boundary error earlier.
Case: unop{U}v0 ▶▷E TagErr
(1) Either e0 →∗A unop{τ0}v1 or e0 →∗A BoundaryErr (b,v)

By ≲ on the redex (e0 is either a unop or a trace expression)
(2) v1 < ⟨v,v⟩ ∪ (G (ℓ◀ (τ×τ )◀ ℓ) v)

By ≲ on the redex and (1)
(3) TagErr ≲ TagErr
Case: unop{τ/U}v0 ▶▷E δ (unop,v0)
(1) Either e0 →∗A unop{τ0}v1 or e0 →∗A BoundaryErr (b,v)

By ≲ on the redex (e0 is either a unop or a trace expression)
(2) unop{τ0}v1 →∗A E2[unop{τ0} ⟨v2,v3⟩] and E2 contains only trace expressions and bound-

aries
By→∗

A
(3) Either E2[unop{τ0} ⟨v2,v3⟩] →∗A v4 where v4 ≲ δ (unop,v0) or E2[unop{τ0} ⟨v2,v3⟩] →∗A

BoundaryErr (b,v)
Case: binop{τ0}v0v1 ▶▷E BoundaryErr (∅,v0)
(1) e0 →∗A BoundaryErr (b,v)

By type soundness
Case: binop{τ0}v0v1 ▶▷E BoundaryErr (∅,v1)
(1) e0 →∗A BoundaryErr (b,v)

By type soundness
Case: binop{U}v0v1 ▶▷E TagErr
(1) Either e0 →∗A binop{U}v2v3 or e0 →∗A BoundaryErr (b,v)

By ≲ on the redex (e0 is either a binop or a trace expression)
(2) TagErr ≲ BoundaryErr (b,v)
Case: binop{τ/U}v0v1 ▶▷E δ (binop,v0,v1)
(1) Either e0 →∗A binop{τ/U}v2v3 or e0 →∗A BoundaryErr (b,v)

By ≲ on the redex (e0 is either a binop or a trace expression)
(2) δ (binop,v2,v3) ≲ δ (binop,v0,v1)
Case: app{τ0}v0 v1 ▶▷E BoundaryErr (∅,v0)
(1) e0 →∗A BoundaryErr (b,v)

By type soundness
Case: app{U}v0 v1 ▶▷E TagErr
(1) Either e0 →∗A TagErr or e0 →∗A BoundaryErr (b,v)

By ≲ on the redex
(2) TagErr ≲ TagErr
Case: app{τ0} (λ(x0 : τ0). e0) v0 ▶▷E e0[x0←v0]
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(1) Either e0 →∗A app{τ0}v1 v2 or e0 →∗A BoundaryErr (b,v)
By ≲ on the redex

(2) e0 →∗A E2[app{τ0} (λ(x0 : τ0). e1) E3[v2]] and both E2 and E3 contain only trace expressions
and boundaries

(3) Either E3[v2] →∗A v4 where v4 ≲ v0 or E3[v2] →∗A BoundaryErr (b,v)
(4) E2[e1[x0←v4]] ≲ e0[x0←v0]
Case: app{U} (λ(x0 : τ0). e0) v0 ▶▷E e0[x0←v0]

(1) Either e0 →∗A app{τ0}v1 v2 or e0 →∗A BoundaryErr (b,v)
By ≲ on the redex

(2) e0 →∗A E2[app{τ0} (λ(x0 : τ0). e1) E3[v2]] and both E2 and E3 contain only trace expressions
and boundaries

(3) Either E3[v2] →∗A v4 where v4 ≲ v0 or E3[v2] →∗A BoundaryErr (b,v)
(4) E2[e1[x0←v4]] ≲ e0[x0←v0]
Case: app{τ0} (λx0. e0) v0 ▶▷E e0[x0←v0]

(1) Either e0 →∗A app{τ0}v1 v2 or e0 →∗A BoundaryErr (b,v)
By ≲ on the redex

(2) e0 →∗A E2[app{τ0} (λx0. e1) E3[v2]] and both E2 and E3 contain only trace expressions and
boundaries

(3) Either E3[v2] →∗A v4 where v4 ≲ v0 or E3[v2] →∗A BoundaryErr (b,v)
(4) E2[e1[x0←v4]] ≲ e0[x0←v0]
Case: app{U} (λx0. e0) v0 ▶▷E e0[x0←v0]

(1) Either e0 →∗A app{τ0}v1 v2 or e0 →∗A BoundaryErr (b,v)
By ≲ on the redex

(2) e0 →∗A E2[app{τ0} (λx0. e1) E3[v2]] and both E2 and E3 contain only trace expressions and
boundaries

(3) Either E3[v2] →∗A v4 where v4 ≲ v0 or E3[v2] →∗A BoundaryErr (b,v)
(4) E2[e1[x0←v4]] ≲ e0[x0←v0]
Case: dyn (ℓ0◀ τ0◀ ℓ1) v0 ▶▷E v0
(1) Either e0 →∗A dyn (ℓ0◀ τ0◀ ℓ1) v1 or e0 →∗A BoundaryErr (b,v)

(2) Either dyn (ℓ0◀ τ0◀ ℓ1) v1 →∗A v2 or dyn (ℓ0◀ τ0◀ ℓ1) v1 →∗A BoundaryErr (b,v)
(3) v2 ≲ v0
Case: stat (ℓ0◀ τ0◀ ℓ1) v0 ▶▷E v0
(1) Either e0 →∗A stat (ℓ0◀ τ0◀ ℓ1) v1 or e0 →∗A BoundaryErr (b,v)

(2) Either stat (ℓ0◀ τ0◀ ℓ1) v1 →∗A v2 or stat (ℓ0◀ τ0◀ ℓ1) v1 →∗A BoundaryErr (b,v)
(3) v2 ≲ v0

□

Lemma A.48.
If wfrAE (e0, e1) and e0 ≲ e1 and either e0 →A e2 or e1 →E e3 then the following results hold:

• e0 = E0[e4]
• e1 = E1[e5]
• E0 ≲ E1
• e4 ≲ e5.

Proof. By lemma A.49 and lemma A.50. □
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Lemma A.49.
If wfrAE (E0[e0], e1) and E0[e0] ≲ e1 and e0(▷A ∪ ▶A )e2 then the following results hold:
• e1 = E1[e3]
• E0 ≲ E1
• e0 ≲ e3.

Proof. By induction on E0[e0] ≲ e1, proceeding by case analysis of E0[e0]. □

Lemma A.50.
If wfrAE (e0,E1[e1]) and e0 ≲ E1[e1] and e1 ▶▷E e3 then the following results hold:
• e0 = E0[e2]
• E0 ≲ E1
• e2 ≲ e1.

Proof. By induction on e0 ≲ E1[e1], proceeding by case analysis of E1[e1]. □

Lemma A.51.
If E0 ≲ E1 and e2 ≲ e3 then E0[e2] ≲ E1[e3].

Proof. By induction on E0 ≲ E1. □
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