
Emerging Trends

Proceedings of the 17th International Conference

on Theorem Proving in Higher Order Logics:

TPHOLs 2004



Preface

This volume constitutes the proceedings of the Emerging Trends track of the
17th International Conference on Theorem Proving in Higher Order Logics

(TPHOLs 2004) held September 14-17, 2004 in Park City, Utah, USA. The
TPHOLs conference covers all aspects of theorem proving in higher order logics
as well as related topics in theorem proving and verification.

There were 42 papers submitted to TPHOLs 2004 in the full research cate-
gory, each of which was refereed by at least 3 reviewers selected by the program
committee. Of these submissions, 21 were accepted for presentation at the con-
ference and publication in volume 3223 of Springer’s Lecture Notes in Computer

Science series.
In keeping with longstanding tradition, TPHOLs 2004 also offered a venue

for the presentation of work in progress, where researchers invite discussion
by means of a brief introductory talk and then discuss their work at a poster
session. The work-in-progress papers are held in this volume, which is published
as a 2004 technical report of the School of Computing at the University of Utah.

August 2004 Konrad Slind
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Some Mathematical Case Studies in

ProofPower-HOL

R.D. Arthan

Lemma 1 Ltd.
2nd Floor, 31A Chain Street,

Reading UK RG1 2HX
rda@lemma-one.com

Abstract. This paper gives an overview of three case studies in develop-
ing pure mathematical theory using ProofPower-HOL. The case studies,
which currently cover a selection of basic material from the theories of
real analysis, group theory and topology, expose some interesting issues
for formalising mathematics.

1 Introduction

Apart from basic mathematical structures such as sets, functions, lists and num-
bers, applying an automated theorem-proving system to hardware and software
engineering problems tends to involve mathematical theories of a rather dif-
ferent nature from the traditional subject matter of pure mathematics. Many
researchers feel that engineering applications are the most important for auto-
mated theorem-proving. However, it is natural to try to formalise pure mathe-
matical theories. Research into this goes back to the earliest days of electronic
computation.

In a recent survey, Carlos Simpson [12] has identified numerous reasons why
computer-assisted formalised mathematics should be of benefit to the mathemat-
ical community. Simpson gives many references to earlier work in this area as
does John Harrison in his thesis [7] and his paper [6]. The Flyspeck project [5] is
applying computer-assisted theorem proving to increase confidence in Thomas
Hales’ proof of the Kepler sphere-packing conjecture, a difficult proof involv-
ing a considerable element of computation which has caused problems for the
traditional peer review process.

In 2001, the opportunity arose to develop, for use in program verification, a
theory of real arithmetic for the ProofPower specification and proof system. It
was a natural experiment to use this as the basis of a theory of real analysis
and I spent some time late in 2001 working on that. In 2003, since the Jor-
dan curve theorem1 was felt to be a good challenge problem in some automated
theorem-proving circles, I used ProofPower-HOL to prove what Henle [8] calls the

1 Apparently, much progress has been made on the Jordan curve theorem using the
Mizar system, but I not able to assess whether the proof of the general case in two
dimensions is complete (see http://mizar.uwb.edu.pl/).



fundamental lemma in one of the classical proofs of this results. In retrospect,
I view this as a highly instructive mistake: Henle’s book is a very accessible ac-
count of elementary algebraic topology for beginning students. His fundamental
lemma is essentially a calculation of the mod 2 homology groups of the plane.
I formulated it as a combinatorial result about discrete gratings and proved it,
the proof being fairly easy.

Unfortunately, connecting the fundamental lemma expressed as a combina-
torial fact with the geometry involves several topological results, most notably
what Henle calls Alexander’s lemma. I quickly realised that I was going to have
to cover quite a bit of geometry and topology to prove them. Now Henle’s proofs
are very carefully designed for the beginner; they appeal to geometric intuitions
as much as to formal reasoning. Henle sets up topology as the topology of subsets
of the plane and to follow his proofs as they stand would involve doing special
cases of general results whose proofs are no harder formally than the special
cases.

Moral 1: if you ask someone “have you proved the XYZ theorem?” and
receive the reply that they have proved the “fundamental lemma” or the “main
result” or similar, it is wise to scrutinise their formal account closely to find out
what they have actually proved2.

Moral 2: theorem-provers don’t need spoon-feeding; it makes sense to prove
things at the “right” level of generality and that will often be more general than
in an account intended for beginners.

Moral 3: while there is no royal road to proving theorems, there are short-
cuts; however, you have to choose your shortcuts very carefully to make sure you
don’t get lost.

I subsequently began some case studies in pure mathematics, trying to cover
the material along the lines that it might be covered in a typical undergraduate
or beginning graduate course. Carried far enough, this programme would have
the Jordan curve theorem drop out as the two dimensional case of the Jordan-
Brouwer separation theorem proved via the calculation of the homology groups
of spheres, but that is a long way off. To date this work has covered the following
topics.

– A more complete treatment of real analysis including the definitions and
basic properties of the exponential and trigonometric functions and of π.

– Some group theory including the definitions and elementary properties up
to the three isomorphism theorems and the Cayley representation theorem

– Enough abstract and metric space topology to define the notions of homotopy
and the fundamental groupoid (and to prove that it is a groupoid).

2 As a simpler example, I have still not seen a proof of the mutilated chess-board
theorem as a theorem about dominoes and chess-board as geometrical objects, which
is what they surely are. Just as in my problem with the Jordan curve theorem, the
combinatorics is fairly easy, but the geometric realisation requires more work.
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My objectives in this enterprise were somewhat vague: essentially, I just
wanted to see how this material turns out and to compare notes3 with other
systems (Mizar, PVS, HOL Light, etc.). I was also specifically interested in
developing the theory to the points where the main mathematical subjects of
algebra, analysis, geometry and topology begin to interact and inform one an-
other, e.g., in algebraic topology and differential geometry. During the course of
the work, some definite themes have emerged:

– I have tried to provide natural and readable specifications of the mathemati-
cal concepts formalised. For example, I use differential equations rather than
power series as the definitions of the trigonometric functions, since I consider
that approach to have a more intuitive, geometrical appeal.

– I have tried to follow the development of pure mathematics both in fitting
abstract notions to more concrete ones after the event and in using abstract
notions that have not yet been formalised to inform more concrete work. For
example, you don’t need to develop abstract group theory to define the real
numbers and show that they are a group under addition. You can even use
group-theoretical thinking while you’re developing the theory. However, once
you have some abstract group theory, you should be able to apply that to
the real numbers and other specific constructions you may make with them
(e.g., real vector spaces4).

– I have tried to develop each theory at the “right” level of generality or ab-
straction: this often involves a compromise between making the task at hand
feasible and making the results general enough to be useful. On the other
hand, being more abstract is sometimes both more powerful in applications
and easier! E.g., the fundamental groupoid of a topological space is techni-
cally often easier to work with than the fundamental group.

There is no new mathematics of any significance in any of this: just as there
is no significant new mathematics in an undergraduate textbook. However, in-
teresting details arise en passant and you do learn something as you go (for
example, that integration is not needed to develop enough of the the theory of
power series to introduce the exponential and transcendental functions).

This paper gives an overview of what has been done at the time of writing
(May–July 2004) and discusses some of the issues for formalising mathematics
that have been highlighted. Full details are given in the papers [1–3]. The struc-
ture of the sequel is as follows: section 2 introduces the ProofPower-HOL logic
and system by means of a simple example which also illustrates, in microcosm,
some of the formalisation issues encountered (a theory listing for this example
is given as an appendix); section 3 gives an outline on what has been done in
the three case studies; section 4 discusses how the approach of the case studies

3 The present paper is not intended as a detailed presentation of comparisons between
different systems, but I will air my personal viewss on some points of principle.

4 Roger Jones and I have an embryonic theory of normed real vector spaces based on
the group theory case study and including a coordinate-free definition of the Frechet
derivative.
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might scale to more complex problem domains; section 5 gives some concluding
remarks.

2 An Example

ProofPower is a system supporting specification and proof in HOL and Z. It is
founded on an LCF-style implementation in Standard ML5 of the same polymor-
phic simple type theory as the other systems in the HOL family. ProofPower-HOL

supports a syntax for specification adapted from the Z notation [13] intended
to encourage well-documented formal specifications using familiar logical and
mathematical notations. This document is written in that syntax, Its source
form is a mixture of LATEX and input for the ProofPower-HOL parser. The input
for the parser is displayed using a special font and a (mostly) single-character
mark-up for the mathematical symbols, so that, for example, when you see ‘∀’
in this paper, what I typed and then saw on my screen was an upside-down ‘A’
too.

To illustrate the style of specification adopted in the case studies, let us
develop a simple algebraic theory. If G is a group, a G-action on a set X is a
correspondence between elements of G and mappings of X to itself such that
multiplication in the group corresponds to composition of the mappings and the
unit of the group corresponds to the identity mapping. A set X equipped with
a G-action is called a G-set. G-sets arise, for example, by considering groups of
symmetries of geometrical objects. To give a concrete example of a group action
before defining the concept of a group, let us consider the particular case when
G is Z, the group of integers under addition.

So a Z-set will comprise a pair comprising a set (called the carrier set of the
Z-set) together with an assignment to each integer of a function from the set to
itself. To represent this abstract concept in HOL, let us consider the polymorphic
class of all pairs comprising a set of elements of some type ′a together with a
function mapping integers to total functions from ′a to itself. We can capture
this in the following type abbreviation6

SML

declare type abbrev("Z SET", ["′a"], p:′a SET × (Z → ′a → ′a)q);

The type ′a here is a polymorphic type parameter. It can be instantiated to
any type we please, for example, an element of the type7

R Z SET is the type
that includes all Z-actions on sets of real numbers. We will think of the above

5 ML stands for “metalanguage”. Standard ML is a functional programming language
which serves as both the implementation language and the interactive command
language for ProofPower.

6 Here the “specification” comprises an ML command to achieve the desired effect,
since the ProofPower-HOL parser does not provide a concrete syntax for this form
of definition.

7 HOL type constructors are generally postfix operators, for example ‘Z LIST’ denotes
the type of lists of integers.
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type as providing a signature for a class of structures which are candidates to
be Z-sets. If X is such a structure (i.e., a member of an instance of the above
type), we will write Car X for the carrier set and (x ∗ ∗ i)X for the action
of an integer i on an element x. Note that the action operation is ternary not
binary: in informal mathematics, it is normal to let the reader infer from the
context which mathematical structures are being deployed, but formally we must
be explicit about this.

To achieve the above syntax, we first declare the string ‘∗∗’ to act as an infix
symbol with the same numerical precedence (310) as arithmetic exponentiation.

SML

declare infix (310 , "∗∗");

We now give a constant specification to introduce the new constants ‘Car’
and ‘∗∗’. A constant specification in ProofPower-HOL comprises two parts: the
part above the line gives type ascriptions for the new constant or constants and
the part below the line gives a predicate which is to be their defining property.
In this case the defining property comprises two universally quantified equations
defining the values of applications of the functions ‘Car’ and ‘∗∗’ Parsing the
constant specification maps onto a call of the primitive definitional principle
const spec. This principle requires an existence proof for the constants being
introduced. The ProofPower-HOL infrastructure includes a range of procedures
for discharging the existence proofs and these will automatically discharge the
proof obligations for all of the definitions in this example.

HOL Constant

Car : ′a Z SET → ′a SET ;

$∗∗ : ′a → Z → ′a Z SET → ′a

∀ (set , action)•

Car (set , action) = set

∧ (∀x i• (x ∗∗ i) (set , action) =action i x )

The above definition serves to provide a convenient syntax for the operations
on the structures of interest. We can see this in the following definition which
captures the laws that a candidate Z-set must satisfy to be worthy of the name.
The laws specify that: (i), the carrier set is closed under the Z-action; (ii),
addition of integers corresponds to composition of the corresponding actions;
and, (iii), 0 corresponds to the identity function.

HOL Constant

Z Set : ′a Z SET SET

∀ X •

X ∈ Z Set

⇔(∀x i• x ∈ Car X ⇒ (x ∗∗ i) X ∈ Car X )
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∧ (∀x i j• x ∈ Car X ⇒ (x ∗∗ (i + j )) X = ((x ∗∗ i) X ∗∗ j ) X )

∧ (∀x• x ∈ Car X ⇒ (x ∗∗ NZ 0 ) X = x )

In addition to the specifications, the source of this document also contains the
statements and proofs of a small selection of theorems about Z-sets. ML proof
scripts are not particularly informative even to the expert eye, except when they
are brought alive by replaying them interactively, so they have been suppressed
from the printed form of this document. There is a listing of the theory in the
appendix. The reader is invited to refer to the appendix for the statements of
the following two theorems which are both elementary consequences of the above
definition. The first theorem says that acting by i and then by −i results in the
identity function on the carrier set and the second gives a cancellation law.

Z set minus thm Z set cancel thm

We complete the example by defining the orbit of an element x of a Z-set X .
The orbit comprises the set of all elements y that can be reached from x under
the Z-action.
HOL Constant

Orbit : ′a Z SET → ′a → ′a SET

∀ X x• Orbit X x = {y | ∃i• y = (x ∗∗ i) X }

The reader may again consult the appendix for the statements of the following
two theorems. The first says that any element of a Z-set belongs to its own orbit
and the second says that any two orbits are either equal or disjoint. In other
words, the orbits are the equivalence classes of an equivalence relation: “co-
orbital”.

orbit refl thm orbit disjoint thm

In this example, we have formalised a very elementary mathematical theory
and developed some very elementary theorems about it. The proofs would serve
almost as they stand to prove the same facts about G-sets for arbitrary groups
G given the theory of groups developed in [2]. This could then provide the basis
of some much more interesting mathematics. For present purposes, the example
serves to illustrate ProofPower in action and to introduce the style of presentation
of analysis, topology and group theory in [1–3].

3 The Case Studies

3.1 Basic Analysis

The case study on analysis is presented in [1]. It builds on the ProofPower-HOL

theory that introduces the real numbers as a complete ordered field and covers
the following ground.
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– polynomial functions on the real numbers
– limits of sequences of real numbers
– continuity of functions
– differentiation
– limits of function values
– uniform convergence of limits of functions
– series and power series
– special functions: exponential function, natural logarithm, sine and cosine.

Broadly similar subject matter has been formalised before in HOL Light by
John Harrison [7] and by Hanne Gottliebsen [4] in PVS. There are also devel-
opments of analysis in Mizar and Coq and several other systems. In addition to
proofs of theorems, the ProofPower treatment includes automated proof proce-
dures for continuity-checking and calculating derivatives (as do the treatments
of Harrison and Gottliebsen).

While I make no claim for novelty in the material covered, I would claim that
the specifications are readable and natural and that the material that is covered
is done comprehensively. For example, here are the definitions of the sin and cos

functions and of Archimedes’ constant, π, defined here as the positive generator
of the additive group of roots of the sin function.

Sin Cos : R → R

Sin(NR 0 ) = NR 0 ∧ Cos(NR 0 ) = NR 1

∧ (∀x• (Sin Deriv Cos x ) x ) ∧ (∀x• (Cos Deriv ∼(Sin x )) x )

ArchimedesConstant : R

NR 0 < ArchimedesConstant

∧ Sin(ArchimedesConstant) = NR 0

∧ (∀x• Sin x = NR 0

⇒ (∃m• x = NR m ∗ ArchimedesConstant)

∨ (∃m• x = ∼(NR m ∗ArchimedesConstant)))

declare alias("π", pArchimedesConstantq);

Here the notation (f Deriv c) x means that function f has derivative c at
x and the function NR is the injection of the natural numbers into the reals.
The alias declaration introduces the traditional name “π” as an alternative to
“ArchimedesConstant”.

The specifications of the trigonometric functions and of π clearly require non-
trivial consistency proofs. This involves a development of the theory of power
series, including the general result on differentiating power series term-by-term
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(which avoids the need for introducing integration at this stage). The elementary
properties of the exponential, logarithmic and trigonometric functions and π are
then developed “axiomatically” from the differential equations.

As observed in [7], several notions of limit arise and it is desirable to have
common ways of dealing with them. Harrison’s approach is via the general no-
tion of convergence nets. I use the more homely device of reducing the notions
in question to sequential convergence. For example, it is an easy consequence
of the standard definition of continuity that a function f is continuous at x iff.
f maps any sequence converging to x to a sequence converging to f(x). Using
this fact, statements about continuity reduce to statements about sequential
convergence, and, by and large, this turns the ∀∃∀ quantifier structure of the
usual ǫ-δ arguments into simple universally quantified statements about sequen-
tial convergence. Proponents of non-standard analysis both in education and in
theorem-proving sometimes advocate the simple quantifier structure of the def-
inition of continuity in non-standard analysis as an advantage. Using sequential
convergence achieves much the same effect in standard analysis. The text books
tend not to stress this method of working if they mention it at all, probably
because it fails to generalise to arbitrary topological spaces.

Moral 4: when you are using a theorem-prover, you do not need to adopt
methods for their pedagogical value: unlike a student, the prover cannot develop
bad habits, so you can freely use any method that works.

3.2 Group Theory

The case study on analysis deals with a single specific HOL type: the type R of
real numbers. The case study [2] on group theory puts the polymorphism in HOL
to work along much the same lines as the Z-set example presented in section 2
above.

The case study begins with a treatment of equivalence relations, equivalence
classes and the construction of quotient sets along the lines proposed by Larry
Paulson [10]. This material comprises a lemma library which provides templates
for working with equivalence relations, in particular, for defining functions on
quotient sets. This supports the proof of the first isomorphism theorem in group
theory, which is all about defining homomorphisms on quotient groups. It would
serve a similar purpose in any of the common algebraic concrete categories (rings,
modules over a ring, vector spaces over a field etc.) and in dealing with quotient
spaces in topology.

The group theory itself begins with a definition of the signature of a group
along similar lines to the signature for Z-sets in the example above. The poly-
morphic notion of a group is then defined to be the set of all structures with this
signature that satisfy the group laws.

Substructures and quotient structures in algebra are very important, so it
is vital to deal smoothly with subgroups and quotient groups. Taken verbatim,
the traditional explication of these concepts in set theory leads to significant
notational and semantic difficulties. The problem is this: in doing the general
theory, an expression like x.y denoting the product of two elements of a group

8



G actually contains three variables: the group elements ‘x’, ‘y’, and the multi-
plication operator ‘.’. Syntactic tricks allow one to preserve something like the
traditional infix notation for such expressions. But there is a semantic problem
when one needs to deal with subgroups: according to the traditional account,
the ‘.’, in x.y will denote a different set-theoretic function in a subgroup H from
what it does in the containing group G. Coercing operations from subgroup to
containing group or from one subgroup to another becomes an excessive burden.

My solution to this problem is to formulate all definitions relative to some
carrier set of interest in such a way that the behaviour of operators or properties
outside the carrier set is irrelevant. I advocate this approach in general for dealing
with algebraic structures. The apparent extra complication actually achieves an
economy, because when one is working with substructures, the operators and
properties can all be those of the containing structure: you have no need to
restrict them to the substructures or to worry about coercing the operations of
one substructure into the operations of another.

As an example, I take the operations on a group G to be total functions on
the universe of the type of its elements whose behaviour outside the carrier set of
G is immaterial. The operations on a subgroup H of G must be represented by
the same total functions. This involves no loss of generality and removes a much
complexity in specifications and proofs. It may be objected that this approach
gives the wrong notion of equality for groups (since the same group can be
represented using two different ways of totalising the operations). However, in
normal algebraic practice, one almost never needs to assert equality (as opposed
to isomorphism) between two groups that are not known to be subgroups of
some other group, and in that case equality has the usual meaning.

Using this approach, the three isomorphism theorems and the Cayley repre-
sentation theorem are very easy to prove once one has derived the usual laws
of equational reasoning in a group from the defining properties (and developed
proof procedures to automate the application of these laws). Once the formali-
sation details were settled, it was routine and quick to prove these results.

In fact, I feel that the treatment in this case study demonstrates that poly-
morphic simple type theory is actually more natural than set theory for carrying
out much of mathematics. For example, one can give the following very conve-
nient definition of the symmetric group on a set X (i.e., the group comprising
all permutations of the set).

SymGroup : ′a SET → (′a → ′a) GROUP

∀ X • SymGroup X = (

{f | OneOne f ∧ Onto f ∧ ∀y• ¬y ∈ X ⇒ f y = y}, (∗ Carrier set ∗)

(λf g•λx•f (g x )), (∗ multiplication ∗)

(λx• x ), (∗ unit element ∗)

Inverse (∗ inverse ∗)

)

9



Here the quadruple giving the structure has components as indicated by the
comments and Inverse is the function that maps a 1-1 onto function to its inverse
function. This definition has numerous advantages over the untyped set-theoretic
version. In particular, if X is a subset of Y , then the symmetric group on X is
a subgroup of the symmetric group of Y as it stands, whereas this is only true
“up to an isomorphism” in the standard set-theoretic account. Moreover, we can
think of SymGroup {x | x = x} as denoting the group of all permutations of
the universe, sitting naturally inside the monoid of all self-mappings of the uni-
verse. This works very pleasantly: as the Cayley representation theorem states,
any group is isomorphic to a group of permutations and so composition of 1-1
onto functions provides a universal prototype for the multiplication in a group,
a fact which cannot even be stated properly in first-order set theory.

Moral 5: Pace Quine [11, article on “Mathematosis”], in a typed theory it
is counter-productive to define the concept of a group so that the carrier set can
be recovered from the set that represents the multiplication.

3.3 Topology

The case study in topology is perhaps the most advanced of the three in edu-
cational terms, but it still really only prvoides the beginnings of the subjects it
deals with. The subjects covered are:

– abstract topology: topologies; construction of new topologies from old as
(binary) product spaces or subspaces; continuity, Hausdorff spaces; connect-
edness; compactness.

– metric spaces: the definitions of metrics and product metrics and the re-
sult that product metrics induce product topologies; existence of Lebesgue
numbers for open coverings of compact metric spaces.

– topology of the line and the plane: characterisation of connected subspaces of
the line; continuity of addition and multiplication as functions on the plane.

– elementary homotopy theory: definitions of path-connectedness, the homo-
topy relation and the fundamental groupoid; proof that the homotopy re-
lation is an equivalence relation and that the fundamental groupoid is a
groupoid8

The definition of a topology is the usual one: a topology is a family of sets
(referred to as open sets) that is closed under arbitrary unions and binary inter-
sections.

8 In fact, at the time of writing, all the theorems needed to justify the construction
of the fundamental groupoid as a quotient of the path space have been proved, but
these have not yet been brought in line with the theory of equivalence relations in
[2].
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Topology : ′a SET SET SET

Topology =

{τ | (∀V • V ⊆ τ ⇒
⋃

V ∈ τ) ∧ (∀A B•A ∈ τ ∧ B ∈ τ ⇒ A ∩ B ∈ τ)}

Since the carrier set of a topological space can readily be recovered as the
union of all its open sets, the complications with signatures that arise in algebra
do not arise. The signature has but one component and the thinking we decried
for algebraic structures in Moral 3 now turns out to be very convenient.

The central notion of continuity takes the following form (defining an op-
erator Continuous which is written postfix). Here σ and τ are intended to be
topologies (and will be in the statements of all theorems that use this definition).
As in the group theory case study, we work throughout with ordinary HOL to-
tal functions, taking care to make the definitions of concepts such as continuity
ignore the behaviour of the functions outside some carrier set of interest, in
this case the Space of the topologies, defined as the union of their open sets as
discussed above.

$Continuous : (′a SET SET × ′b SET SET ) → (′a → ′b) SET

∀σ τ• (σ, τ) Continuous =

{f

| (∀x• x ∈ Space σ ⇒ f x ∈ Space τ)

∧ (∀A• A ∈ τ ⇒ {x | x ∈ Space σ ∧ f x ∈ A} ∈ σ)}

Again, as in the group theory, this approach has the merit of localising com-
plexity in the definitions which would otherwise spread to other definitions and
to the statements and proofs of theorems. If you try to mimic the representation
of functions in set theory, functions have constantly to be restricted to subspaces,
whereas this is unnecessary with the total function approach.

Space does not allow an extended discussion of the methods of proof in
this case study. However, there is one open problem that is worth mentioning.
There is a constant need in topological reasoning to prove that functions are
continuous. In algebraic topology, functions are often constructed by patching
together functions defined on subspaces of the domain. For example, in proving
that addition of paths in the fundamental groupoid is associative, the following
result is needed, where OpenR denotes the usual topology on the real line.

∀k• (∀t• k t =

if t ≤ 1/4 then NR 2∗t

else if t ≤ 1/2 then t + 1/4

else (1/2 )∗t + 1/2 )

⇒ k ∈ (OpenR, OpenR) Continuous

11



The proofs of such facts are very mechanical and are reminiscent of what
the automated proof procedures for continuity of algebraic combinations of con-
tinuous functions in the analysis case study do. However, there are two slight
complications: (i), you need to apply a simple “patching” lemma to justify the
continuity of a function defined by cases and (ii), in the general case some small
amount of intelligence is needed to pick the right topologies on intermediate
sets. For example, to show that a composite f ◦ g is continuous with respect to a
topology σ on the domain of g and a topology τ on the range of f , you need to
pick some topology on the range of g that makes both f and g continuous. An
algorithm to automate these proofs would be a great boon, but I do not yet have
one. Joe Hurd’s work on predicate subtyping [9] looks like a promising source of
ideas.

Moral 6: There are a lot of new and challenging problems for proof automa-
tion in pure mathematics.

4 Will it scale?

An important question to ask of any case study in applying formal methods and
theorem-proving in engineering applications is “will the proposed technique scale
to real-life applications?”. I believe the same applies to mathematical applica-
tions as well. Simpson [12] identifies what is probably one of the most important
problems for more advanced pure mathematics: much use is made of structure
which share a combination of algebraic, topological or geometrical properties.
For example, the rich and important theory of Lie groups is an abstraction of
the algebraic and geometric theory of groups of real or complex matrices. A
Lie group is simultaneously a group and a smooth manifold, a smooth manifold
being something that has a particular topological structure combined with a
differential structure allowing analytic methods to be used. The issue then is,
how to deal formally with the kind of reasoning that is endemic in mathematics
where one just says something like ”let G be a Lie group” and then freely appeals
to the notations and theory of whichever of the underlying structures provides
the facts one needs.

I believe the approach to modelling mathematical structures exemplified by
the case study on groups and also by the Z-set example in section 2 above will
scale, subject to some slight modifications to the details, ideally supported by
some extensions to the syntax offered by the parser (see [2] for more details on
the latter).

The main change to the approach addresses the issue highlighted by Simpson
in his example of Lie groups. To get things to scale, I would propose using
labelled products rather than unlabelled products for the signatures of algebraic
structures. To see how this would work, consider the notion of a field: Given
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our treatment of groups, a field can conveniently be thought of as two group
structures on elements of the same type obeying certain laws9.

Using labelled products, the signature for groups would be given by the
following ProofPower-HOL labelled product type definition which defines a new
polymorphic labelled product type ’a GROUP with four components with the
indicated labels and types. The component labels become the names of the
functions that project the product type onto its component types.
HOL Labelled Product

GROUP

CarG : ′a SET ;

TimesG : ′a → ′a → ′a;

UnitG : ′a;

InverseG : ′a → ′a

Now we can define the signature for a field as a labelled product. Note that
in both these labelled product definitions, in the interests of scalability to com-
plex situations, we are decorating the component labels with subscripts to avoid
clashes with other algebraic structures, e.g., rings would also have an additive
group.
HOL Labelled Product

FIELD

AdditiveGroupF : ′a GROUP ;

MultiplicativeGroupF : ′a GROUP

This captures the desired semantics, but creates some syntactic problems.
For example, the expression 1 + x.y in a field K would have to be written.

TimesG (AdditiveGroupF K )

(UnitG(MultiplicativeGroupF K ) )

(TimesG(MultiplicativeGroupF K ) x y)

This syntactic problem can be overcome either by explicitly defining accessor
functions as we did for Z-sets and groups, or by extending the parser and type-
checker to allow aliases for non-constant expressions, or perhaps, specifically for
composite functions, so one could define + and . to be aliases allowing something
like 1 + Kx.Ky to be written for the above term.

Simpson proposes a solution in dependent type theory to this problem in
which mathematical structures are represented by functions from strings to com-
ponent structures. This is not available to us in HOL, but I can think of no
examples in mathematics where the statically typed approach sketched above
would be semantically insufficient.

9 This does not work in the traditional set-theoretic account, since the multiplicative
structure of a field does not comprise a group unless it is restricted to the non-zero
elements.
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5 Summary

I have given an overview of three case studies in the use of the ProofPower-HOL

theorem-prover on pure mathematical problem domains. This has highlighted
some problems in giving a smooth formalisation. Solutions or partial solutions
to these problems have been proposed. In particular, I have outlined a method for
scaling the approach to the compound mathematical structures that predominate
in modern century mathematics.

I have extracted some “morals” from the work done to date, and there is much
more that could be said about good ways to go about capturing a useful and
evolving body of pure mathematics in an automated theorem-proving system.
However, agonising about the technical approach will be less productive than
actually trying to do some mathematics and to learn from the attempt.
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A THE THEORY Z set

A.1 Parents

Z

A.2 Constants

$∗∗
′a → Z → ′a SET × (Z → ′a → ′a) → ′a

Car ′a SET × (Z → ′a → ′a) → ′a SET
Z Set (′a SET × (Z → ′a → ′a)) SET
Orbit ′a SET × (Z → ′a → ′a) → ′a → ′a SET

A.3 Type Abbreviations

′a Z SET ′a SET × (Z → ′a → ′a)

A.4 Fixity

Infix 310 : ∗∗

A.5 Definitions

Car

∗∗ ⊢ ∀ (set , action)
• Car (set , action) = set

∧ (∀ x i• (x ∗∗ i) (set , action) = action i x)
Z Set ⊢ ∀ X

• X ∈ Z Set
⇔ (∀ x i• x ∈ Car X ⇒ (x ∗∗ i) X ∈ Car X )
∧ (∀ x i j
• x ∈ Car X

⇒ (x ∗∗ (i + j )) X = ((x ∗∗ i) X ∗∗ j ) X )
∧ (∀ x• x ∈ Car X ⇒ (x ∗∗ NZ 0 ) X = x)

Orbit ⊢ ∀ X x• Orbit X x = {y |∃ i• y = (x ∗∗ i) X }
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A.6 Theorems

Z set minus thm

⊢ ∀ X
• X ∈ Z Set

⇒ (∀ x i• x ∈ Car X ⇒ ((x ∗∗ i) X ∗∗ ∼ i) X = x)
Z set cancel thm

⊢ ∀ X x y i
• X ∈ Z Set ∧ x ∈ Car X ∧ y ∈ Car X

⇒ ((x ∗∗ i) X = (y ∗∗ i) X ⇔ x = y)
orbit refl thm

⊢ ∀ X • X ∈ Z Set ⇒ (∀ x• x ∈ Car X ⇒ x ∈ Orbit X x)
orbit disjoint thm

⊢ ∀ X
• X ∈ Z Set

⇒ (∀ x y
• x ∈ Car X ∧ y ∈ Car X

⇒ Orbit X x ∩ Orbit X y = {}
∨ Orbit X x = Orbit X y)
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a�Ê�G^YXCW[^]RV\É�ÊÌad[^E�CWMLE�C�_^F&[h]OC�M�C�[hFAG^a/Y\]gÉdY1_hYXC�_9MR]±_^_^MRF�G`Y�C�[h]gV\É�_hCWiWF4G�b\MOCWe&FWÕQG^aWE�F=_h]gE�F4G
F&ÏWF4V P9]g_^Y\]RV e&aWE�E�Ë\VX]±_h]gFHG�aWÊ�ËXG`F4[hG�a�Ê9_hY\F�G^CWE/F·_^aqaWM�J�ß-ËXefY aWÊ9_^Y\F�G`Y�C�[h]gV\É-_^YXC�_
NQaqF4G�_hCWiWF¤b\MOCWe&FA[hF4ÚDË\]R[hF4GnbLF&[fG`adVXC�M�e=adE�E�Ë\V\]Oe&C�_^]RaWVcÍ�F&_vPZF4F&V$_^Y\F�b�C�[^_^]RF4Gn]RVDÏdaWMRÏWFHN�J

ÞtV _hY\]RG-bXC�bLF&[3P�F NQF4Ghe=[h]gÍLF C ÏD]OG^]gadV a�Ê/_^YXFºÊÌË\_^Ë\[hF C�VXN C�[hÉWËXF§_hYXC�_-]g_-V\F&FHN
V\a�_�E�F&[hF&MRÎ ÍLF�CºÊ£CWVd_fCWG^ÎWJ%Ò{a�P�CW[hN _^Y\]OG�F&VXN P�FcN\F4Ghe=[h]gÍLFc_^Y\F3]RE�b\MgF4E�F&VD_hC�_^]RaWV a�Ê
C¤b\[^aW_^aW_vÎDbLFnb�F4F&[^Ô�_ha�Ô¨b�F4F&[.ÊÌ[fC�E�F&P�aW[hi¤ÊÌaW[%e&aWV\VXF4e _h]gVXÉ�NQ]RG`_^[h]RÍ\ËQ_^FHN/Mg]RÍ\[fC�[h]gFHG.a�Ê´E�C�_^YQÔ
F&E�C�_h]Re4G ������� J\ÒnY\F�b\[ha�_ha�_vÎqbLFA]RE�b\MRF&E�F&VD_hC�_^]RaWV3C�MOG^a�G^Ë\b\bLaW[^_hG+C�ÚdËXF&[hÎ·MRCWV\ÉWË�C�ÉWFAÊÌad[
e=aWVD_hF&VD_nCWVXN$VXC�E�FAÍXCWG^F4N$G`FHC�[fefY\]gVXÉXJDÈºF¤ÉWa�ÊÌË\[^_^Y\F4[9]gV$b\[^adb�aDG`]RV\É�C�ÉdF&V\F4[hCWMXÊÌ[fC�E�F&Ô
PZad[^i ÊÌaW[�NQF4N\ËXe _h]gÏdFºG^F4C�[fefY¼E�F=_hY\aQN\Gc]gV C e=adMgMRF4e=_^]RaWV¼aWÊ�MgadÉW]Oe&CWMgMRÎ YXF=_^F4[^adÉWF4V\F&adËXG
N\C�_fC�ÍXCdG`FHG	��J2Ý�Ë\[�C�bXb\[^aDCWefY ]OG�ÉdË\]ONQF4N ÍDÎ adË\[/F=åQb�F4[^]RF&V�e=F4G�]RV _^YXF�
XaW[hE�CWM��]RÉW]g_hC�M
I�]RÍ\[hCW[^]RF4G�b\[ha��vFHe _ � ��� Õ\C��vad]gVD_�b\[ha��vFHe _9ÍLF=_vP�F&F&V§KZad[^V\F4MgM�Õ�K�C�Mg_^FHefYcCWVXN$È¼ÎWaWE�]RV\ÉXJ
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ÈºF�]RE�C�Éd]gV\F�C·G`ÎQG`_^F4E ]RV-P9Y\]OefY3b\[^aqaWÊ�adÍ\Mg]RÉdC�_^]RaWVXG�E�C�Î$Í�F�NQ]RGhefYXCW[^ÉdF4NcÍqÎ1F=åQ]OGv_h]gVXÉ
[^FHG`Ë\Mg_hG4Õ._^Y�C�_�YXC�ÏWFcbLF&[hYXC�bXG/ÍLF&F4V ÏdF&[h]±Ñ�F4N ]RV NQ]±Ð´F&[hF&VD_·MRaWÉd]Re4G&Õ�C�V�N [hF4e=ad[hN\F4N ]RV C
NQ]RG`_^[h]RÍ\ËQ_^FHN�C�VXN$Y\F=_hF&[haWÉdF&V\F4aWËXGnN\C�_hC�Í�CWG^FWJ�KZaWV�G`]ONQF&[�_hY\F¤ÊÌaWMRMga�P9]RV\É�Ghe=F&V�C�[h]ga�J

×òËXG^F&[HÕ{G^]g_`_^]RV\Éº]gV I¯C�[fC�E�]RF�È¼ÎWadE/]RV\É-adV C3Í\MRËXG`_^F4[^Î�P9]RVd_hF&[/F&ÏdF&V\]RV\ÉXÕ
]RG�e=adVXGv_h[^Ë�e _^]RV\É-C�b\[haqa�Ê9]RV�_^Y\F1â+Ë\b\[hMZG^ÎQGv_hF&E��WJ�×�_�Ï�C�[h]gadËXG�bLaW]RVd_fG�]RV�_^Y\F
b\[haqe&F4GhG&ÕLG`Ë�G`bLF4e=_^]RV\É�_^Y�C�_AG^Ë\[hF&MRÎ$G^aWE�F&adV\F�F4MRG^F�YXCdG+C�MR[hF4CWN\Î1b\[ha�ÏWFHN1_hY\F�[hF=Ô
G`ËXM±_/[^FHÚdËX]g[hF4N°_haºe=adE�b\MgF&_^F·YXF&[/b\[^aqaWÊvÕ{G^Y\F1]RV\]g_^]OC�_^FHG�CWV ]gVD_hF&[fCWe _h]gÏdF·ÚDË\F&[hÎWJ
ß3aWE�F4Vd_fGcÍ�F&ÊÌaW[hFº_hY\F�È¼ÎWadE/]RV\É ËXG^F&[c]RGhG`ËXF4N½Y\F&[3ÚDË\F&[hÎWÕ9CWV F4CW[^MRÎ¼[h]RG^]gVXÉ
ÜAÝAI�ËXG^F&[9]RV$_^Y\F�PnC�[hE G^Ë\E�E/F4[9E�aW[hV\]gVXÉ/aWÊ%K�CWVqÍ�F4[^[fC�×+ËXGv_h[hCWMg]OC/YXCWG��vË�Gv_
b\[ha�ÏWF4N1C�MRF&E�E�C�YXC�Ïq]gV\É�_^YXFA[hF4ÚDË\]R[hF4N1G^F&E�CWVd_h]Re�]RE/bLaW[^_4J! +b�adVce&aWE�b\MRF=_h]gV\É
Y\]OG�b\[haqa�ÊZ]g_�PnCWG�CWËQ_^adE�C�_^]Oe&CWMgMRÎ§e&aWE�E�]±_^_^F4N°_ha3Y\]OG�MRaqe4C�M%adV\MR]gV\F·NXC�_hCWÍXCWG^FWJ
Ý�Ë\[.È¼ÎWadE/]RV\ÉAËXG^F&[fG�ÚDË\F4[^Î�[hF=_hË\[hVXG{_^Y\F9ÜAÝAIc[hF4G^Ë\Mg_{_haWÉWF&_^Y\F4[.P9]±_hY�C�b\[haQe=F=Ô
NQË\[hF¤ÊÌaW[n_h[hCWVXG`MOC�_h]gVXÉ/Ü¤ÝAI°_^F&[hE�Gn]gVD_ha·â�Ë\b\[hM´_^F4[^E�G�CWVXN$]gVXe&MgË�NQF4G9F4Ïq]RNQF4VXe=F
_^YXC�_¤_^Y\F�b\[haqa�Ê2CWe=_^ËXCWMgMRÎ3PnCWGAe=aWE�b\MRF=_hF4Nº]gV°ÜAÝAI2J�ÒnY\]RGA]RVQÊÌaW[hE�C�_h]gadV§]OG�]RVQÔ
e=ad[^bLaW[fC�_hF4N�]gVD_^a�Y\F&[%MRaQe&CWMXN\C�_fC�ÍXCdG`F9CWVXN�ËXG^F4N/_^a�e&aWE�b\MRF=_hF�Y\F&[2b\[^aqaWÊvJDÝ�VXe=F
e=adE/bXMgF&_^F4N�ÕWY\F4[2V\F4P [hF4G^Ë\Mg_%]RG2[^FHe=ad[hNQFHN/]gVD_^a�YXF&[ZNXC�_hC�Ô�Í�CWG^FZ_hY\F&[hF&ÍqÎ/E�C�iq]gVXÉ
]±_�]RE�E/FHNQ]OC�_^F4MgÎ�C�Ï�CW]gMOC�Í\MRFZ_^aAa�_^YXF&[.b\[haDaWÊ\F=Ð´aW[^_hG.NQ]OGv_h[^]RÍ\ËQ_hF4N/CWe&[^aDG^G�_^Y\FnP�F&Í�J

ÞtVº_hY\]OG�bXC�bLF&[�PZF�C�[hÉWËXF�_hYXC�_�_hY\]OG�Ghe=F&V�C�[h]gac]RG�Í�aW_^Y°_^Y\F4aW[hF=_h]Re4C�MRMgÎ3ÊÌFHCWG^]gÍXMgF·CWVXN
b\[hCde _h]Re4C�MRMgÎ�[^FHC�MR]gáHC�Í\MRF�P9]±_hY�F=åQ]OGv_h]gVXÉ9_^FHefY\V\aWMRaWÉd]gFHG%æ£e&]g[fe&C�Ù#"#"#$Dç J&ÈºFZb\[^FHG`F4VD_�F&Ïq]RN\F&VXe&F
ÊÌaW[�_hY\]OG�CW[^ÉdË\E�F&VD_�ÍqÎ°NQFHG^e&[^]RÍ\]RV\É§C3bX[^aW_^a�_vÎqbLF�]gE�b\MRF&E�F4Vd_fC�_h]gadV a�Ê�C3bLF&F4[`Ô�_^aWÔ�bLF&F4[
V\F=_vP�aW[hi/ÊÌaW[�]gVD_^F4[he&aWV\VXF4e _h]gVXÉ�N\C�_hC�Í�CWG^F4GZa�Ê�ÊÌad[^E�C�MLE�C�_hY\F&E�C�_h]Re4C�M�e=adVD_^F&VD_HJdÈ°F�e=aWV\Ô
_^]RVDËXF3ÍDÎ aWËQ_hMg]RV\]RV\É CºÉdF&V\F4[hCWMn_^Y\F4aW[hF=_h]Re4C�M�ÊÌ[hCWE�F&P�aW[hi�ÊÌaW[·NQFHNQËXe _h]gÏdF3G`FHC�[fefY\]gVXÉº]RV
NQ]RG`_^[h]RÍ\ËQ_^FHNcV\F=_vP�aW[hiQGZMR]RÍ\[hCW[^]RF4G�aWÊ�Y\F&_^F4[^adÉWF&VXF&aWË�G%ÊÌad[^E�C�MR]Rá&F4N$E�C�_hY\F&E�C�_h]Re4G&J

ÈºF�[^FHefiWadV¤_^YXC�_{_hY\F2ÊÌadMgMRa�P9]RV\É�CW[^F2_^Y\F�V\F4e&F4GhG^CW[^Î¤e=adE�b�adV\F&VD_hG{ÊÌad[�G^ËXefY�C�G`ÎQG`_^F4EcJ
% ®.�drvx4|D�H�dxH|Ws¤sv�Dm�oqp&oQmhr ��sv�Dm�«.x&r`¦d�'&�¥±��Wr`p&rt�#(cp&wq¦)&¨¦dp&s`p4Dp4�tm*($�t�Dx4|D¥±¦3Qm�~fx4wD�t�±¦dm^rvm ¦
�¨�WwDxHw��Wu�xH|d�f��sv�Dx4|D�H�/oQmhrv�qp&oD�.sv�DmZ«.x4r`¦+&¨¦Dp=s`p4Dp4�tm*(�mfu�od�qp4�t��¬fmh���±u�od¥�mfu�mfw�s`p&sv��xHwX�

,.-{����wD~f¥���wqp=sv��xHw��&x4|dr����WoQx4sv�dmhsv��~ p4¥�|d�tmhr����´��w�svm^rvmf�¨svm ¦��±w+m0/�str`p4~^sv�±wd�ZoWrvxH�&r`p4u��´yRrvx4u odrvx�x&yO�
D|Ws.�qp&��wDx+oD�d�±¥�x4�txHoD�d��~ p4¥XxH�1̈ mf~^sv�±x4wD��svxA��wd~fx4rvoQx&r`p&sv��wD��~f¥±p4�t�t��~ p4¥Xrvmf�t|D¥�sv����w�svx��dmhr%odrvx�x&yO�
��y���sA¦Wx�mf��wDx&s���u�od�±wd�Hm¤x4wcsv�DmA~fxHwd�¨strv|D~hsv����m¤~hxHw�svmfw�s �´édx4r+p�¦W�±�t~h|D�t�t��xHw3x&y21¨|d�¨s��t|d~^��p
u�mhsv�Dx�¦WxH¥�xH�&��yRx4r2��wD~fx&rvoQx4r`p=sv�±wd��~f¥±p4�t�t��~ p&¥Lrvmf�t|D¥�sv�2��w�svx�~fxHwd�¨strv|D~hsv����m9oWrvx�x4yR�Z�tmfm43 í65£�



� � � ÞtVXNQ]RÏq]RN\ËXC�M�N\C�_hCWÍXCWG^F4GnaWÊ¯ÊÌaW[hE�C�MR]gá4F4N$E�C�_^YXF&E�C�_h]Re4G&J
��� � � × ÊÌ[fC�E�F4PZad[^i�ÊÌad[2e=adV\V\FHe _^]RV\É�]RVXNQ]RÏq]RNQË�C�MXN\C�_hCWÍXCWG^F4G.]RVD_^a�C�NQ]OG`_^[h]gÍ\Ë\_^F4N/V\F&_vPZad[^i

]gV�e=MRËXNQ]RV\É3E�F=_^YXaqNXG¤ÊÌaW[¤ÑXV�NQ]gVXÉ-N\C�_fC�ÍXCdG`FHG¤a�Ê2ÊÌad[^E�CWM�E�C�_^F4[^]OC�M%CWVXN�C$bX[^aW_^aQe=adM
ÊÌaW[�e&aWE�E�Ë\VX]Re4C�_^]RV\É�ÍLF=_vP�F&F&Vc_hY\F&E�J

����� � � ß3F=_hY\aQN\G9a�Ê{_^[fC�VXG^MOC�_^]RV\É�ÍLF=_vP�F&F&VcMRaWÉW]Oe&CWML_^Y\F4aW[h]gFHG&J
��� � � ß3F&_^Y\aQN\G9aWÊ�G^F4CW[hefY\]RV\É�CWe&[^aDG^GZ_^YXF�NQ]RG`_^[h]RÍ\ËQ_^FHNcV\F=_vP�aW[hi´J
ÒnY\F&[hFACW[^F�]gV�NQF&bLF&VXN\F&VD_9[^FHG`FHC�[fefY�F=Ð´aW[^_hGZË\VXNQF4[^PnC�Î�aWV$CWMgML_hY\F4G^F+_haWb\]Oe&G4JqÈ¼YXC�_9NQaqF4G
V\a�_ne=Ë\[h[^F4VD_^MRÎ�F&åq]OG`_2]RG�C�V1F=Ð´aW[^_%_^a�b\Ë\MRMX_hY\F4G^F�_hF4efY\V\adMgadÉW]RF4G._haWÉdF=_^YXF&[2]RVD_^a/C�V�Ë\V\]gÑXFHN
C�b\b\[hadCdefY�JHÞtV�_^YX]RG.bXCWb�F4[.PZFnCWN\N\[^FHG^G�]g_^F&E�GnæÌ]R]Tç ÕXæ£]g]R]Oç�CWVXN1æ£]gÏ\ç J�È°F9NQaAV\a�_�b\[haWbLadG^F%_ha
e=aWV�Gv_h[hCW]gV æ£]Oç+a�_hY\F&[�_^Y�C�V-_ha1[hF4ÚDË\]R[^F�_^YXC�_¤NXC�_hCWÍXCWG^F4G+bXC�[^_^]Oe=]RbXC�_^]RV\É1]RV3_^YXF�V\F&_vPZad[^i
]gE�b\MRF&E�F&VD_�_^Y\F$b\[^aW_^aQe=adMZNQFHG^e&[^]RÍLF4N CWG�bXC�[^_�aWÊ�æ£]g]Tç J.È°F1ÍLF&MR]gF4ÏWF�_hYXC�_�C-G^ËXe&e&F4GhGvÊÌË\M
]gE�b\MRF&E�F&VD_fC�_^]RaWVºa�Ê%]g_^F4E�G�æ£]Oç=Õ%æÌ]R]Oç�C�VXN æÌ]RÏQç�P9]RMgM.e=[hF4C�_^F/C����	��
����_^Y�C�_¤P9]gMRM�ÊÌË\[`_hY\F&[
Gv_h]gE�Ë\MRC�_^F¤_hY\F�NQF&ÏdF&MRaWb\E�F4Vd_9aWÊ¯_^[fC�V�G`MOC�_h]gadVXG¤æÌ]R]g]Tç J

ÈºF�[^F4E�C�[hi+_hYXC�_HÕ�b�F4[^YXCWbXG�G`Ë\[hb\[h]RG^]RV\ÉWMRÎWÕ�G^e&]gF4VD_^]gÑ�e2e&aWE�E�Ë\VX]±_h]gFHG{aW_^Y\F4[�_^YXCWV�e=adE/Ô
b\ËQ_^F4[�G^e&]gF4VXe=F¤G^F&F&EÓ_ha�ÍLF¤Í�F&_`_hF&[�C�_9G^YXC�[h]gVXÉ�[hF4G^Ë\M±_fG�]gV�C�G^]RÉWV\]gÑ�e&CWVD_�PnC�Î��dÍqÎ�P9Y\]OefY
PZF¤E�F4CWV$_hYXC�_�]RVQÊÌad[^E�C�_h]gadV$]OG9G^YXC�[hF4NcG`a/_hYXC�_�]g_+e&CWV$ÍLF�ËXG^F4NcNQ]g[hF4e=_^MRÎ1]RV�F4G`_hC�ÍXMg]OG`Y\Ô
]gV\É1V\F&P [^FHG`ËXM±_fG&Õ�V\a�_+G^]gE�b\MRÎc]gV-C·G^F4e&aWVXNXC�[hÎ�ÊÌaW[hE�J 
\ad[�F=å\C�E�b\MRFWÕX_^Y\F�N\C�_fC�ÍXCdG`FHGna�Ê
ÉWF&VXF=_^]Oe9G`_^[hËXe _hË\[^FHG%C�[hFn[^F4E�a�_^F4MgÎ�CWe&e&F4GhG`]RÍ\MRF�C�VXN/[hF&E�a�_hF9CWe&e&F4GhG�ÊÌaW[hE�G%C�e=[hËXe=]OC�MQb�C�[^_
a�Ê¯_hY\F¤E�F=_^YXaqN\aWMRaWÉWÎ�ËXG^F4N$ÍqÎ�[^FHG`FHC�[fefY\F&[fG�P�aW[hiq]gV\É�]gV$_^Y�C�_nÑXF&MON�J�Ý�V1_^Y\F¤Y\adE/F4bXC�ÉdF
ÊÌaW[�_hY\F�â�C�_^]RaWV�C�M.KZF4VD_^F&[�ÊÌaW[���]Ra�_hF4efY\V\adMgadÉWÎ·ÞtV\ÊÌaW[hE�C�_^]RaWV � ÙWÙ � ]±_¤G^C�ÎQG����^ß3aDGv_ �vadË\[^Ô
VXC�MOG�V\a�P F=åQbLF4e _2_^YXC�_ ��â�× CWVXN�C�E�]RV\a�CWe&]RN�G^F4ÚDË\F&V�e=F4G�_^YXC�_ZC�b\bLF4CW[%]RV·C�[^_^]Oe=MRF4G�P9]RMgM
Í�F�G`ËXÍ\E�]±_^_^F4N§_^acC$G^F4ÚDË\F4VXe=F/N\C�_fC�ÍXCdG`F�Í�F&ÊÌaW[hF�b\ËXÍ\Mg]Oe&C�_^]RaWV�J �1×�G¤C1e=adE�E�Ë\V\]g_vÎWÕLP�F
e=aWËXMRN1_hCWiWF�C/MgFHG^G^aWVcY\F&[hFWJ
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ÒnY\F1C�ÍX]gMR]±_vÎ§_^a§G^aWËXVXNQMRÎ°e&aWE�ÍX]gV\F�_hY\F&ad[^F4E�G�b\[ha�ÏWF4Nº]RV NQ]±Ð´F&[hF&VD_�MRaWÉd]Re4G�P9]g_^Y\]RV _^YXF
G^CWE/F·ÊÌ[hCWE/F4PZad[^i§]RG/C3NQF&F4b E�C�_hY\F&E�C�_h]Re4C�MZb\[^adÍ\MRF&E�J¯ÞtVXG`_^]g_^Ë\_^]RaWVXG ��� "\Õ � � � bX[^a�Ïq]ONQF
C e&C�_hF&ÉdaW[hÎ _^Y\F4aW[hF=_h]Re�ÊÌ[fC�E�F4PZad[^i ]RV¼P9Y\]OefY _^Y\F§ÊÌaW[hE�CWM�[hF&MOC�_^]RaWV�G�Í�F&_vPZF4F&V>NQ]gÐLF4[`Ô
F&VD_�_^YXF&aW[h]RF4G�e&CWV Í�F1F4G`_hC�ÍXMg]OG`YXF4N�J¯×+M±_hY\aWËXÉWY ]RVXGv_h]±_hËQ_^]RaWV�G�b\[ha�Ïq]RNQF�C�E�C�_hY\F&E�C�_^]Oe&C�M
ÊÌ[hCWE/F4PZad[^i$P9]±_hY\]RV-P9Y\]OefY3[^F4MRC�_^]RaWVXG+Í�F&_vPZF4F&V3MRaWÉW]Oe&G�e&CWV3Í�F�Ë\VXNQF4[hG`_^aqaQN�Õ\_hY\F&Î�YXC�ÏdF
Í�F4F&V·MR]±_^_^MRF+ËXG^F4N�]RV·b\[fCWe=_^]Oe=FdJdÒnY\F�Y�C�[fN�bXC�[^_2a�Ê�[hF&MOC�_h]gVXÉ¤_^Y\F4aW[h]gFHG%]OG%F4G`_hCWÍ\MR]RG^Y\]RV\É�_^YXF
G`F4E�CWVD_^]Oe�E�CWb�J�Ü�a�P�F � �,+ Õ � $ � YXCWG¤b\[ha�Ïq]RN\F4N3_hY\F�G`F4E�C�VD_^]Oe�ÊÌaWË\VXNXC�_^]RaWV�GAÊÌaW[�CcE�CWb
Í�F&_vPZF4F&V�ÜAÝAI°C�VXNcC�e&MRCdG^G^]Oe&C�MLÏ�C�[h]RCWVD_�aWÊ�â�ËXb\[^M�JQ×�V�]RE/bXMgF4E/F4VD_hC�_h]gadV1aWÊ¯_^YXF�_h[hCWVXG`Ô
MRC�_^]RaWV3]OG�NQF4Ghe=[h]RÍ�FHN�]gV � Ù � � JLâ+C�ËXE/a�Ï � Ù#" � Y�CWG�[hF&MOC�_hF4NcÞvGhC�ÍLF&MRMgF�CWVXN3e=MOCWGhG`]Oe&CWM¯â�ËXb\[^M
C�VXN�C�G`F4E�C�VD_^]Oe �vËXGv_h]±ÑLe&C�_h]gadVcÊÌaW[9_h[hCWVXG`MOC�_h]gVXÉ/à2ãAä$[^FHG`ËXM±_fG9]gVD_ha�e&MRCdG^G^]Oe&C�M�â+Ë\b\[hM�YXCdG
[^FHe=F&VD_hMgÎ�ÍLF&F&Vce=adE/bXMgF&_^F4N ���,-�� JqäD_fC�b\MRF4GZYXCdG2[hF&MOC�_hF4N·×+K�I�Ù�C�V�N·ÜAÝAI � Ù + � b\[^a�Ïq]ONQ]RV\É
C�E�F4efYXCWV\]RG^Eò_ha·]RVXe=ad[^bLaW[fC�_hFA[hF4G^Ë\Mg_hG9aWÊ%×+K�I{Ù/]RVd_ha1ÜAÝAI b\[^aqaWÊ£G&JX×+b\b\MR]Re4C�_h]gadVXG9ÊÌad[
G`YXCW[^]RV\É�[^FHG`Ë\Mg_hGAæÌF4ÏWF4V�_^Y\F¤ËXG^F+aWÊ{e=MOCWGhG^]Re4C�MX[hF4G^Ë\Mg_hGZÊÌ[haWEµà%ã¤ä�]RV$e=adVXG`_^[hËXe _h]gÏdF�â�ËXb\[^M
b\[^aqaWÊ£Ghç{C�[hFZNQ]OGhe=ËXGhG`FHN�]RV � + � J�ÞtV�FHCWefY�e4CWG^FWÕ�CAG`F4E�CWVD_^]Oe&C�MRMRÎ �vË�Gv_h]±ÑXFHN�_h[hCWVXG^MRC�_^]RaWV�ÊÌ[haWE
_^Y\F�MOC�V\ÉdËXC�ÉdF�aWÊ{adV\F�MgadÉW]Oe+]RVD_^a�_hY\F�MRCWV\ÉWË�C�ÉWFAa�Ê.C�V\aW_^Y\F4[9]RGn[hF4ÚDË\]R[hF4N�J

×�b\b\MRÎq]gVXÉ�C�V�FHe=adV\aWE�]Oe9E�aqN\F&M�ÕdP�F�V\aW_^F�_hYXC�_Z_^[fC�VXG^MOC�_^]RaWV�G�Í�F&_vPZF4F&V�_hY\F&ad[^]RF4GZC�[hF
]gE�b\MRF&E�F&VD_hF4N�ÍqÎ�]RVXNQ]RÏq]RNQË�C�MOG%P9Y\a�Ï�C�MRË\F9_hY\F9]RVXe=ad[^bLaW[fC�_h]gadV�aWÊ´[hF4G^Ë\Mg_hG.ÊÌ[haWE¶aWV\Fn_hY\F=Ô
aW[hÎ�]gVD_ha�_hY\F&]R[�a�P9V/Y\]gÉdY\MRÎ�F&VXaWË\ÉdY�_ha¤N\a�_hY\F9[hF4ÚDË\]R[^FHN�P�aW[hi´J�à�CW[`_.a�ÊL_^YXF�e&C�MOe=ËXMRC�_^]RaWV
a�ÊX_hY\FnPZad[`_hY�a�Ê´G`Ë�efY�C�V�F=Ð´aW[^_�]RG�ÍXCdG`FHN�aWV�_^YXFnCWE�aWË\VD_.a�Ê�CWVXN�_vÎqbLFZaWÊ�E�C�_hF&[h]RCWMD_^YXC�_



P9]gMRM�Í�F¤E�CWN\F¤Cde&e&F4GhG`]RÍ\MRF�ÍqÎ1C�_^[fC�VXG^MOC�_^]RaWVcC�VXN1_^YXFAFHCWG^F�P9]g_^YcP9Y\]OefY$]g_�P9]RMgM�ÍLF¤ËXG`FHN
ÍDÎ _^Y\F3NQF4ÏWF&MRaWbLF&[�C�V�N aW_^Y\F4[hG4J�ÒnY\FcÊÌ[hCWE/F4PZad[^i�b\[haWbLadG^F4N Y\F&[hFcMgFHG^G^F&VXG�_hY\F�F=Ð´aW[^_
[^FHÚdËX]g[hF4N·_^a�C�b\bXMgÎ·G^ËXefY$_^[fC�VXG^MRC�_^]RaWVXG4Õ���������]g_9b\[ha�ÏD]ONQFHG�C�E�C�[hiWF&_ZÊÌad[nG^ËXefY$_^aqaWMOG4J ��Î
b\[^a�Ïq]ONQ]RV\É+CAG`ËXefY�C�E�C�[hiWF&_4ÕHPZF�Í�F4Mg]RF&ÏdF%_hYXC�_�C�ÊÌ[fC�E�F4PZad[^iAG`ËXefY/CWG¯_^Y\F�aWVXFZNQFHG^e&[^]RÍ�FHN
Y\F&[hFAÊÌaW[9]RVd_hF&Éd[hC�_^]RV\É�E�Ë\Mg_^]Rb\MgF�b\[^a�ÏdF&[fG2P9]RMRM�E�a�_^]RÏ�C�_hF�ÊÌËX[`_hY\F&[+N\F&ÏWF4Mgadb\E�F&VD_hG4J
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F&b\]OGv_hF&E�]Oe �vËXNQÉdE�F&VD_hG�P9Y\F&_^Y\F4[¯_ha�CWe4e=F4bQ_¯[hF4G^Ë\M±_fG{CWVXN¤_ha+]RVXe=ad[^bLaW[fC�_hF._^Y\F4EØ]gVD_^a+_^Y\F4]g[
a�P9V$P�aW[hi´Jq×�G9bXCW[`_9a�Ê�_^YXF 
��AI�F=Ð´aW[^_4Õ\×+MgMRF&V � Ù � Y�CWG9NQFHG`]RÉWV\FHN$C/V\a�ÏdF&M´E�F4efYXCWV\]OG`E
_^a$e&F&[^_^]gÊÌÎ1Ê£Cde _fG�CWÍ�adËQ_+aWÍ!�vF4e _fG+]RV§C·NXC�_hCWÍXCWG^F�a�Ê�_hF&[hE�G&J´ÒnY\F4G^F�e&F&[^_^]gÑ�e&C�_^]RaWVXG�e&C�[h[hÎ
F&b\]OGv_hF&E�]Oe%P�F&]RÉWYD_¯]RV�_^YXC�_��HËXG^F&[fG�E�C�ÎAe&[^FHC�_hF%V\F&P�� � � ��� ��� �	� � 
�������� ÕH_^Y\F4ÎAE�C�ÎA[^FHÚDË\F4G`_
_^YXCWV$C�V$F=åQ]OGv_h]gV\É/iq]gV�N·a�Ê�e=F&[^_^]gÑ�e4C�_^]RaWV$Í�FA[hË\V1adV$C�b�C�[^_^]Oe=Ë\MOC�[�aWÍ �vFHe _HÕDad[2_hY\F&Î1E�C�Î
F=å\C�E�]RV\FnF=åQ]RG`_^]RV\É�e&F&[^_^]gÑ�e&C�_^F4G4J� +G^F&[fG.E�C�Î�V\aW_2e=[hF4C�_hF9e=F&[^_^]gÑ�e4C�_^]RaWV/aWÍ!�vF4e _fG&Õ�adV\MRÎ�_^YXF
G`ÎQG`_^F&E e&CWV�NQa+G^a�ÍqÎ¤F&Ï�C�MRËXC�_^]RV\É9_^YXFZe=adE�b\ËQ_hC�_^]RaWVXCWMWbXCW[`_{a�Ê\C+e&F&[^_^]gÑ�e&C�_^F%iq]RVXN�J  +G^F&[fG
e&C�V NQF&_^F4[^E�]RV\F·F=å\Cde _^MRÎ§P9Y�C�_�YXCdG�ÍLF&F&V e&F&[^_^]gÑXF4N�ÍqÎ°F=å\C�E�]RV\]RV\É�_^Y\F$e=aQNQF�ËXG^F4N°_ha
e=[hF4C�_hF�C�e=F4[`_h]±Ñ�e4C�_hFWJ�ÞtV/_^YXF+G^efYXF&E�F9a�Ê´_^YXF�
 ��I2Õ�_^YXF&[hF�C�[hF�C¤b\MgF&_^Y\ad[hCAaWÊ�e&F&[^_^]gÑ�e&C�_^FHG
ÉWF&VXF&[fC�_^FHN�ÍqÎ�E�C�VqÎ�Ë�G`F4[hG���G`adE�FZE�C�Î�ÍLF�CWG.G^]gE�b\MRF�CWG.C¤e=MOC�]REØ_^Y�C�_2G^aWE�Fn]gVXN\]gÏq]ONQËXC�M
e=[hF4C�_hF4N�_^Y\F�e&F&[^_^]gÑXF4N�aWÍ �vFHe _HÕ�a�_^YXF&[fG{E�C�Î�e&F&[^_^]gÊÌÎ�_^YXC�_%C�bX[^aqa�ÊLYXCWG�ÍLF&F4V�Cde&e&F&bQ_hF4N�ÍqÎ
G`adE/FZÊÌaW[hE�C�MD_^aqadMQaW[�_^YXC�_%G`adE/FnadÍ �vF4e=_�ad[^]RÉW]RVXC�_hF4N�ÊÌ[^adE C�b�C�[^_^]Oe=Ë\MOC�[.N\C�_fC�ÍXCdG`FdJ�ÒnY\]RG
e=F&[^_^]gÑ�e4C�_^]RaWV/E�F4efYXCWV\]OG`E»e4C�V�ÍLF9ËXG`FHN�_^a¤Í\Ë\]RMRN�G^F=_fG.a�Ê�NQF&bLF&V�NQF&VXe&]gFHG%C�V�N�bX[^adb�F4[`_h]gFHG
a�Ê2adÍ �vF4e=_hG¤C�VXN-_^a$_^[fCWefi�_hY\F&E�J  +G^F&[fGAe&C�Vº]gV�G`bLF4e=_�e&F&[^_^]gÑ�e&C�_^FHG�CWVXN�Õ�ÍqÎ3F&Ï�C�MRËXC�_^]RV\É
_^Y\F$E/F&_^Y\aQN\G�ËXG^F4N�_ha§ÉdF&V\F4[hC�_^F1C3b�C�[^_^]Oe=Ë\MOC�[/e=F&[^_^]gÑ�e4C�_^F1iD]RVXN�Õ.e&CWV NQF&_^F&[hE�]gVXF·_^YXF
F&b\]OGv_hF&E�]Oe¤PZF4]gÉdYd_n_hY\F&ÎcCWe&e&aW[fN�_ha�_hY\F�e=F4[`_h]±Ñ�F4NcaWÍ �vFHe _HJ
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aWV C3e=adE/bXMgF&å°G^F=_�a�Ê�Ê£CWe=_hG¤_hYXC�_/C�_�MRF4CWG`_�]RVXe=MRËXNQF·P9YX]RefY°_^aqadMRG·æ�C�VXN°ÏdF&[fG`]RaWV�ç�P�F&[hF
ËXG`FHN3_ha$b\[haQNQËXe&F�_hY\F�bX[^aqa�Ê �L_hY\F�MRF&E�E�CWG4ÕL_hCde _^]Oe&G4Õ�C�VXN§E�F=_^YXaqNXG�aWÊ2b\[haqa�Ê�_^YXF�_hY\F=Ô
aW[hF&E ]±_fG`F4M±Ê�NQF&bLF&VXNXG�adV �´ÉWMRaWÍXCWM{G^F=_^_^]RV\ÉdGA]RV-_^YXF�F4VDÏq]R[^adV\E�F&VD_�P9YXF&V-_hY\F/b\[^aqaWÊ%P�CdG
NQaWV\F�XC�V�N$bLF&[hYXCWbXG9a�_hY\F&[�Ê£CWe _fG&JLÒnY\]OG9Mg]OG`_+E�ËXG`_�ÍLF�aWbLF&VQÔ¨F&V�NQF4N�G^]gVXe&F¤_^Y\F�F&Ïq]RN\F&VXe&F
[^FHÚdËX]g[hF4N°ÊÌad[�C�V ]RVXNQ]RÏq]RN\ËXC�M2_^aºCde&e&F&bQ_�C-[^FHG`Ë\Mg_�Ë\Mg_^]RE�C�_hF&MRÎ�N\F&bLF&VXN\G�aWV�_hYXC�_/]gV�NQ]±Ô
ÏD]ONQËXCWMRG1b�F4[hG^aWV�C�M�e&[^]g_^F4[^]OC\JZÒnY\Fºe&[^]g_^F4[^]OC°ÊÌaW[cÍ�F4Mg]RF&Ïq]RV\É G^aWE�F=_hY\]RV\É e&CWV>Ï�C�[hÎ ÊÌ[haWE
]gVXN\]gÏq]ONQËXC�M2_^a-]RVXNQ]RÏq]RN\ËXC�M�C�VXN°_hYDË�G&Õ¯_^Y\F�_hY\[hF4G^Y\aWMON�a�ÊnF&Ïq]ONQF&VXe&F·E�C�Î§ÍLF1Y\]RÉWYXF&[�ad[
Mga�P�F&[HÕ�NQF&bLF&V�NQ]gVXÉ�aWV�_hY\F�]RVXNQ]RÏD]ONQËXCWM�JdÞtV·C�V�F&åD_h[^F4E�F�e&CWG^FWÕWËXG`F4[hG%E�C�Î/CWe4e=F&b\_2[^FHG`ËXM±_fG
ÍXCWG^F4N§aWVºCWËQ_^YXaW[h]±_vÎ ����� �"!�# �%$&��' �($�$)� �����+*,#)-%�.� � � /0$ �1� �����32���� � ��4*��-	��� �1�65���7��ZË\_
F&ÏWF4V·_hY\]RG9ÊÌaW[hEµa�Ê{F4Ïq]RNQF4VXe=F�8AE�C�Î·e4C�[h[^Î�F4b\]OGv_hF&E�]ReAP�F&]RÉWYD_nP9]±_hY$ËXG^F&[fGnC�VXN$aWËX[�ÉdadCWM
]RG�_ha�]gVXe&MgË�NQF�F&ÏdF&V$_^Y\]OG9iq]gV�N1aWÊ�F4ÏD]ONQF4VXe=FdJ\Û%ÏWF4[^Î�iq]RVXNca�Ê{ÊÌaW[hE�CWM�aWÍ �vFHe _9bLa�_^F4VD_^]OC�MRMgÎ
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e=aWVD_hF=åq_hG4J
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_^Y\adË\ÉWYc_^YXF�G`F4E�CWVD_^]Oe�]RE�b�ad[`_�aWÊ.C/_hY\F&ad[^F4EòE�C�Î·P�F&MRM�E�C�_hefY�ad[�G`Ë\Í�G`Ë\E�F�C/MRF&E�E�C
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ÒnY\FAG^F4e&aWVXN1C�ËQ_hY\aW[nYXCdG2Í\ËX]gMg_�C�b\[ha�_ha�_vÎqb�F�b�F4F&[^Ô�_ha�Ô¨b�F4F&[�V\F=_vP�aW[hi/ÊÌaW[nG`Y�C�[h]gV\É�]gV\ÊÌaW[^Ô
E�C�_^]RaWV�ÍLF=_vP�F&F4V 
��AI)� G4JHÒnY\F�NQF=_fC�]RMRG¯a�Êq_^YXFZC�[fefY\]g_^FHe _^ËX[^F%CWVXN¤a�Êq_^YXF2]RE/bXMgF4E/F4VD_hC�_h]gadV
C�[hFnN\F4Ghe=[h]gÍLF4N/]RV � � � � J�
�]RÉWË\[hF � ÉW]RÏWFHG�CWV�a�ÏWF&[hÏq]gF4P a�ÊL_^YXF�C�[fefY\]±_hF4e=_^Ë\[hFWJ�à.F4F&[^Ô�_ha�Ô¨b�F4F&[
C�b\b\MR]Oe&C�_h]gadVXG�CW[^F�ÍLF4e&aWE�]gVXÉ·Ë\Í\]OÚDË\]±_haWËXG��\_hY\F&Î�C�[hF�ËXG^F4Nc_ha1G`Y�C�[hF¤ÑXMgFHG&Õ�K�à  e&ÎQe=MRF4G4Õ
C�VXN�a�_^YXF&[.[^FHG`adË\[fe=F4G4J4× b\[h]gV�e=]RbXC�MQCWN\Ï�CWVD_hC�ÉdF%a�ÊX_^Y\F�_^FHefY\V\adMgadÉWÎ¤]RG�]g_hG�]RV\Y\F&[hF&VD_�Ê£C�Ë\Mg_`Ô
_^aWMRF&[fC�V�e=FWÕX_^Y\F4[^F�]RG�V\ace=F&VD_h[hCWMg]Rá&FHN3e=aWE�bLaWV\F4VD_+_^a1Ê£C�]RM�J´à.F&F4[`Ô�_^aWÔ�bLF&F4[�V\F&_vPZad[^iQG�CWMRG^a
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 ��I¼bX[^a�Ïq]ONQF4G�C3Ò+K�àbj�Þvà ÍXCWG^F4N°E�F4efY�C�V\]OG`E _^YXC�_�C�MRMRa�P�G�e=MR]gF4Vd_fG¤_^aºe=aWV\Ô
V\F4e=_�_ha§_hY\F�Mg]RÍ\[fC�[hÎ°CWVXN _haº]OG^G^Ë\F�G`]RE�b\MRFcG^F4CW[hefY [hF4ÚDË\FHGv_fG&J.ÒnY\F3e=Ë\[h[hF&VD_�]RVD_^F&[^Ê£CWe&F
_^a�_^YXF·Mg]RÍ\[fC�[hÎ-]OG�MR]gE�]g_^F4N°_ha-C-G^F4C�[fefY§ÍqÎ°VXC�E�F�[hF4ÚDË\FHGv_�CWVXN�C3G`FHC�[fefYºÍqÎºe&aWVD_^F4VD_
[^FHÚdËXF4G`_4J�ÒnYXF�G^F4C�[fefY�ÍqÎ$VXCWE�F�[^FHÚDË\F4G`_+[hF=_^ËX[^VXG�C·G^F=_+aWÊ2C�MRM�_^YXF&aW[hF&E�G�_^YXC�_Ae=adVD_hC�]RV
C·ÉW]RÏWF4V-Gv_h[^]RV\ÉcCWGAC1G^Ë\ÍXG`_^[h]gV\É1a�Ê%_hY\F&]R[�V�C�E�F4G4JLÒnYXF�G^F4C�[fefY3ÍqÎ3e=aWVD_hF&VD_�[hF4ÚDË\FHGv_A[^F&Ô
_^Ë\[hVXG�_^Y\F3G^F=_�a�ÊAC�MRMn_^Y\F4aW[hF&E�G�P9YXadG^FcG`_hC�_^F&E�F4Vd_fG�e=adVd_fC�]RV aWbLF&[fC�_haW[fG�G^bLF4e=]gÑXFHN ]RV
_^Y\F¤G`FHC�[fefY�JWÈ°F�N\F&ÏWF4Mgadb�FHN·C ��aqaWMRF4CWV·ÚDË\F&[hÎ�MRCWV\ÉWËXCWÉWF�Ë�G`]RV\É�_hY\F+MRaWÉd]Re4C�M�aWbLF&[fC�_^]RaWV�G
k CWVXN �RÕ k aW[��gÕLC�VXN k V\aW_���_^a1e&[^FHC�_^F�E/ad[^F�b�a�P�F&[^ÊÌË\M¯F&åQb\[^FHG^G^]RaWVXG4J\È¼Y\]RMgF�_^Y\F/ÚDË\F&[hÎ$MOC�V\Ô
ÉWËXCWÉWF9]OG2ÏdF&[hÎ/G^]gE�b\MRF+]g_Z]OG�G`Ë\[hb\[h]RG^]RV\ÉWMRÎ�ËXG^F=ÊÌËXMLCWVXN·G^F&[hÏWF4G�_^a�b\[ha�ÏWF�_^Y\F�E/FHefYXC�VX]RG^E�G
ÊÌaW[nG`FHC�[fefY\]gVXÉ�[hF&E�a�_hF+MR]gÍ\[fC�[h]RF4G%P�aW[hi´JdÞtV�NQF&FHN·P�F+ÊÌadË\VXN·E�CWVDÎ�V\F4P¼_^YXF&aW[hF&E�GZ]gV$_^YXF
KZaW[hV\F&MRM´Mg]RÍ\[fC�[h]gFHG2P9Y\]RMRF+_hF4G`_^]RV\É�aWË\[Z_^aqaWM�JQÈ¼]g_^Y\]RV1_hY\F¤b\[ha�_^aW_vÎqb�FdÕd_hY\F¤G`FHC�[fefY·F&V\Éd]gVXF
]RGn]RE�b\MgF4E�F&VD_^FHN1E�aQNQË\MOC�[hMgÎ·CWVXNce&C�V$F4CdG`]RMgÎ�ÍLF�[hF&b\MOCWe&F4N·]gÊ{F&åq_^F&V�G`]RaWVXGnCW[^FA[^FHÚDË\]g[hF4N�J

Ò¯a°G`YXCW[^F1_^Y\F4aW[hF&E�G/Í�F&_vPZF4F&V ÉW[haWË\bXG�P�F$V\aW_/adV\MRÎ V\F&FHN _^a°ÍLF�CWÍ\MRF·_^a G^F4CW[hefY
Mg]RÍ\[fC�[h]gFHG�Í\ËQ_�P�F$CWMRG^a§P�F$VXF&F4N _^a�NQ]RGhe=a�ÏdF&[�_^Y\FcMg]RÍ\[fC�[h]gFHG�_hY\F&E�G^F&MRÏWFHG&J�ÞtV bLF&F4[`Ô�_^aWÔ
b�F4F&[9V\F&_vPZad[^iQG4ÕqG^F&[hÏWF4[hG�C�V�N$e&Mg]RF&VD_hGnY�C�ÏWFAF4ÚDËXC�M�[h]RÉWYD_hGnC�V�N1[hF4G^b�adVXG^]gÍ\]RMR]±_h]gFHG9C�VXNcC�[hF



e=aWVXV\F4e=_^F4N ]gV C-E�F4G^Y _haWbLaWMRaWÉWÎdJ{à.F4F&[^Ô�_ha�Ô¨b�F4F&[�V\F&_vPZad[^iQG�G`Ë\bXb�ad[`_/E/FHefYXC�VX]RG^E�G�ÊÌad[
NQ]RGhe=a�ÏdF&[h]gVXÉ·a�_hY\F&[¤bLF&F&[fG¤C�VXNºF=å\efYXCWV\ÉW]RV\É$]gVQÊÌad[^E�C�_^]RaWV-ÍLF=_vP�F&F4V§_hY\F&E�J�ÒnY\F�B���Ò�×
ÊÌ[hCWE/F4PZad[^iºb\[ha�ÏD]ONQFHG�C3Y\]RÉWY MRF&ÏdF&M�C�ÍXG`_^[fCWe=_^]RaWV a�Ên_hY\F4G^F1E�F4efY�C�V\]OG`E�G4J¯ÞtV adË\[�bX[^aWÔ
_^a�_vÎqbLFWÕX_^Y\F�Mg]RÍ\[fC�[h]gFHG9a�Ð´F&[h]gVXÉ·G`FHC�[fefY�G^F&[hÏq]Re&F4G�CdNQÏWF4[`_h]RG^F¤]±_A]gV-_^Y\F�VXF=_vP�aW[hiLJ´KZMg]RF&VD_hG
e&C�V�Ë�G`F9_hY\adG^F+CdNQÏWF4[`_h]RG^F&E�F&VD_fG._^a�]gVqÏWadiWFn_hY\F+G^F&[hÏD]Oe=FHG&Jd×�MRMLe&aWE�E�Ë\VX]Re4C�_^]RaWV�ÍLF=_vP�F&F4V
b�F4F&[fG�]OG�NQadV\F�P9]g_^YX]gV3_hY\F/b�F4F&[^Ô�_ha�Ô¨b�F4F&[�V\F&_vPZad[^icYXC�Ïq]RV\É�_^Y\F�CWN\Ï�CWVD_hC�ÉdF¤_^YXC�_�b\[haWÍ\Ô
MgF4E�G1P9]±_hY¼ÑX[hF&PnC�MRMRG1e&C�V ÍLFºC�ÏdaW]ONQF4N æ£G^F&F ������� ÊÌad[$NQF&_hC�]RMOG&J�ç·äq]RVXe=FºN\C�_fC�ÍXCdG`FHG·C�[hF
V\a�_�NQFHG`]RÉWV\FHN-_ha�bXC�[^_^]Oe=]RbXC�_hF�NQ]g[hF4e=_^MRÎ-]RVº_hY\F�b�F4F&[^Ô�_ha�Ô¨b�F4F&[¤V\F&_vPZad[^i-C�G^E�CWMgM%G^F&[hÏWF4[
C�b\b\MR]Oe&C�_h]gadVºPnCWG¤NQF4ÏWF4Mgadb�FHN§P9Y\]OefY°]RG�N\F&b\MRa�ÎWFHN-]RVºÊÌ[haWVD_�a�Ê�F4CdefYºMR]gÍX[hCW[^ÎdJ´â+a�_�aWVXMgÎ
NQaqF4G�_^Y\]OGAb\[ha�ÏD]ONQF�_hY\F/]gVD_^F4[`Ê£Cde=F�ÊÌaW[¤C�b\bXMg]Oe&C�_^]RaWV-MR]gÍX[hCW[^]RF4G�_^a �vaW]RV-_^YXF�bLF&F4[`Ô�_^aWÔ�bLF&F4[
V\F=_vP�aW[hi´Õ´_^Y\FcG`F4[^ÏdF&[�e=adË\MON°CWMRG^a3ÍLF·ËXG^F4N°_^a§b\[^a�Ïq]ONQF�CWN\N\]±_h]gadVXC�M2ÊÌË\VXe _h]gadVXC�MR]g_vÎ§MR]gidF
C�ËQ_hY\F&VD_^]Oe&C�_^]RaWV�Õ\CWËQ_^YXaW[h]gáHC�_^]RaWV¯Õ\C�VXNcCWe4e=aWËXVd_h]gVXÉXJ
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ÞtV�_^Y\]OG�G`FHe _^]RaWV�P�F2NQFHG^e&[^]RÍLF%_^YXF%ÊÌ[fC�E�F&P�aW[hi�P9]g_^Y\]RV�P9Y\]OefY�P�FZCWNXNQ[^FHG^G�_^Y\FZb\[^adÍ\MRF&E a�Ê
G`FHC�[fefY\]gVXÉ�]RV�NQ]OGv_h[^]RÍ\ËQ_hF4N¤Y\F&_^F4[^adÉWF&VXF&aWË�G�N\C�_fC�ÍXCdG`FHG´a�ÊqÊÌaW[hE�C�MR]gá4F4N�E�C�_^Y\F4E�C�_^]Oe&G4J4ÒnYXF
b\[^adb�aDG`FHN·ÊÌ[fC�E�F4PZad[^i�]OG9]gVD_hF&VXNQFHN$_^a�Í�F�]RVXNQF4b�F4VXNQF4Vd_�aWÊ{_hY\F�Ë\VXN\F&[hMgÎq]RV\É�]gVXN\]gÏq]ONQËXC�M
N\C�_fC�ÍXCdG`FHG ��C�Mg_^YXaWË\ÉdYºP�F�YXC�ÏWF/]RV°E�]RVXNº_^Y\F 
 �AI%J¯ÒnYXF�b\[^adb�aDG`FHN-ÊÌ[fC�E�F4PZad[^i3NQaqF4G
V\a�_�E�CWiWF·CWGhG^Ë\E�bQ_^]RaWVXG�C�ÍLaWËQ_�_hY\F·Ë\V�NQF&[hMgÎq]RV\É-N\C�_hC�Í�CWG^F4G¤Í\ËQ_�CWGhG`ËXE/FHG¤_^Y�C�_�_hY\F&Î
b\[^a�Ïq]ONQF¤C�Ë\V\]gÊÌaW[hEò]gVD_hF&[^Ê£CWe=F�QPZF�æ£bXC�[^_^]OC�MRMgÎ\çnG^b�FHe=]gÊÌÎ·_hYXC�_9]RVd_hF&[^Ê£CWe&FAYXF&[hFWJ

ÒnY\FAÊÌ[hCWE/F4PZad[^i·e&aWVXG^]OGv_fGna�Ê¯_hY\F¤ÊÌaWMRMRa�P9]gV\É�e&aWE�b�adV\F&VD_fG&J
]�J çn× _hF&[hE Gv_h[^Ë�e _^ËX[^F¤ËXG^F4N$_^a·e&aWE�E�ËXV\]Re4C�_hFA]RVQÊÌad[^E�C�_h]gadVcCde=[hadGhG%_hY\F�V\F&_vPZad[^i´Õq_^YXF

e=MOCWGhGna�Ê{_^F&[hE�G9]OG9NQF&V\aW_^FHN����������J �
]R]�J�ç�×�V$C�b\b\MR]Oe&C�_h]gadV�b\[haWÉW[fC�E�E�F&[fG.]RVd_hF&[^Ê£CWe&F�æ£×+à2Þ`ç%G^Ë\b\bLaW[^_^FHN�ÍDÎ�N\C�_hC�Í�CWG^F4G�]RV�_^YXF

V\F=_vP�aW[hi´J
]R]g]�J ç¤×ÓbLF&F4[`Ô�_^aWÔ�bLF&F4[�C�[fefY\]±_hF4e=_^Ë\[hF�ÊÌad[¤_^Y\F�]RVD_^F4[he&aWV\V\FHe _h]gadVºaWÊ2_^YXF·N\C�_fC�ÍXCdG`FHGAG^Ë\bQÔ

b�ad[`_h]gVXÉ9ÊÌË\VXe=_^]RaWVXG¯ÊÌaW[¯N\ÎDV�C�E�]Re4C�MRMgÎA]RVd_hF&Éd[hC�_^]RV\É9V\F&P N\C�_hCWÍXCWG^F4G�]RVD_^a9_hY\F%V\F&_vPZad[^i
C�VXN$_hY\F�b\[ha�_^aQe&aWMLÊÌaW[�e&aWE�E�Ë\VX]Re4C�_^]RaWVcÍLF=_vP�F&F&V$_^YXF&E�J

]RÏLJ�çA×ÓMgadÉW]Oe&CWM{ÊÌ[fC�E�F4PZad[^i3]RE�b�aDG`FHN§adV§_hF&[hE�G�ÊÌaW[�NQFHG^e&[^]RÍ\]RV\É1_hY\F�E�F=_hY\aQN\G�a�ÊnNQF=Ô
NQËXe=_^]RÏWF�G^F4CW[hefY�JQÒnY\]OG�]OG9ÍXCdG`FHNcaWV3C�e=adVXe=F4bQ_�a�Ê�ÊÌaW[hE�C�M�MOC�V\ÉdËXC�ÉdF4G9CdG9NQF4e&]RN\CWÍ\MRF
G`ËXÍLe&MRCdG^G^F4G�a�Ê¯_^F&[hE�Gn]gV������� � J\ÒnY\F4G^FAMRCWV\ÉWËXCWÉWFHG2]RVXe=MRËXNQFA_hY\F¤MRCWV\ÉWËXCWÉWFHG2aWÊ¯_^YXF
Ï�C�[h]gadËXG�MRaWÉd]Re4G�_haWÉdF=_^YXF&[/P9]±_hY _^YXF$aW_^Y\F4[/F&åq_^[fC�Ô¨MgadÉW]Oe&C�M2MRCWV\ÉWËXCWÉWFHG � ����� � [hF&bX[^F&Ô
G`F4VD_hC�_h]gadVXGZa�Ê¯F&åqFHe=ËQ_fC�Í\MRF¤e=aQNQF�æ������ �Q_hCWe=_^]Oe&G4ÕD_^[fC�VXG^MRC�_^]RaWVXG�C�V�N�a�_hY\F&[fGhç%_^adÉWF&_^Y\F4[
P9]±_hY$CWMgM�_^Y\FAa�_hY\F&[�e=adE/bLaWVXF&VD_hGZV\F4e&F4GhG^CW[^Î�ÊÌaW[Z_^YXF+[hF&b\[hF4G^F&VD_hC�_^]RaWV·CWVXN�E�C�V\]Rb\ËQÔ
MRC�_^]RaWVca�Ê{ÊÌaW[hE�CWMg]Rá&FHN·E�C�_hY\F&E�C�_^]Oe&G4JQÈºF�CWMRG^a�]RVD_^F4VXN·_hYXC�_�]RVQÊÌad[^E�C�M�e&aWVD_^F4Vd_9P9]RMgM
Í�F�[hF&bX[^FHG`F4Vd_fC�Í\MRFA]gVc_^YXF�N\C�_fC�ÍXCdG`F¤CWGnP�F&MRM�J
ÒnY\F+e=adE�E�Ë\V\]Oe&C�_^]RaWV�ÍLF=_vP�F&F4V·G`ÎQG`_^F&E�G2]RG2Ê£CWe&]gMR]±_fC�_hF4N�ÍqÎ�C�Ë\V\]gÊÌaW[hECWVXN�F=åq_hF&VXG^]±Ô

Í\MgF¤_hF&[hE G`_^[hËXe _hË\[^FdJXÒnY\]OGn]RG9_^Y\F�GhC�E�FA_^F4[^E G`_^[hËXe=_^Ë\[hF�ËXG^F4N$]gVD_^F4[^V�C�MRMgÎ·ÍqÎ�_hY\F 
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_^a/[^F4b\[^FHG`F4VD_ZÊÌad[^E�C�MR]Rá&F4N·E�C�_^Y\F4E�C�_^]Oe&G�_hY\aWËXÉWY1P�F¤NQa�VXa�_�CWGhG`ËXE/F�]±_9]OG�_^Y\F¤]RVD_^F&[hVXCWM
[^F4b\[^FHG`F4VD_hC�_h]gadV�ËXG`FHN�ÍqÎ/CWMgM´N\C�_hC�Í�CWG^F4G%e&aWV\V\FHe _hF4N�]RV�_^Y\FAV\F&_vPZad[^i��WG^]gE�b\MRÎ/_^YXC�_2_hY\F&Î
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à�C�[fC�E�F=_hF&[fG¯C�[hFne=aWV�Gv_fC�VD_hG{aW[.a�_hY\F&[%CW[^ÉdË\E�F&VD_hG{V\aW_�e&aWVXG`_^]g_^ËXF&VD_�]gV�_^Y\F9G^Ë\ÍQ_hF&[hE�G
����� ��P9]±_hY\]gV�_hY\F 
 ��I [^F4b\[^FHG`F4VD_hC�_h]gadV1aWÊ.â+Ë\b\[hM¯C�VXN�à2ãAä1_^F4[^E�G4ÕQ_^Y\F�VqË\E�Í�F4[ � ]OG9C
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V\F&adËXG`MRÎºG^Ë\ÍXG`_^]g_^Ë\_^F4G�_^Y\F·ÑX[hG`_�F&MRF&E�F4Vd_�a�Ê�_^Y\F·b�C�]R[�ÊÌaW[ � ]gV �¤C�VXN°_hY\F�_hY\F1G^F4e=adVXN
F&MRF&E�F&VD_�a�Ê{_^Y\F�b�C�]R[nÊÌaW[ �1]RVa� J

ÒnY\F¤]gVXN\F=å$G^F=_ ��]OGnV\a�_9V\FHe=F4GhGhC�[hÎ�ÊÌaW[n[^F4b\[hF4G^F&VD_^]RV\É/]gVXN\]gÏq]ONQËXC�M´_hF&[hE�Gna�Ê�C/MRaWÉd]ReWJ
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C�ÍXG`_^[fCWe=_A]ONQF&VD_h]±ÑXF4[hG¤]RV�CcNXC�_hCWÍXCWG^F/a�Ê2_hF&[hE�G�]RV ������ � æÌËXVXNQF&[�C�VqÎ3]gV��vF4e _h]gÏdF�E�CWb
ÊÌ[^adE �$_^a � � çA[hF4G^Ë\M±_fGA]gV�C�N\C�_fC�ÍXCdG`F�a�Ê2_hF&[hE�G¤]gV ������ ��� P9YX]RefY�e&CW[^[h]gFHG�_hY\F·GhC�E�F
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]gVD_^F4[^FHGv_h]gVXÉ/MOC�VXÉWËXCWÉWF4GnCW[^FAMgadÉW]Oe&CWM�J
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ARM6 Formal Verification: Experience with a

Commercial Microprocessor

Anthony Fox

University of Cambridge

Abstract. The ARM6 processor has been modelled in HOL at the RTL
and ISA levels of abstraction; the entire instruction set has been verified.
This paper explains how the models were developed and briefly discusses
the verification of the block data transfer and multiply instructions. Ex-
ceptions are in the process of being verified – the correctness model with
input streams is presented here.

1 Introduction

The ARM6 is a commercial, 32-bit RISC processor that has been widely used in
mobile and embedded systems. Section 2 describes how this processor was mod-
elled in HOL, and Section 2.4 discusses the verification of two instruction classes:
block data transfers and multiplies, which are both implemented with iterative
execute cycles. Section 2.5 presents work in progress – verifying the ARM6 excep-
tions using a definition of correctness with input streams (Section 3.2). Section 3
contrasts this definition of correctness with the basic version.

1.1 Related Work

Early work on the mechanical verification of processors includes: tamarack [18],
secd [12], the partial verification of Viper [6], Hunt’s FM8501 [15], and the
generic interpreter approach of Windley [30]. Following this work, Miller and
Srivas verified some of the instructions of a simple commercial processor called
the AAMP5 [22]; this was based on Cyrluk’s approach [7].

Recent work has focused on verification techniques applied to complex (but
academic) micro-architecture designs, which have out-of-order execution (typ-
ically using Tomasulo’s algorithm), speculative execution (branch prediction)
and exceptions [28, 21, 29, 17, 25, 3, 14]. Most of these projects use variants of the
flushing correctness model of Burch and Dill [5], which Jones et al. extended
to out-of-order designs [16]. The instruction set architectures used for academic
case studies are usually fairly simple, often based on the DLX architecture of
Hennessy and Petterson [13].

Complex commercial designs have also been specified, simulated and verified
using ACL2 [4, 19]. There has also been industrial verification work on processor
sub-systems; for example, Intel and AMD have verified the IEEE compliance of
floating-point hardware [24, 23].



Many notions of correctness have been used in processor verifications and it
is not easy to make comparisons; see Aagaard et. al [1]. Much work has been
built on the flushing approach of Burch and Dill, and bespoke versions have been
used in different contexts. However, as Manolios [20] points out, there are some
technical problems with this approach.

2 Specification and Verification of the ARM6

The ARM6 specification and verification project, carried out at Leeds and Cam-
bridge, has been funded by the EPSRC. Work initially started at Leeds (Gra-
ham Birtwistle, Dominic Pajak and Daniel Schostak) to produce specifications
(including ML models) of the ARM architecture (Pajak) and of the ARM6 mi-
croprocessor (Schostak). The two students had regular internships with the com-
pany and their work was aided with technical data supplied by ARM.1 In Octo-
ber 2000 work then started at Cambridge, with the aim to verify the processor
model. The first work to be carried out at Cambridge was in formalising the
correctness framework (Section 3.1) in HOL. This was motivated with a couple
of small verification examples: a micro-programmed data path, and a five stage
pipeline implementing a minimal instruction set [9, 8].

2.1 The Architecture

Version 4 of the ARM architecture was modelled in HOL [10] – this model has
been refined during the course of the project. The specification was influenced
by Dominic Pajak’s ML model and the standard ARM reference manuals were
used as well [11, 27]. Some features of the architecture are listed below:

– It is a 32-bit RISC architecture.
– There are six operating modes and the registers are arranged into overlapping

banks. The program counter is register fifteen.
– There is a program status register (CPSR) and five saved versions (SPSR

registers).
– All instructions are conditionally executed. The CPSR contains four condi-

tion flags.
– There are seven types of exceptions: reset, undefined instruction, software

interrupt, prefetch abort, data abort, normal interrupt and fast interrupt.
– There are eight main instruction classes (Table 1) and also coprocessor in-

structions.

Early on there was some experimentation as to how best to model the under-
lying data type, 32-bit words, in HOL. A bespoke theory of 32-bit words (using
equivalence classes) was eventually developed; the pre-existing HOL theory of
words (a list based model developed by Wong [31]) was not really suitable. With
the new theory: a word length predicate is not needed; it enables expressions

1 Dominic and Daniel now work for ARM Ltd. full time.



Table 1. The ARM instruction classes.

Class Instructions

Branch and Branch with Link B, BL
Data Processing ADD, ADC, SUB, SBC, RSB, RSC, CMP, CMN,

AND, ORR, EOR, MOV, MVN, BIC, TST, TEQ
Multiply and Multiply Accumulate MUL, MLA
PSR Transfer MRS, MSR
Single Data Transfer LDR, STR
Block Data Transfer LDM, STM
Single Data Swap SWP

Software Interrupt and Exceptions SWI

to be readily evaluated (using call-by-value conversion [2]); and it provides an
easy mechanism for producing sets of theorems about the logic and arithmetic
operations (e.g. addition, multiplication, shifting and bitwise logic). The theory
was later generalised for any fixed word length; this is the n bit library, which
is included as part of the latest Kananaskis version of HOL.

2.2 The ARM6

The ARM6 is a three stage pipelined processor with a multi-cycled execute
stage. A swap instruction, for example, is fetched, decoded and then takes four
(or six) cycles to execute. Daniel Schostak’s RTL specification [26] was used
to produce a HOL model of the ARM6. Schostak produced three specifications
of the ARM6, these were: a mathematical style presentation (a set of assign-
ments tagged by instruction step and phase e.g. t5 φ2 is the second phase of the
third execute cycle); an engineering style presentation (using a set of tables);
and an executable model (ML program). The specifications have three parts:
the data path specification, the data path control specification and the pipeline
control specification. The mathematical specification is organised by instruction
class, instruction step and then by signal order; this enables one to trace the
processor’s behaviour for a particular instruction type. The engineering spec-
ification is organised by pipeline activity and then by signal order; the tables
allow one to see how signal behaviour varies according to instruction class and
step. Table 1 shows a fragment of the engineering specification for the pc-bus
write signal, PCWA; this controls whether the program counter register is incre-
mented. Schostak’s specifications made distinctions between different types of
entities i.e. buses; combinational logic (functional units, multiplexers and static
logic); and memory elements (a latch, conditional latch or R-S latch).

The HOL specification of the ARM6 is a hybrid of Schostak’s mathematical
and engineering specifications. It is organised in accordance with the engineer-
ing specification, but with each table converted into an equivalent function (the
equivalence is not strict in the case don’t care output – this simplifies some defi-
nitions). Unlike Schostak’s specification, no explicit distinction is made between



PCWA

IC IS IREG CPB
* * 24 23 21 15 14 13 12 0

data proc t3 1 0 x x x x x x (true,,n(1111,NBS[6:0]))
data proc t3 x x x 1 1 1 1 x (false,,n(1111,NBS[6:0]))
mrs msr t3 x x 0 1 1 1 1 x (false,,n(1111,NBS[6:0]))

· · · · · · · · · · · · · ·

Fig. 1. Daniel Schostak’s tabular specification of the ARM6.

the different types of entities. The overall cycle level behaviour of the processor
is specified using a next state function. Schostak’s specification does not define
a next state function but the required behaviour can be deduced from the phase
and order of presentation of the signal assignments.

The initial HOL processor model left out: hardware interrupts; coprocessor
instructions; swaps; multiplies and block data transfers. The design was progres-
sively extended with the inclusion of the swaps, followed by the block transfers
and then the multiplies. At each stage the design was verified with respect to
an instruction set model which only covered the instructions implemented. This
approach enabled working verifications to be completed (and archived) before
adding new features which would take some time to verify.

2.3 Abstractions

The correctness of the ARM6 is expressed using data and temporal abstraction
maps (Section 3.1). The data abstraction projects out the memory and registers
from the processor’s state space. The processor’s program counter has value
pc + 8 because it is used for instructions fetch (i.e. it is two instructions, or
eight bytes, ahead of the instruction being executed) and the data abstraction
accounts for this by subtracting eight. It is shown that the data abstraction is a
surjective map from the initial states implementation to the initial (all) states of
the specification; this proves that the implementation is not partial (or trivial).
The temporal abstraction is defined using a duration map: this gives the number
of cycles needed to complete instruction execution from a given processor state.

Store instructions require special attention when the memory address is pc+4
or pc + 8; instruction fetch and decode are invalidated by this localised self
modification of code. Two approaches to this were tried before settling on a third
solution. The first approach was to block writes to these addresses and the second
solution was to ‘fix’ the processor implementation by ensuring that the pipeline’s
state is correctly updated. Both of these methods have the disadvantage that
they do not reflect the actual ARM6 behaviour. The third method was to modify
the ISA model so as to reflect the pipelined behaviour; this was comparatively
simple to specify and verify. The data abstraction projects out the opcodes of
the fetched and decoded instructions.



2.4 Non-trivial Instruction Classes

Block Data Transfers Block data transfer instructions load/store a set of
general purpose register values from/to main memory; the instruction format is
shown in Figure 2. These instructions are used for procedure entry and return
(saving and restoring workspace registers), and in writing memory block copy
routines.

31 28 27 26 25 24 23 22 21 20 19 16 15 0

Cond 1 0 0 P U S W L Rn Register list

base register

load/store

write-back (auto-index)

restore PSR and force user bit

up/down

pre-/post-index

Fig. 2. Block data transfer instruction encoding.

The five option flags (bits 20–24) give us thirty-two possible variants. For
example, the instruction LDMLSDB r10!, {r1,r2,pc}^ is encoded as follows:

1001 · 100 · 1 · 0 · 1 · 1 · 1 · 1010 · 1000000000000110

Bit L is set – this indicates that it is load. Bit P is set and bit U is clear: this
means that the load address (initially base register value r10) is decremented
before each transfer. Bits S and fifteen are set: this means that the SPSR for
the current mode is copied to the CPSR. Bit W is set: this means that the base
address takes the value of the last load address (i.e. subtract twelve). The register
set is encoded in the bottom sixteen bits i.e. bits one, two and fifteen are set.
Transfers always occur in register index order.

The ARM6 implements this instruction class using a 16-bit mask; this keeps
track of which registers have already been transfered and is used to compute
the index of the next register to be transfered. The following table shows the
value of this mask and the priority register (rp) for each execute cycle (is) of
the block load above:

is mask mask ∧16 ireg rp orp oorp

t3 1111111111111111 1000000000000110 1
t4 1111111111111101 1000000000000100 2 1
tn 1111111111111001 1000000000000000 15 2 1
tn 0111111111111001 0000000000000000 ⊥ 15 2
tm ⊥ ⊥ ⊥ ⊥ 15

The tn instruction step is repeated until the masked value (column three) is zero,
there is then a final step tm. The state of the mask and priority register becomes
undefined (⊥) but the transfers have been completed by this stage.



The ISA specification creates a list of register indices and then defines the
state of the memory (store) or registers (load) by applying an appropriate fold
operation over this list. There is, therefore, a significant difference in the way
the two models work and some tricky lemmas were needed in order to relate the
ISA (list based) and micro-architecture (masking) models.

The state of the processor during each execute cycle is established with the
use of invariants. The block data transfers and multiplies were the only classes
for which such invariants were required.

Multiplies At the ISA level multiplies are fairly simply but the ARM6 imple-
mentation is quite complex. Unlike most modern microprocessors, the ARM6’s
ALU cannot carry out multiplication directly. Instead, the instruction class is im-
plemented using ALU addition/subtraction and the barrel shifter (which shifts
the value on the data path’s B bus). The processor’s control logic is used to
implement the modified Booth’s algorithm; this can take from two to seventeen
execute cycles to complete. The output of the ALU on each cycle is:

ALU6∗(borrow2 ,mul , alua, alub) =










alua, if borrow2 ∧ (mul = 3) ∨ ¬borrow2 ∧ (mul = 0),

alua + alub, if borrow2 ∧ (mul = 0) ∨ (mul = 1),

alua − alub, otherwise.

Here alua is the destination register, alub is the shifted multiplier, mul stores
two bits of the multiplicand and borrow2 is the borrow status.

As with the block data transfers, an invariant is needed to establish the state
of the processor during each execute cycle. The final state of the destination
register is shown to be the product of the register arguments.

2.5 Exceptions

The ARM6 verification is currently being extended to include resets, memory
aborts and interrupts (both fast and normal). These exceptions are triggered by
external signals and so the basic correctness model (Section 3.1) is no longer
adequate. A correctness model with input streams [8] has been formalised in
HOL – the definition of correctness is presented in Section 3.2.

At the time of writing, the ISA and ARM6 specifications have been extended
to model exceptions. For example, the next-state function for the ARM6 now
takes four additional values: NRESET, ABORT, NFQ and NIQ. Suitable data, stream
and temporal abstractions have also been defined. Work is in progress on veri-
fying correctness.

Note that the exceptions, and the associated abstractions, are being mod-
elled deterministically. Throughout the project, the aim has been to ensure that
the specifications are executable and that the abstraction mechanisms is made
explicit.



3 Correctness

Section 3.1 defines correctness for two isolated systems at different levels of
abstraction. This is then generalised in Section 3.2 to include input from the
environment, modelled with input streams. The basic model has been used to
verify the correctness of the entire ARM6 instruction set. With the inclusion of
external exceptions, the model with input is now being used.

Correctness is defined with reference to all times at the abstract system level.
For verification, it is shown that under certain circumstances it is possible to
consider just one time step i.e. from time zero to one [9].

3.1 Basic Model

Definition 1 (Iterated map state functions). Given a state space (non-
empty set) A then state : N → A → A is an iterated map state function with
initialisation function init : A → A and next state function next : A → A if,
and only if

state(0)(a) = init(a),

state(t + 1)(a) = next(state(t)(a)).

Definition 2 (Immersions). A function λ : A → N → N is an immersion if,
and only if, for all a ∈ A, λ(a)(0) = 0 and for all t1 < t2, λ(a)(t1) < λ(a)(t2).

Definition 3 (Data abstractions). A function abs : B → A is a data abstrac-
tion for initialisation functions init I : B → B and initS : A → A if, and only
if, for all b ∈ initI(B), abs(b) ∈ initS(A) and for all a ∈ initS(A) there exists
b ∈ initI(B) such that abs(b) = a; where f(D) = Range(f) = {f(x) : x ∈ D}.

Definition 4 (Correctness). A state function impl : N → B → B is a correct
implementation of a state function spec : N → A → A with respect to an im-
mersion λ : B → N → N and a data abstraction abs : B → A for impl(0) and
spec(0) if, and only if, for all b ∈ B and t ∈ N

spec(t)(abs(b)) = abs(impl(λ(b)(t))(b)).

Correctness holds when the following diagram commutes:

A A

B B
impl

λ
(t)

spec(t)

abs abs

where implλ(t)(b) = impl(λ(b)(t))(b). Note that spec and impl need not neces-
sarily be iterated maps.



3.2 Input Stream Model

Definition 5 (Iterated map state functions with input). Given a stream
space SB ⊆ N → B (SB 6= ∅) then state : N → A × SB → A is an iterated map
state function with initialisation function init : A → A and next state function
next : A → B → A if, and only if

state(0)(a, s) = init(a),

state(t + 1)(a, s) = next(state(t)(a, s))(s(t)).

Definition 6 (Stream abstractions). A function smpl : A × SB → SC is a
stream abstraction if, and only if, for all a ∈ A and s ∈ SC there exists s′ ∈ SB

such that s = smpl(a, s′).

Definition 7 (Correctness with input). A State function impl : N → C ×
SD → C is a correct implementation of state function spec : N → A × SB → A

with respect to an immersion λ : C×SD → N → N, data abstraction abs : C → A

and stream abstraction smpl : C × SD → SB if, and only if, for all x ∈ C × SD

and t ∈ N

spec(t)(abs ◦ fst(x), smpl(x)) = abs(impl(λ(x)(t))(x)).

Correctness holds when the following diagram commutes:

A × SB A

C × SD C
impl

λ
(t)

spec(t)

(abs ◦ fst,smpl) abs

where (f, g)(x) = (f(x), g(x)).

4 Future Work

Future work will focus on producing more extensive models of ARM based sys-
tems. This will include looking at the co-processor and other ARM bus interfaces,
such as AMBA. We will also aim to introduce higher levels of abstraction, so as
to reason about small programs and investigate hardware-software co-design.

ARM processors are used to implement devices like mobile phones and PDAs,
and so case studies will be developed with this in mind. In particular, modelling
system-on-chip devices in which data security is important. Here, formal reason-
ing and correctness assurances are likely to add particular value. Examples may
use a framework that is loosely based on ARM’s TrustZone architecture:

A new Monitor mode within the core acts as a gatekeeper to identify
secure code and reliably switch the system between secure and non-secure
states. When the monitor switches the system to the secure state, the
processor core gains additional levels of privilege to run trusted code,
and to handle tasks such as authentication, signature manipulation and
the processing of secure transactions.

www.arm.com/products/CPUs/arch-trustzone.html
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Abstract. We outline a new methodology for compiler design, based
on the use of a transformation logic defined within an existing general-
purpose logical framework. We discuss how this methodology can be used
to address several central issues in compiler design and implementation:
ease of implementation, extensibility, compositionality, and trust. We
show how pre-existing features of the logical framework we use help in
compiler implementation; and we also discuss which features need to be
added to the framework in order to facilitate our approach to compiler
development.

1 Introduction

We are developing a new methodology for compiler design, based on the use of
a transformation logic defined within an existing general-purpose logical frame-
work. In our approach the central part of the compiler is a set of specifications
on a formal language; these specifications follow a standard textbook account of
programming language semantics almost to the letter. Most of the work required
to turn these specifications into an actual compiler is handled automatically by
the logical framework. We demonstrate how this methodology can be used to
address several central issues in compiler design and implementation: ease of
implementation, extensibility, compositionality, and trust.

We use the MetaPRL formal tool [9,11], which provides a well-defined syntax
of terms, types, and programs. We represent programs and program transfor-
mations using higher-order abstract syntax (HOAS); binding, scoping, and sub-
stitution are handled automatically by the framework. The HOAS also allows
mixing the object language (that contains operators like “let”) with the meta-
language (that contains operators like “CPS”), explicitly expressing the interme-
diate states of the compilation process. In addition, the framework provides a

⋆ This work was supported in part by the DoD Multidisciplinary University Research
Initiative (MURI) program administered by the Office of Naval Research (ONR)
under Grant N00014-01-1-0765, the Defense Advanced Research Projects Agency
(DARPA), the United States Air Force, the Lee Center, and by NSF Grant CCR
0204193.
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rich tactic language for guiding proofs and transformations and for automatically
extracting such guidance information from annotated specifications. Finally, the
framework provides us with an interactive program refinement mode (initially
designed for interactive formal proof development) and together with the explicit
meta-language it proved to be an extremely powerful debugging tool.

Compositionality is a well-established principle in the construction of logical
theories. In the compiler domain, we take a similar approach to compositional-
ity and extensibility. The compiler defines a core theory for System F (variables,
functions, application, and second order quantifiers) that is divided into trans-
formation stages including type inference, type checking, CPS transformation,
closure conversion, and assembly code generation. Additional components for
Boolean values, arithmetic, tuples, arrays, recursive functions, etc., are defined
as independent extensions. Each extension defines its own set of formal rules
for each transformation stage and adds new strategy code to the tactic used to
control that stage. By locally ensuring that the component acts as a conserva-
tive extension of the core and other components it is derived from, we get a
strong guarantee that there will be no unexpected interactions between different
compiler modules or different language features.

Another extremely important and challenging issue in compiler development
is reliability and trust. In the context of a compiler, it is useful to focus on the
code where flaws have the potential to cause the compiler to produce incorrect
output for some input program—we call such code trusted. Flaws in untrusted

code may cause the compiler to fail to produce output on some valid input
programs, but they cannot cause the compiler to produce incorrect output.

When a compiler is implemented in a general purpose language, it is often
difficult to isolate the parts of the compiler that must be trusted, and in the
worst case the entire code base must be trusted. Trust is also a central issue in
compositionality and ease of implementation. If the invariants that specify the
compiler involve complex interactions between many parts of the implementa-
tion, maintaining and extending the compiler can be quite difficult.

In our approach, the compiler is built in the style of the LCF theorem
prover [4]. The program transformations are each defined in two parts: a set
of trusted transformation axioms and untrusted tactic code to direct the trans-
formation strategy. The transformation axioms are defined in a formal logic
using notation similar to that in the literature, they represent only a small part
of the compiler, and they are verifiable. That is, the entire trusted code path
is small, precisely and formally defined, and it may be validated against a pro-
gram semantics if desired. Note, however, that we do not consider verifiability to
be the primary concern of this work. We believe that there is substantial value
in significantly reducing the amount of trusted compiler code, even if it is not
completely eliminated.

A number of guarantees are provided by the framework itself. For example,
the HOAS implementation ensures that program transformations are never al-
lowed to violate scoping or accidentally capture a variable. Even the framework
implementation does not have to be trusted—the tool is capable of retaining
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and providing a full log of the program transformations performed during the
compilation process; if an extreme level of confidence is needed, an independent
checker could be implemented.

1.1 Overview

This paper is based on a case study of a working compiler implementation for an
ML-like source language [7], compiled to assembly code for the Intel x86 machine
architecture. As mentioned, the core is based on the language of System F. There
are extensions for 1) additional base types like Boolean values and integers, 2)
aggregates like arrays and tuples, and 3) recursive functions. The backend uses
HOAS to define a scoped x86 assembly language [7,10]. The compiler stages
include type inference, type checking, CPS transformation, closure conversion,
and assembly code generation. The compiler is implemented in the MetaPRL

logical framework.
This paper focuses on demonstrating how the features of the logical frame-

work help to implement the compiler and improve its trustworthiness and ex-
tensibility. In our implementation we were able to precisely and concisely define
each of the standard compiler stages (excluding parsing and pretty-printing of
the output assembly) formally. The precision comes from using the formal no-
tation, and the brevity follows from the rich set of tools provided by the logical
framework. We begin the account with a description of terminology (Section 2)
and the overall compiler architecture (Section 3), and follow it with a description
of a few of the key stages of the compiler. As a demonstration of our approach,
we present the CPS stage of the compiler (Section 4) based on the work of
Danvy and Filinski [3] and show how the use of HOAS and derived rules in
logical framework can make our implementation simpler that Danvy and Filin-
ski’s original account. Finally, Section 5 provides a discussion of our experiences
and give some ideas for further improvements of the methodology and Section 6
discusses related work.

2 MetaPRL

All logical syntax in the MetaPRL framework is expressed in the language of
terms. The general syntax of all terms has three parts. Each term has 1) an
operator-name (like “sum”), which is a unique name identifying the kind of term;
2) a list of parameters representing constant values; and 3) a set of subterms
with possible variable bindings. We use the following syntax to describe terms:

opname
︸ ︷︷ ︸

operator name

[p1; · · · ; pn]
︸ ︷︷ ︸

parameters

{~v1.t1; · · · ;~vm.tm}
︸ ︷︷ ︸

subterms

All the free occurrences of variables ~vi in ti will be considered bound by the
operator. When n = 0, the parameter brackets are omitted; when ~vi is empty,
the dot before ti is usually omitted.

http://metaprl.org/�
http://metaprl.org/�
http://metaprl.org/�
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Below are a few examples of terms that could be used in a formalization of
a simple lambda calculus.

Pretty-printed form Term
1 integer[1]{}

λx.b lambda[]{ x. b }
f(a) apply[] { f; a }
x + y sum[]{ x; y }

Numbers have an integer parameter. The lambda term contains a binding oc-
currence: the variable x is bound in the subterm b.

Each operator has a fixed arity, which includes a fixed number of parameters,
a fixed number of subterms and a fixed number of bindings for each subterm.
(More specifically, if two operators have different arities, they will be considered
to be distinct even if they happen to have the same opname.)

In addition to the basic term language described above, the framework also
provides three special kinds of terms. The first one is the simple first-order
(object language) variables. These are the variables that can be bound in a
term.

Another class of special terms are second-order (meta-level) variables, which
are patterns used to define scoping and substitution [16]. A second-order variable
pattern has the form V [v1; · · · ; vn], which represents an arbitrary term that
may have free first-order variables v1, . . . , vn. The corresponding substitution
has the form V [t1; · · · ; tn], which specifies the simultaneous, capture-avoiding
substitution of terms t1, . . . , tn for v1, . . . , vn in the term matched by V . Second-
order variables are used to specify logical rules and term rewrites.

A term rewrite states that any term that matches the left-hand-side of the
rewrite (its redex ) can be replaced with the corresponding value of the right-
hand-side of the rewrite (its contractum), and vice-versa, in any context. For
example, β-reduction could be specified with the following rewrite.

(λx.v1[x]) v2 ← [beta]→ v1[v2]

The v1[x] in the redex stands for an arbitrary term that may have free occur-
rences of the first-order variable x, and v2 is another arbitrary term. The meta-
term v1[v2] in the contractum specifies the substitution of the term matched by
v2 for x in v1.

Second-order notation can also express the lack of bound occurrences of
a certain variable. The following rewrite is valid in second-order notation and
would be provable in the presence of the β-reduction rewrite.

(λx.v[]) 1 ← [const]→ (λx.v[]) 2

In the context λx, the second-order variable v[] matches only those terms that
do not have x as a free variable. No substitution is performed; the β-reduction of
both sides of the rewrite yields v[] ←→ v[], which is valid reflexively. Normally,
when a second-order variable v[] has an empty argument list [], we omit the
brackets and use the simpler notation v.
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The last class of special terms is sequents (sometime also called telescope
terms) of the form

x1 : t1; . . . ; xn : tn ⊢a c,

where n can be 0. The term c is the conclusion of the sequent; the terms ti are
its hypotheses; the variables xi introduce binding occurrences (each xi is bound
in all tj for j > i and in c). Finally, the term a is the sequent argument that
specifies what kind of sequent it is—essentially the argument plays the same role
for sequents as the operator name plays for ordinary terms. Sequent schemas [16]
may also include context meta-level variables that stand for arbitrary lists of
hypotheses. For example, the sequent schema

Γ ; x : T []; ∆[x] ⊢a[] c[x]

(where Γ and ∆ are context variables and T , a and c are second-order variables)
stands for an arbitrary sequent with at least one hypothesis.

The compilation process is expressed in MetaPRL as a judgment of the form
Γ ⊢ 〈〈e〉〉, which states that the program e is compilable in the logical context Γ .
The exact meaning of the 〈〈e〉〉 judgment is defined by the target architecture. A
program e′ is compilable if it can be represented by a sequence of valid assembly
instructions. The compilation task is a process of rewriting the source program
e to an equivalent assembly program e′.

MetaPRL uses OCaml [19] as its tactic construction language in the LCF
style. When an inference rule or a rewrite rule is defined in MetaPRL, the frame-
work creates an OCaml expression that can be used to apply the rule. Code
to guide the application of rules and rewrites is written in OCaml, using a rich
set of primitives provided by MetaPRL. In addition, MetaPRL automates the
construction of most guidance code.

3 Compiler Overview

A compiler is defined by a sequence of transformations that take a program in a
source language and translate it to a program in a target language. In this case
study, the full source language is an ML-like source language with type inference
and higher-order functions and the target language is the x86 assembly language.

Figure 1 shows a diagram of the compiler architecture, where the core and the
extensions are represented horizontally. Extensions do not have to define code
for each of the stages; for example, closure conversion applies only to functions,
and the other extensions may ignore it. Extensions may also have dependencies
upon one another, as shown by the arrows on the left of each extension: tuples
require integers, which require general operations for arithmetic, which require
Boolean values for relations.

The compiler includes an initial informal phase that uses the Phobos exten-
sible parser to convert the textual source code to the term representation used
by the logical framework [5].

The syntax for the typed intermediate language for the case study is shown
in Figure 2. The source language is similar, except it is untyped. For clarity, the
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core: polymorphic lambda calculus

Boolean values

arithmetic

integers

arrays

recursive
functions

type

inference

type

checking

CPS

conversion

closure

conversion

code

generation

source

program

x86 target

program

Fig. 1. The high-level compiler architecture is designed around a sequence of
transformations for a core language based on the polymorphic lambda calculus.
Each extension defines new types and values, as well as an extension to each of
the core stages. The vertical arrows indicate extensions to core stages; the code
is structured horizontally.

syntax is shown in the pretty-printed form; internally each of the expressions
and types uses native MetaPRL notation.

The arities of functions, application, type abstractions, type applications,
and tuples are unconstrained. Internally, functions and their types use sequent
notation. For example, the sequent x1 : t1, . . . , xn : tn ⊢κ e is used to represent
the function λκ(x1 : t1, . . . , xn : tn).e. There are three kinds of functions and
application: λr represents a recursive function (f is the recursive binding); λs

represents a “normal” function; an application e(e1, . . . , en : t1, . . . , tn)c repre-
sents a closure (the runtime passes the arguments as a tuple).

4 Example: CPS Conversion

The implementation of CPS conversion is a good illustration of our methodology.
We wish to demonstrate both that 1) the formal definition of the compiler trans-
formations is natural, and 2) that the methodology is compositional. We present
a very straightforward implementation based on the ability of the framework to
combine the meta-language and the object language and we will show how the
tail recursive optimizations can be derived formally from the eta reduction.

We use a higher-order variant of Danvy and Filinski’s approach to CPS
conversion [3]. We start by adding a new term to the meta-language—
CPS{e; t; v.c[v]}, where the first argument e is the expression that is being con-
verted, the second argument t is the type of that expression and the third argu-
ment is the meta-continuation of the CPS process. In other words, c is the rest

of the program and v marks the location where the CPS of e should go.
The following rule specifies CPS for variables of the object language.

CPS{!x; t; v.c[v]} ← [cps var]→ c[!x]

http://metaprl.org/�
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Expressions Types

Core language
e ::= x Variables t ::= α Variables

| (e : t) Type constraint | ⊥ Empty type
| let v : t = e1 in e2 | ⊤ All programs
| λκ(x1 : t1, . . . , xn : tn).e Functions | (t1, . . . , tn) →κ t Function types
| e(e1, . . . , en : t1, . . . , tn)κ Application
| Λ(α1, . . . , αn).t Type abstraction | ∀(α1, . . . , αn).t Polymorphism
| e[t1, . . . , tn] Type application

Boolean values
| true | false Constants | B Boolean type
| if e then e else e Conditional

Integers
| i Constants | Z Integer type
| e binop e Arithmetic
| e relop e Relations

Tuples
| (e1, . . . , en) Tuples | t1 ∗ · · · ∗ tn Product type
| (e : t).i Projection

Recursive functions Function kinds
λr(x1 : t1, . . . , xn : tn, f : t).e κ ::= s | c | r

binop ::= + | − | · · · Binary operations
relop ::= < | ≤ | · · · Binary relations

Fig. 2. The typed intermediate language is based on the polymorphic lambda
calculus. Extensions add Boolean values, arithmetic, tuples, arrays (not shown),
and recursive functions. The source language is a type erased version of the
intermediate language.

The notation !x is MetaPRL syntax for first-order variables that are bound out-
side of the local scope of the rewrite rule. In this rule, the meta-continuation
is consumed. The rewrite puts the variable into the appropriate location and
returns the whole expression. Note that we use meta-language notation in place
of Danvy and Filinski’s “static” operators @ and λ.

In the rule for let expressions, a new meta-continuation is created.

CPS{let v1 : t1 = e1 in e2[v1]; t2; v2.c[v2]}
← [cps let]→

CPS{e1; t1; v3.let v1 : TyCPS{t1} = v3 in

CPS{e2[v1]; t2; v2.c[v2]} }

http://metaprl.org/�
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TyCPS here is a meta-term that is used to specify the CPS conversion for types
(adding an extra argument to all function types) similarly to how the CPS term
is used to specify the CPS conversion for expressions.

The rule for the CPS of applications could be specified the following way:

CPS{f(es : ts); t; v.c[v]}
← [cps apply]→

CPS{f ; ts → t; vf .

CPS{es; ts; ve.

let c2 : (TyCPS{t} → ⊥) = λsv : TyCPS{t}.c[v] in
vf (c2, ve : (TyCPS{t} → ⊥), TyCPS{ts})}}

where es and ts are second-order variables used to match lists of arguments and
types respectively.

In our implementation we add a meta-let operation to the meta-language.

meta let v = e1 in e2[v] ← [meta let]→ e2[e1]

Using this operation, the cps apply rule is written as follows.

CPS{f(es : ts); t; v.c[v]}
← [cps apply]→

CPS{f ; ts → t; vf .

CPS{es; ts; ve.

meta let t′ = TyCPS{t} in

meta let t′′ = t′ → ⊥ in

let c2 : t′′ = λsv : t′.c[v] in
vf (c2, ve : t′′, TyCPS{ts})}}

This is more efficient as the type t will only have to be converted once, not 3
times. Again, the ability to combine the object language with meta-language
yields very compact straightforward and precise formal code.

The ability to manipulate the meta-continuations also helps making the rules
for the conversion of the argument lists very concise.

CPS{e1 :: es; t1 :: ts; v.c[v]}
← [cps args cons]→

CPS{e1; t1; v1.CPS{es; ts; vs.c[v1 :: vs]}}

CPS{(); (); v.c[v]} ← [cps args nil]→ c[()]

Below is an example of a CPS rewrite from the Boolean extension, written
in the MetaPRL native syntax.

prim_rw cps_true {| cps |} :

CPS{bTrue; TyBool; v. ’c[’v]}

<-->

’c[bTrue]

http://metaprl.org/�
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The above 4 lines are the only code that needs to be added to the system for it
to know how to handle the true constant in the CPS stage. The system does not
require this code to go in a specific place. The {| cps |} annotation specifies
that this rewrite should be added to the lookup table [8] used by the CPS tactic.

In addition to the basic CPS transformation, we define a tail-recursive version
as TailCPS{e; t; k} := CPS{e; t; v.k(v)}. Using this definition we formally derive

the tail call optimizations using the eta reduction rule.

5 Conclusions and Future Work

During the course of this work on the case study, we found that the implemen-
tation was easier than we expected, in part because the ability to mix the object
and meta-language freely gave us more power than we anticipated. Because the
account mirrors standard semantics textbook specifications very closely and the
amount of code that must be trusted is only a few hundred lines, it is relatively
easy to believe in its correctness. The mechanisms for extensions and composi-
tionality provided by the logical framework generalized naturally to the compiler
design.

On the compiler structure side, there are many open avenues to explore. We
plan to investigate bounded polymorphism, which we will use for object systems
and extensible tuples. The current core language already provides preliminary,
but incomplete support. We also plan to develop a representation of mutually
recursive functions, which will require extending the support provided by the
logical framework.

One apparent challenge of our approach is that all program transformations
must be constructed from a fixed number of rewrite rules that each describe
a pattern over a fixed number of program points. In other words, global pro-
gram transformations must be composed of a sequence of local transformations,
and it is not always obvious how to do this. In addition, global transformations
may require knowledge of the entire program syntax, which can be at odds with
compositionality. In our experience, however, we have found this problem to be
much easier to solve than we originally expected; all of the transformations we
have implemented so far have been easy to break into appropriately localized
pieces. On the other hand, we have not yet tried formalizing optimization tech-
niques that are normally implemented using global program analysis, such as
global code motion; the problem of breaking these types of transformations into
localized rewrites could be harder.

For the most part, our work concentrated on implementing the compiler
without modifying the existing logical framework. However in the future we
are likely to try adding some additional features to the framework to facilitate
compiler implementation. There are two main limitations that we are planning to
address—recursive variable-arity binding structure and context-aware rewriting.
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5.1 Recursive Binding Structure

Recursive functions are a very basic feature of ML-like languages. In general,
recursive functions have the following form.

let rec f1 x1 . . . xk1
= e1

and f2 x1 . . . xk2
= e2

...
and fn x1 . . . xkn

= en

in e

There are two difficulties associated with the above—first, the functions have
variable arity, and second, the functions are mutually recursive and each of the
ei may have free occurrences of each of the fj .

As we describe in Section 3, variable arity functions could be implemented
by using a sequent representation. Mutual recursion is more challenging. One
approach would be to pack the mutually recursive functions into a record and
then define the record recursively [10]. Defining a single variable recursively
is easy, but in this approach function variables turn into explicit record field
names and are no longer mapped to normal variables. As a result, most of the
advantages provided by HOAS are lost and the labels have to be managed (and
alpha-renamed) explicitly.

A proper HOAS solution would be to introduce a new kind of sequent to the
logical framework—a recursive sequent of the form

x1 : t1 = e1; . . . ; xn : tn = en ⊢ e

where each xi is bound in all the subsequent tj (j > i), in all of the ek (1 ≤ k ≤
n), and in e. The traditional sequent mechanism can be subsumed by recursive
sequents by making the ei optional.

5.2 Context-Aware and Conditional Rewriting

Consider the following trivial optimization rewrite:

let v : t = e in v ← [let opt]→ e

Depending on the exact semantics used, this rewrite could be considered
invalid since it potentially allows turning mistyped expressions into well-typed
ones and vice-versa (remember that rewrites are bidirectional). In this simple
example, the rewrite can be fixed relatively easily by adding an explicit type
constraint to the contractum as follows.

let v : t = e in v ← [let opt]→ e : t

However, we would generally like to be able to express rewrites that are only
conditionally applicable. In particular, we would like to specify conditions of
the forms “applicable in a context that expects the redex to have type t” and
“applicable when subterm e is well-typed.” While the MetaPRL system does pro-
vide support for conditional rewriting, not all conditions that are natural in the
compiler implementation domain are easily expressible in MetaPRL.

http://metaprl.org/�
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6 Related Work

FreshML [17] adds to the ML language support for straightforward encoding of
variable bindings and alpha-equivalence classes. Our approach differs in several
important ways. Substitution and testing for free occurrences of variables are
explicit operations in FreshML, while MetaPRL provides a convenient implicit
syntax for these operations. Binding names in FreshML are inaccessible, while
only the formal parts of MetaPRL are prohibited from accessing the names. Infor-
mal portions—such as code to print debugging messages to the compiler writer,
or warning and error messages to the compiler user—can access the binding
names, which aids development and debugging. FreshML is primarily an effort
to add automation; it does not address the issue of validation directly.

Liang [13] implemented a compiler for a simple imperative language using a
higher-order abstract syntax implementation in λProlog. Liang’s approach in-
cludes several of the phases we describe here, including parsing, CPS conversion,
and code generation using a instruction set defined using higher-abstract syntax
(although in Liang’s case, registers are referred to indirectly through a meta-level
store, and we represent registers directly as variables). Liang does not address
the issue of validation in this work, and the primary role of λProlog is to sim-
plify the compiler implementation. In contrast to our approach, in Liang’s work
the entire compiler was implemented in λProlog, even the parts of the compiler
where implementation in a more traditional language might have been more
convenient (such as register allocation code).

Hannan and Pfenning [6] constructed a verified compiler in LF (as realized in
the Elf programming language) for the untyped lambda calculus and a variant
of the CAM [2] runtime. This work formalizes both compiler transformation
and verifications as deductive systems, and verification is against an operational
semantics.

Previous work has also focused on augmenting compilers with formal tools.
Instead of trying to split the compiler into a formal part and a heuristic part,
one can attempt to treat the whole compiler as a heuristic adding some external
code that would watch over what the compiler is doing and try to establish
the equivalence of the intermediate and final results. For example, the work
of Necula and Lee [14,15] has led to effective mechanisms for certifying the
output of compilers (e.g., with respect to type and memory-access safety), and for
verifying that intermediate transformations on the code preserve its semantics.
Pnueli, Siegel, and Singerman [18] perform verification in a similar way, not by
validating the compiler, but by validating the result of a transformation using
simulation-based reasoning.

Semantics-directed compilation [12] is aimed at allowing language designers
to generate compilers from high-level semantic specifications. Although it has
some overlap with our work, it does not address the issue of trust in the compiler.
No proof is generated to accompany the compiler, and the compiler generator
must be trusted if the generated compiler is to be trusted.

Boyle, Resler, and Winter [1], outline an approach to building trusted compil-
ers that is similar to our own. Like us, they propose using rewrites to transform

http://metaprl.org/�
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code during compilation. Winter develops this further in the HATS system [20]
with a special-purpose transformation grammar. An advantage of this approach
is that the transformation language can be tailored for the compilation process.
However, this significantly restricts the generality of the approach, and limits
re-use of existing methods and tools.
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Compiling HOL4 to Native Code
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Abstract. We present a framework for extracting and compiling proof
tools and theories from a higher order logic theorem prover, so that the
theorem prover can be used as a platform for supporting reasoning in
other applications. The framework is demonstrated on a small applica-
tion that uses HOL4 to find proofs of arbitrary first order logic formulas.

1 Introduction

The normal mode of use of a theorem prover is for the user to enter into a
dialogue with the system, guiding the way towards the proof of one or more
key theorems. The end result is a mechanically checked theory, which might
demonstrate that a program meets its specification, say, or that a purported
mathematical proof is in fact a valid argument.

A feature of theorem provers in the LCF tradition is that they provide a full
programming language, ML, for implementing proof tools: programs that use
the infrastructure of the theorem prover to ensure sound reasoning. The most
common kind of proof tool is the ad-hoc tactic, implemented by the user to
speed up the development of a mechanically checked theory. However, there is
no reason why a proof tool should not be an arbitrary ML program that happens
to use the theorem prover as a ‘reasoning library’. In this alternative mode of
use of the theorem prover, this program is the end-product, not a mechanically
checked theory.

Motivating this work are two recent proof tools implemented using the HOL4

theorem prover1 [3]:

– With the present author, Gordon [4] has built on a formalization of the
temporal logic PSL by implementing a prototype proof tool. It takes as input
a PSL formula, deduces an equivalent finite state automaton, and prints the
finite state automaton in the form of a Verilog monitor that can be simulated
with a circuit to check the property is never violated.

– Using their HOL4 specification of the TCP internet protocol, Bishop et al. [2]
have implemented a proof tool that seeks to validate a trace of packets
captured from a test network. Discrepancies between the specification of
TCP and the implementation on the test network manifest themselves as
failures to prove that a trace is legal.

⋆ Supported by a Junior Research Fellowship at Magdalen College, Oxford.
1

HOL4 is available at http://hol.sourceforge.net/.
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Both the above proof tools are computationally expensive, and require no
interaction with the user after the initial invocation. As such, they are prime
candidates to optimize for speed. In this paper we describe the experience of
porting HOL4 to a modern optimizing compiler, to make proof tools like these
run as efficiently as possible. We present the general framework for compiling
the theorem prover infrastructure, and then demonstrate it on a case study with
the HOL4 first order prover.

The rest of the paper is structured as follows: section 2 describes the expe-
rience of porting HOL4 to the compiler; section 3 presents the results of a small
experiment to show what efficiency gains are possible; and section 4 concludes.

2 Compiling HOL4 to Native Code

2.1 Assembling the Program Source Code

The source language for the HOL4 theorem prover is Standard ML, interpreted
using Moscow ML.2 The current distribution ships with 384 ML modules: 6 are
simple utility functions; 20 form the logical kernel of the theorem prover; and
30 comprise the parser. Of the remaining 328 modules, 247 form a collection of
proof tools (e.g., a simplifier) provided by the system, and 81 are mechanized
theories (e.g., the real numbers) providing useful types, constants and lemmas
that users might need.

The 81 mechanized theory files (xTheory.sml) contain theorem statements,
but not any proofs. Users create theory files by executing a separate ML program
called the proof script (xScript.sml): this calls the necessary proof tools to
create all the theorems, which are then written out to the theory file. In later
sessions, when xTheory is required, only the theory file needs to be loaded, the
proofs do not need to be rechecked by the system every time. After downloading
HOL4, the initial step is to build all of the theory files from the proof script files,
after that all the theories that are part of the distribution are ready to be used.

The program that we wish to compile may both make calls to HOL4 proof
tools and refer to the contents of mechanized theories. For example, the tool
mentioned in the introduction for checking TCP traces makes use of several
theory files in which the TCP protocol is modelled using operational semantics.
Certainly we do not want all the proofs to be re-checked every time the program
is invoked, and so we drop the proof script files, including only the generated
theory files needed by the program.

The assembled program source code thus consists of:

1. simple utility functions;
2. the logical kernel;
3. the parser (needed by the generated theory files);
4. any proof tools directly called by the program;
5. any theory files used by the program;
6. and finally the program source code.

2 Moscow ML is available at http://www.dina.dk/~sestoft/mosml.html.
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2.2 Porting HOL4 to the MLton Compiler

Whereas Moscow ML translates ML source code into byte code which is then
interpreted, the MLton3 compiler translates ML source code directly into native
code. In addition, MLton is a whole program compiler, so that functors and poly-
morphism can be eliminated to produce still more efficient code. Performance
on various benchmarks4 indicate that MLton produces the fastest running code
of the leading Standard ML compilers, making it suitable to compile computa-
tionally expensive proof tools.

Although HOL4 is written in Standard ML, the source language for both
Moscow ML and MLton, there are enough differences between the platforms
to make porting non-trivial. For example, in several primitive inference rules,
a check must be performed to see whether two lambda terms are α-equivalent.
This check can be made more efficient using a pointer equality test, but this is
not part of Standard ML. Both Moscow ML and MLton provide such a test, but
differently in the two platforms.

Also, the Standard ML basis library is evolving at present, and there are
two versions in current use: the 1997 version and the 2002 version. Moscow ML
implements the 1997 version, plus some useful modules that are not part of the
official basis library. MLton implements both versions, the user selects which
one to use with a command-line argument. This part of the port was therefore
easy: the 1997 basis was selected in MLton, and the extra modules in Moscow
ML were ported to MLton.

The hardest part of the port was the HOL4 lexer. As part of the distribution,
Moscow ML provides an efficient lexer generator called mosmllex, and this is
used to generate the HOL4 lexer. Unfortunately, despite being type safe, the
code generated by mosmllex does not pass the Standard ML type checker, and
Moscow ML casting operations are deployed in the generated code to avoid type
clashes. Creating an equivalent lexer in Standard ML required manually altering
the HOL4 lexer to use a suitable union type that included all types that caused
a clash.

Finally, and most seriously, there were problems associated with the size of
the assembled source code. The size of the program for validating TCP traces
mentioned in the introduction comes to 440,000 lines of Standard ML. This
breaks down as 170,000 lines for files in the HOL4 distribution, and 270,000 lines
for theories and tools in the trace checker itself. Most of the bulk is a result of
large HOL4 datatype declarations, which automatically generate theorems about
induction, cases and representation. Despite dense packing in the theory files by
making use of term/type sharing and abbreviations, five theory files in the trace
checker are each more than 10,000 lines long. At the time of writing, MLton
has performance problems beyond about 150,000 lines of source code, and so we
have not been able to test the TCP trace checker.5 Instead, we restrict ourselves

3 MLton is available at http://www.mlton.org/.
4 Data from http://www.mlton.org/performance.html.
5 However, the MLton team are actively working on improvements that will permit

the compilation of such large programs.
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to compiling applications that use a subset of HOL4, such as the following case
study.

3 Case Study: First Order Proof

Provided with the HOL4 theorem prover is a proof tactic called METIS TAC that
uses ordered resolution to search for a first order refutation on the input goal,
and if successful translates the proof to higher order logic [5]. This tactic has
evolved somewhat since its initial deployment, and amongst other improvements
now converts formulas to clauses using definitional CNF, where new variables are
introduced successively (in a greedy fashion) to minimize the number of clauses.

In this experiment, we create a HOL4 proof tool that reads in a first order
formula in TPTP6 syntax and sets it as a proof goal, and then tries to prove
it by invoking the METIS TAC tactic. The advantage of such an experiment is
that it gives us two points of comparison: firstly the MLton compiled version
of the proof tool can be compared to the Moscow ML interpreted version; and
secondly both can be compared to the results of other first order provers on the
same problems.

This experiment made use of a RedHat 9 Linux box with a Pentium 4 3GHz
processor and 4Gb of main memory (essential for compiling large programs with
MLton), Moscow ML version 2.00, and MLton version 20040227. The problems
all come from version 2.6.0 of the TPTP library.

Assembling the source code for the proof tool results in 60,000 lines of
Standard ML, which includes three theory files used by the first order prover:
booleans, combinatory logic and normal forms (such as CNF).7 Compiling us-
ing MLton results in a 14Mb standalone executable, whereas doing the same in
Moscow ML (using the −standalone compiler flag) results in a relatively small
0.5Mb executable.

We first look at problem SYN007+1 in the TPTP library, which has the form

p1 ⇐⇒ (p2 ⇐⇒ (· · · ⇐⇒ (pn ⇐⇒ (p1 ⇐⇒ (p2 ⇐⇒ (· · · ⇐⇒ pn)) · · ·)

where n is a problem parameter. When n is set to 14, the compiled version of
METIS TAC proves the goal in 4.5s. This makes use of HOL4 stripping tactics
that reduce a goal of the form P ⇐⇒ Q to the two subgoals P ⇒ Q and
Q ⇒ P . Also, for each of the subgoals generated, the definitional CNF engine
kicks in, and for the most extreme subgoal reduces the number of final clauses
from 67,000,000 to a mere 100. Running the Moscow ML version of exactly the
same program takes 63.5s.

We next run both versions of the prover on the same 70 first order formulas
that were used in the 2003 CADE Automatic Theorem Prover System Compe-
tition8. To aid comparison with other provers’ results in the competition, we set

6 The TPTP problem library is available at http://www.tptp.org/.
7 The largest version of HOL4 that was successfully compiled was a 120,000 line
METIS TAC self-test that used 26 theories.

8 The CASC 2003 homepage is at http://www.cs.miami.edu/~tptp/CASC/19/.
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the same time limit of 600s per problem, although it should be noted that we
are running on a much faster machine with more memory than those used in the
competition.

The MLton version of the prover solves 28 problems out of 70, which puts it
between the 4th prover (DCTP 10.2p, at 42 problems) and the 5th prover (Otter
3.2, at 14 problems) out of the 6 that entered the first order formula division.
For comparison, the top prover in this division was Vampire 5.0, which solved
57 out of 70 problems. The Moscow ML version of the prover solves 25 problems
out of 70, missing 3 of the harder problems, which puts it at the same place in
the results table. A graph showing the times that each version found proofs is
shown in Fig. 1.

To calculate the average speed-up, we look at the 25 problems that both
provers succeeded with, and calculate the geometric mean of the ratio between
the times. This gives a speed-up factor of 10.3, which correlates with the present
author’s experiences porting other programs from Moscow ML to MLton.

4 Conclusions and Related Work

In this paper we have presented a framework for extracting theories and proof
tools from a higher order logic theorem prover, and compiling them to native
code using a modern optimizing compiler. This is a useful step along the road
of embedding theorem proving inside other applications, such as compilers or
question answering systems.

Although it is not yet possible to compile the proof tools that directly mo-
tivate this work, we are confident that further work on both the compiler and
theorem prover sides will soon allow this to take place, bestowing a factor of 10
speed-up to the users with no change in functionality.

We have also seen that a simple wrapper allows HOL4 to compete with the
first order provers in the CASC competition. No tuning of parameters took place
before running the experiment: exactly the same proof tactic was used that is
available to users during interactive proof.

The Twelf theorem prover9 [6] has been ported to MLton, and provides an
interface via a Twelf Standard ML module. Our work shares a similar approach
of theorem prover as platform: in the case of Twelf a major application is proof-
carrying code; we aim to support reasoning applications (such as those mentioned
in the introduction) where higher order logic is a more convenient modelling
language.

The Coq theorem prover10 [1] has also been compiled to native code using
the OCaml compiler, though the objective seems to be more speeding up the
type checking of theories rather than providing a theorem prover platform.

9 Twelf is available at http://www-2.cs.cmu.edu/~twelf/.
10 Coq is available at http://coq.inria.fr/.
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Archer, Ben Di Vito, and César Muñoz, editors, Design and Application of Strate-
gies/Tactics in Higher Order Logics, number NASA/CP-2003-212448 in NASA
Technical Reports, pages 56–68, September 2003.
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Abstract. A simple functional language embedded in higher order logic
is used as a hardware description language. Our approach uses proof
scripts to synthesise circuits directly from logical specifications. As well
as synthesising implementations, we also generate theorems exhibiting
their correctness. Our goal is to experiment with synthesis by proof
along a spectrum of automation ranging from push-button compilation
to user guided refinement. This paper describes formal compilation to
synchronous implementations with a handshaking interface.

1 Introduction

We describe an approach to hardware synthesis by mechanised proof. A compiler,
implemented as a proof rule, transforms specifications expressed in a simple
functional language embedded in higher order logic into hardware devices that
interact via a handshaking protocol. This approach allows the designer to focus
solely on the high level behaviour of the system without having to reason about
the correctness of the circuit at the gate level.

Our compilation method is partly inspired by SAFL [10], especially ideas
in Richard Sharp’s PhD [12]. Our long term goal is to develop correct-by-
construction SAFL-like formal synthesis by proof. The current paper is only
a very first proof-of-concept step.

Higher order logic (HOL) [6] has already been successfully applied to specify
and verify hardware [4, 5, 9], and functional programming languages have been
used as hardware description languages [2, 11, 12]. Formal synthesis by proof has
previously been investigated by, among others, Johnson and Bose [8], Hanna [7],
Fourman [3] and a researchers at Karlsruhe on high-level synthesis using the
Gropius language [1, 13].

The novelty of our work is (i) the details of the device interface, (ii) the
implementation of synthesis by deduction (rather than by the application of
pre-verified transformations) and (iii) the way synthesis results are encoded as
composable theorems certifying the correctness of the synthesised implementa-
tions.

Section 2 introduces the simple functional language used as source code.
Section 3 defines the specification of generic handshaking devices to be used
during the compilation.

The implementation and the verification of handshaking devices are pre-
sented in Section 4. The synthesis-by-proof algorithm is described in Section 5
and is illustrated by a case study in Section 6. Finally, conclusions and future
work are outlined in Section 7.



2 A Simple Language

In collaboration with Konrad Slind of the University of Utah, we eventually plan
to compile from an ML-like subset of higher order logic, but in this paper we
start from an intermediate language consisting of expressions built using a set
of simple operators. These are quite expressive, and the construction of a front
end to parse into the intermediate language is orthogonal to the work described
here.

We implement functions of type σ1 × · · · × σm → τ1 × · · · × τn where
σ1, . . . , σm, τ1, . . . , τn are types of values that can be carried on busses. In real
applications, these types will often be words of different widths, but in this pa-
per we will use booleans (T and F are the only values of type bool) and natural
numbers (0, 1, . . . etc. of type num). Let f, f1, f2, . . . range over such functions.
The constructs of our language are expressions e given in BNF by:

e ::= Atm f | Lib f | Seq e1 e2 | Par e1 e2 | Ite e1 e2 e3 | Rec e1 e2 e3

Both Atm f and Lib f implement function f . The difference is that Atm f is
constructed from a combinational circuit (see definition of ATM in Section 4 be-
low) and Lib f assumes f is in a library (initially assumed empty) of previously
designed components (see Section 6.2 for an example). We make a shallow em-
bedding of expressions in higher order logic by defining functions with the same
names as the expression constructors by:

Lib f = f

Atm f = f

Seq f1 f2 = λx. f2(f1 x)
Par f1 f2 = λx. (f1 x, f2 x)
Ite f1 f2 f3 = λx. if f1 x then f2 x else f3 x

Rec f1 f2 f3 = ǫf. f = λx. if f1 x then f2 x else f(f3 x)

Rec f1 f2 f3 uses Hilbert’s ǫ-operator, and so means “choose a function f such
that f satisfies the equation f = λx. if f1 x then f2 x else f(f3 x)”. In practise,
f1, f2 and f3 will be such that f is uniquely determined. For example, taking:

f1 = λ(n, acc). n = 0
f2 = λ(n, acc). (n, acc)
f3 = λ(n, acc). (n−1, n×acc)

uniquely defines the function

f = λ(n, acc). if (n = 0) then (n, acc) else f(n−1, n×acc)

A program p is a list of declarations 〈c1 = e1 . . . cn = en〉, where for
1 ≤ i ≤ n, ci is a new name and ei is an expression built out of library functions
and c1, . . . , ci−1.



3 Handshaking Devices

Our compiler takes a pair (〈c1 = e1 . . . cn = en〉, e), consisting of a program
〈c1 = e1 . . . cn = en〉 and expression e. It generates a clocked device that com-
putes e via a simple handshaking protocol. This section describes the protocol
and its definition in HOL.

Figure 1 shows a sequence of events that illustrates a transaction in which
a handshaking device performs a single computation starting at a time t and
ending at a later time t′ (where time counts cycles). The variables inp and out

represent the usual input and output data, respectively. The wires load and done

control the access to the device. If done is asserted, it means that the device is
idle and ready to compute a request. Once a positive edge on load is detected, the
device samples the input and starts to compute the result (see when (time = t)
and (time = t+1) at Figure 1). During the computation, done remains low and
every call is ignored. Eventually, the device outputs the result and indicates its
completion by asserting done.

load

inp
done

out

time = t + 1time = t

t + 1 < time < t′

done

out

load

inp

done

outinp

load

time = t ′

doneload

inp out
valid data

don’t care

0

1

Fig. 1. A handshake protocol.

Suppose the device computes a function f . At the start of a transaction
(time t) the device must be outputting T on done (to indicate it is ready) and
the environment must be asserting F on load (i.e. in a state such that a positive
edge on load can be generated). A transaction is initiated by asserting (at time
t+1) the value T on load (i.e. load has a positive edge at time t+1), and this
causes the device to read the value, v say, being input on inp (at time t+1) and
to de-assert done. The device then becomes insensitive to inputs until T is next
asserted on done, at which time (say time t′ > t+1) the value f(v) computed
will be output on out.

The behaviour of hardware is modelled in HOL as a boolean-valued term
whose free variables represent the external (observable) wires of the circuit. This
term evaluates to true if the values observed at the external wires could occur in
the circuit. The variables are functions from natural numbers (representing time)
to values. For a signal, the low value zero and the high value one are represented
by false (F) and true (T), respectively.



Before specifying the behaviour of a handshaking device, the auxiliary pred-
icates Posedge and HoldF are defined.

A positive edge of a signal is defined as the transition of its value from low
to high or, in our case, from F to T. Posedge is specified by:

⊢ Posedge s t = if t=0 then F else (¬ s(t−1) ∧ s t )

Note that if the time is zero, it is assumed that no positive edge has occurred.
The term HoldF (t1 , t2 ) s says that a signal s holds a low value F during a

half-open interval starting at t1 to just before t2.

⊢ HoldF (t1, t2) s = ∀t. t1 ≤ t < t2 ⇒ ¬(s t)

The behaviour of the handshaking device computing a function f is described
by the term Dev f (load , inp, done, out) where:

⊢ Dev f (load , inp, done, out) =
(∀t. done t ∧ Posedge load (t+1)

⇒
∃t′. t′ > t+1 ∧ HoldF (t+1, t′) done ∧

done t′ ∧ (out t′ = f(inp (t+1))))
∧
(∀t. done t ∧ ¬(Posedge load (t+1)) ⇒ done (t+1))

The first conjunct in the right-hand side describes the context presented in Fig-
ure 1. If the device is available and a positive edge occurs on load , there exists a
time t ′ in future when done signals its termination and the output is produced.
The value of the output at time t ′ is the result of applying f to the value of the
input at time t+1. The signal done holds the value F during the computation.
The second conjunct specifies the situation where no call is made on load and
the device simply remains idle.

4 Implementing Handshaking Devices

This section describes how we implement our language. Our convention is to
use fully capitalised named for primitive circuits and circuit constructors. First,
we describe a circuit constructor ATM that builds a handshaking device from a
combinational circuit. Next we describe circuit constructors SEQ, PAR, ITE and
REC that compose handshaking devices corresponding to Seq e1 e2, Par e1 e2,
Ite e1 e2 e3 and Rec e1 e2 e3, respectively. The key property of these constructors
that ensures they are correct are the following theorems (the notation g ◦ f

denotes the function composition λx. g(f x)):

⊢ ATM f (load , inp, done, out)
⇒ Dev f (load , inp, done, out)

⊢ SEQ (Dev f1) (Dev f2) (load , inp, done, out)
⇒ Dev (f2 ◦ f1) (load , inp, done, out)



⊢ PAR (Dev f1) (Dev f2) (load , inp, done, out)
⇒ Dev (λx. (f1 x, f2 x)) (load , inp, done, out)

⊢ ITE (Dev f1) (Dev f2) (Dev f3) (load , inp, done, out)
⇒ Dev (λx. if f1 x then f2 x else f3 x) (load , inp, done, out)

⊢ Total(f1, f2, f3) ∧ REC (Dev f1) (Dev f2) (Dev f3) (load , inp, done, out)
⇒ Dev (Rec f1 f2 f3) (load , inp, done, out)

where Total(f1, f2, f3) is a predicate ensuring that there is a unique function
satisfying f = λx. if f1 x then f2 x else f(f3 x) and is defined by:

Total(f1, f2, f3) = ∃variant. ∀x. ¬(f1 x) ⇒ variant(f3 x) < variant x

The constructors ATM, SEQ, PAR, ITE and REC use some primitive com-
binational hardware components AND, OR, NOT and MUX, and two primitive
sequential components DEL and DFF. The behaviour of a combinational AND-
gate is specified as a relation that constrains the value of the output to the
conjunction of the inputs.

⊢ AND (in1, in2, out) = ∀t. out t = (in1 t ∧ in2 t)

A combinational OR-gate with inputs in1 and in2 and output out is defined in
a similar way.

⊢ OR (in1, in2, out) = ∀t. out t = (in1 t ∨ in2 t)

An inverter simply outputs the negation of the input.

⊢ NOT (inp, out) = ∀t. out t = ¬(inp t)

A multiplexer connects the input in1 to the output out if the selector sel has
the value T. Otherwise, it outputs the value of in2.

⊢ MUX (sel , in1, in2, out) = ∀t. out t = if sel t then in1 t else in2 t

In general, a combinational component computing a function f is specified by:

⊢ COMB f (inp, out) = ∀t. out t = f(inp t)

At any given time, this generic combinational device outputs f applied to the
current value of the input.

A delay outputs the value of the input at the previous time.

⊢ DEL (inp, out) = (out 0 = inp 0) ∧ (∀t. out(t+1) = inp t)

At time zero, the delay behaves as a wire. A D-type flip-flop DFF outputs the
value of the input d on the positive edge of the signal clk . If no positive edge
occurs, the output q remains unchanged.

⊢ DFF(d , clk , q) = ∀t. q(t+1) = if Posedge clk (t+1) then d(t+1) else q t



The connection between two components is modelled by the conjunction of
their specifications. The physical connection is represented by the identically-
labelled wires of the subcomponents. Moreover, the existential quantifier hides
the internal wires of the composite device.

For example, POSEDGE(inp, out) specifies a composite device that asserts T

on its output out if and only if a positive edge has occurred on the input inp.
Our implementation is:

⊢ POSEDGE(inp, out) = ∃c0 c1. DEL(inp, c0) ∧ NOT(c0, c1) ∧ AND(c1, inp, out)

This component connects a DEL, NOT and AND by the internal wires c0 and c1.
The wire c0 has the value of the input at the previous time. The circuit outputs
T if c0 has the value F and the current input is T — which is exactly what
characterises a positive edge. It is easy to show that POSEDGE has the following
property.

⊢ POSEDGE(inp, out) ⇒ (∀t. out t = Posedge inp t)

The circuit ATM implements an atomic device.

⊢ ATM f (load , inp, done, out) =
∃c0 c1. POSEDGE(load , c0) ∧ NOT(c0, done) ∧

COMB f (inp, c1) ∧ DEL(c1, out)

This device takes one time unit to compute (see Figure 2(a)). Although a com-
binational circuit is clearly more efficient than an atomic device, this device is
suitable for composing with other handshaking devices.

The constructor SEQ specifies a circuit which combines two devices to com-
pute in sequence.

⊢ SEQ f g (load , inp, done, out) =
∃c0 c1 c2 c3 data.

NOT(c2, c3) ∧ OR(c3, load , c0) ∧ f(c0, inp, c1, data) ∧
g(c1, data, c2, out) ∧ AND(c1, c2, done)

The subcomponents f and g have the same interface of a handshaking device.
The output of the component f is the input of the component g (see the variables
c1 and data in Figure 2(b)). This composite device signals its completion when
both f and g terminate.

The constructor PAR combines two devices in parallel.

⊢ PAR f g (load , inp, done, out) =
∃c0 c1 start done1 done2 data1 data2 out1 out2.

POSEDGE(load , c0) ∧ DEL(done, c1) ∧ AND(c0, c1, start) ∧
f(start , inp, done1, data1) ∧ g(start , inp, done2, data2) ∧
DFF(data1, done1, out1) ∧ DFF(data2, done2, out2) ∧
AND(done1, done2, done) ∧ (out = λ t. (out1 t, out2 t))
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Fig. 2. Implementation of composite devices.

The devices f and g are triggered simultaneously by start and return data1

and data2, respectively (see Figure 2(c)). As f and g may terminate at different
times, their outputs are stored by DFFs and made available by out 1 and out2.
The components POSEDGE and DEL prevent calls to either f or g during their
computation.

The conditional constructor ITE implements an if-then-else circuit from three
subcomponents.

⊢ ITE e f g (load , inp, done, out) =
∃c0 c1 c2 start start ′ done e data e q not e data f data g sel

done f done g start f start g .

POSEDGE(load , c0) ∧ DEL(done, c1) ∧ AND(c0, c1, start) ∧
e(start , inp, done e, data e) ∧ POSEDGE(done e, start ′) ∧
DFF(data e, done e, sel) ∧ DFF(inp, start , q) ∧
AND(start ′, data e, start f ) ∧ NOT(data e,not e) ∧
AND(start ′,not e, start g) ∧ f(start f , q, done f , data f ) ∧
g(start g , q, done g , data g) ∧ MUX(sel , data f , data g , out) ∧
AND(done e, done f , c2) ∧ AND(c2, done g , done)

The device e implements a boolean test, while f and g implement the conditional
branches. The output of e triggers either f or g (see the variable data e in
Figure 3). A multiplexer selects the right output based on the (stored) value of
data e. The variable done is asserted if all subcomponents have terminated.

A function is tail-recursive if its recursive calls are the very last executed
statements in the function. Tail-recursion is interesting for hardware compilation
because it does not require the compiler to allocate storage for every function
call.
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The language introduced in Section 2 has an operator Rec for specifying
tail-recursive functions F of the form

F x = if e x then f x else F(g x )

Such a function F is specified by Rec e f g as defined above. A handshaking
circuit that implements F (if it is well-defined) is constructed using the REC

constructor, where:

⊢ REC e f g (load , inp, done, out) =
∃done g data g start e q done e data e start f start g inp e done f
c0 c1 c2 c3 c4 start sel start ′ not e.

POSEDGE(load , c0) ∧ DEL(done, c1) ∧ AND(c0, c1, start) ∧
OR(start , sel , start e) ∧ POSEDGE(done g , sel) ∧
MUX(sel , data g , inp, inp e) ∧ DFF(inp e, start e, q) ∧
e(start e, inp e, done e, data e) ∧ POSEDGE(done e, start ′) ∧
AND(start ′, data e, start f ) ∧ NOT(data e,not e) ∧
AND(not e, start ′, start g) ∧ f(start f , q, done f , out) ∧
g(start g , q, done g , data g) ∧ DEL(done g , c3) ∧
AND(done g , c3, c4) ∧ AND(done f , done e, c2) ∧ AND(c2, c4, done)



The recursive constructor is similar to the conditional one (see Figure 4). The
main difference is the connection between the “else” branch and the circuit itself
— characterising a recursive call. A multiplexer selects the input from either
the external environment or from the recursive call. The circuit terminates if
every subcomponent terminates (see the variables done e, done f and done g in
Figure 4). Furthermore, the component g must have terminated at least one time
unit before. This is necessary to distinguish a recursive call from the complete
termination of the computation.
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Fig. 4. The recursive constructor: REC e f g.

5 Compiling by Proof

The prototype compiler we have implemented takes a program and an expression
(〈c1 = e1 . . . cn = en〉, e), where the expression e is built out of library functions



and c1, . . . , cn. It generates a circuit C(load , inp, done, out), represented as a term
in higher order logic, and returns a theorem:

⊢ ∀ load inp done out. C(load , inp, done, out) ⇒ Dev e (load , inp, done, out)

The compilation procedure is a straightforward recursive application of the fol-
lowing theorems (which are proved from the key properties given in Section 4
and the semantics of the expression and circuit constructors):

ATM INTRO

⊢ ∀c s. ATM c s ⇒ Dev c s

SEQ INTRO

⊢ ∀P1 P2 f1 f2.

(∀s. P1 s ⇒ Dev f1 s) ∧ (∀s. P2 s ⇒ Dev f2 s)
⇒
∀s. SEQ P1 P2 s ⇒ Dev (Seq f1 f2) s

PAR INTRO

⊢ ∀P1 P2 f1 f2.

(∀s. P1 s ⇒ Dev f1 s) ∧ (∀s. P2 s ⇒ Dev f2 s)
⇒
∀s. PAR P1 P2 s ⇒ Dev (Par f1 f2) s

ITE INTRO

⊢ ∀P1 P2 P3 f1 f2 f3.

(∀s. P1 s ⇒ Dev f1 s) ∧
(∀s. P2 s ⇒ Dev f2 s) ∧
(∀s. P3 s ⇒ Dev f3 s)
⇒
∀s. ITE P1 P2 P3 s ⇒ Dev (Ite f1 f2 f3) s

REC INTRO

⊢ ∀f1 f2 f3 P1 P2 P3.

Total(f1, f2, f3)
⇒
(∀s. P1 s ⇒ Dev f1 s) ∧
(∀s. P2 s ⇒ Dev f2 s) ∧
(∀s. P3 s ⇒ Dev f3 s)
⇒
∀s. REC P1 P2 P3 s ⇒ Dev (Rec f1 f2 f3) s

The theorem REC INTRO is an implication whose antecedent is Total(f1, f2, f3).
We will outline how our compiler works using an ML-style pseudo-code to

describe the inferences that deductively transform a specification to an imple-
mentation. Theorems in the HOL system logic have the form Γ ⊢ t where Γ is
a set of assumptions and t is a conclusions that follows from the assumptions.



The ML pseudo-code SPEC [t1, . . . , tn] (Γ ⊢ ∀x1 . . . xn. P (x1, . . . , xn)) eval-
uates to Γ ⊢ P (t1, . . . , tn). UNDISCH(Γ ⊢ t1 ⇒ t2) evaluates to Γ ∪ {t1} ⊢ t2.
MATCH MP (Γ1 ⊢ t) (Γ2 ⊢ t1 ⇒ t2) matches t1 with t and then instantiates the
theorem (Γ2 ⊢ t1 ⇒ t2) to (Γ2 ⊢ t ⇒ t′) (where t′ is the instance of t2 corre-
sponding to the match) and returns Γ1 ∪ Γ2 ⊢ t′, the result of applying Modus
Ponens. (Γ1 ⊢ t1) AND (Γ2 ⊢ t2) evaluates to (Γ1 ∪ Γ2 ⊢ t1 ∧ t2). Evaluating
LibraryLookup lib f searches the library lib for a theorem of the form:

⊢ ∀ load inp done out. C(load , inp, done, out) ⇒ Dev f (load , inp, done, out)

and uses the first one it finds (or raises an exception if no matching theorem
found in lib).

To compile (p, e), first rewrite e with the definitions in p to obtain an
expanded expression e’ that only contains atomic or library functions, and then
recursively apply the rules below to evaluate Compile e’.

Compile lib (Atm f) =
SPEC f ATM_INTRO

Compile lib (Lib f) =
LibraryLookup lib f

Compile lib (Seq e1 e2) =
MATCH_MP SEQ_INTRO (Compile lib e1 AND Compile lib e2)

Compile lib (Par e1 e2) =
MATCH_MP PAR_INTRO (Compile lib e1 AND Compile lib e2)

Compile lib (Ite e1 e2 e3) =
MATCH_MP
PAR_INTRO
(Compile lib e1 AND Compile lib e2 AND Compile lib e3)

Compile lib (Rec e1 e2 e3) =
MATCH_MP
(UNDISCH(SPEC [e1,e2,e3] REC_INTRO))
(Compile lib e1 AND Compile lib e2 AND Compile lib e3)

Note that evaluating Compile lib (Rec e1 e2 e3) will generate a theorem
with an assumption Total(e1, e2, e3).

6 The Factorial Case Study

The tail-recursive function FactIter defined below can be used to compute the
factorial function.

⊢ FactIter(n, acc) = if (n = 0) then (n, acc) else FactIter(n−1, n×acc)

The variable acc accumulates the result of the computation. Evaluating FactIter(n, 1)
returns (0, n!), where n! is the factorial of n.



6.1 Implementation with an atomic (combinational) multiplier

The following program in our language computes n!.

FactProg = 〈Test0 = Atm λn. n = 0,
Ident = Atm λ(n, acc). (n, acc),
Dec = Atm λn. n−1,
Mult = Atm λ(n, acc). n×acc,

Fst = Atm λ(n, acc). n,

Snd = Atm λ(n, acc). acc,

PairOne = Atm λn. (n, 1),
FactIter = Rec (Seq Fst Test0) Ident (Par (Seq Fst Dec) Mult),
Fact = Seq PairOne (Seq FactIter Snd)〉

The expressions Test0, Ident, Dec, Mult, Fst, Snd and PairOne are assumed atomic
(i.e. implementable by combinational circuits). This is unrealistic for Mult; see
Section 6.2 for a (slightly) more realistic version.

If we invoke the compiler on the program (FactProg ,Fact) the result is:

[ TOTAL (Seq (λ(n,acc). n) (λn. n = 0), (λ(n,acc). (n,acc)),

Par (Seq (λ(n,acc). n) (λn. n-1)) (λ(n,acc). n×acc)) ]

|- ∀load inp done out.

SEQ (ATM (λn. (n,1)))

(SEQ

(REC (SEQ (ATM (λ(n,acc). n)) (ATM (λn. n = 0)))

(ATM (λ(n,acc). (n,acc)))

(PAR

(SEQ (ATM (λ(n,acc). n))

(ATM (λn. n-1)))

(ATM (λ(n,acc). n×acc))))

(ATM (λ(n,acc). acc))) (load,inp,done,out)

⇒
Dev Fact (load,inp,done,out)

The outcome is a theorem of the form Γ ⊢ t where Γ is a singleton set
consisting of an assumption expressing the totality of FactIter. Simplifying the
assumption with the definitions of Seq and Par yields:

Total((λ(n, acc). n = 0), (λ(n, acc). (n, acc)), (λ(n, acc). (n−1, n×acc)))

which is easily proved (with the function (λ(x, y). x) as the variant). Once the
totality assumption has been proved it can be eliminated. Furthermore, it is easy
to prove by elementary arithmetic from the definitions of the components of
FactProg and the meanings of Atm, Seq, Par, Ite and Rec, that ⊢ Fact = λn. n!.
The output of the compiler thus simplifies to:



|- ∀load inp done out.

SEQ (ATM (λn. (n,1)))

(SEQ

(REC (SEQ (ATM (λ(n,acc). n)) (ATM (λn. n = 0)))

(ATM (λ(n,acc). (n,acc)))

(PAR

(SEQ (ATM (λ(n,acc). n))

(ATM (λn. n-1)))

(ATM (λ(n,acc). n×acc))))

(ATM (λ(n,acc). acc))) (load,inp,done,out)

⇒
Dev (λn. n!) (load,inp,done,out)

6.2 Implementation with a pre-verified multiplier

The example above used Mult = Atm λ(n, acc). n×acc. Such a combinational
multiplier is unrealistic (except for small words). However, we can easily imple-
ment a (naive) sequential multiplier that works by repeated addition and so,
more realistically, only assumes combinational addition (and decrementing):

MultProg =
〈Test0 = Atm λm. m = 0,
Ident = Atm λ(m,n, acc). (m,n, acc),
Dec = Atm λm. m−1,
AddAcc = Atm λ(m,n, acc). n+acc,

Fst = Atm λ(m,n, acc). m,

Snd = Atm λ(m,n, acc). n,

Thd = Atm λ(m,n, acc). acc,

PairZero = Atm λ(m,n). (m,n, 0),
MultIter = Rec (Seq Fst Test0) Ident (Par (Seq Fst Dec) (Par Snd AddAcc)),
Mult = Seq PairZero (Seq MultIter Thd)〉

Note that we have used the same names in FactProg and MultProg for differ-
ent (though semantically related) expressions (e.g. Fst). This is not a problem
as names are local to the program they occur in.

Compiling (MultProg ,Mult), simplifying and discharging the totality proof
obligation (in a way very similar to the factorial example) results in:

|- ∀load inp done out.

SEQ (ATM_IMP (λ(m,n). (m,n,0)))

(SEQ

(REC (SEQ (ATM_IMP (λ(m,n,acc). m)) (ATM_IMP (λm. m = 0)))

(ATM_IMP (λ(m,n,acc). (m,n,acc)))

(PAR (SEQ (ATM_IMP (λ(m,n,acc). m)) (ATM_IMP (λm. m - 1)))

(PAR (ATM_IMP (λ(m,n,acc). n))

(ATM_IMP (λ(m,n,acc). n + acc)))))

(ATM_IMP (λ(m,n,acc). acc))) (load,inp,done,out) ⇒
Dev (λ(m,n). m × n) (load,inp,done,out)

After adding this theorem to the library, we can replace the combinational mul-
tiplier in the factorial example by Mult = Lib λ(n, acc). n×acc.



If we recompile the factorial program after this change, the implementation
of the multiplier is ‘inlined’ and we get:

|- ∀load inp done out.

SEQ (ATM_IMP (λn. (n,1)))

(SEQ

(REC (SEQ (ATM_IMP (λ(n,acc). n)) (ATM_IMP (λn. n = 0)))

(ATM_IMP (λ(n,acc). (n,acc)))

(PAR (SEQ (ATM_IMP (λ(n,acc). n)) (ATM_IMP (λn. n - 1)))

(SEQ (ATM_IMP (λ(m,n). (m,n,0)))

(SEQ

(REC

(SEQ (ATM_IMP (λ(m,n,acc). m))

(ATM_IMP (λm. m = 0)))

(ATM_IMP (λ(m,n,acc). (m,n,acc)))

(PAR

(SEQ (ATM_IMP (λ(m,n,acc). m))

(ATM_IMP (λm. m - 1)))

(PAR (ATM_IMP (λ(m,n,acc). n))

(ATM_IMP (λ(m,n,acc). n + acc)))))

(ATM_IMP (λ(m,n,acc). acc))))))

(ATM_IMP (λ(n,acc). acc))) (load,inp,done,out) ⇒
Dev (λn. n!) (load,inp,done,out)

This is an implementation of the factorial with an ‘inner-loop’ for each mul-
tiplication. Not an efficient circuit, but it illustrates hierarchical development.

7 Future Work

The handshaking protocol for devices is preliminary and we plan to refine and
extend it. For example, Dev f (load , inp, done, out) holds if F is continuously
asserted on done. We need to prove some liveness results saying that if there is
no posedge on load then eventually done will go to T. This property looks clearly
true of ATM and should be compositional with respect to Seq, Par, Ite and Rec

(assuming totality). The compiler should also be able to generate handshaking
devices that are shared by several callers. An arbiter would control the concurrent
calls and preserve the handshaking behaviour. This may require us to extend the
handshaking protocol to support more than one request (load) and acknowledge
(done) line per device.

In the future we plan to explore formally validated optimisations to the
compiler, perhaps using ideas from SAFL compilation [12].

Finally, the compiler could provide the choice to generate either machine code
or pure hardware. This feature would allow the user to partition the system into
software and hardware parts and explore different designs.
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Cooperating Theorem Provers: A Case Study

Combining HOL Light and CVC Lite

Sean McLaughlin and Clark Barrett1

Department of Computer Science, New York University
{seanmcl,barrett}@cs.nyu.edu

Abstract. HOL Light is a lightweight interactive theorem prover in the
LCF style. CVC Lite is a fast, automated first order theorem prover that
produces proofs of its deductions. This paper is a case study in combining
theorem provers. We define a derived rule in HOL Light, CVC PROVE,
which, given a term of a theory supported by CVC Lite, calls the CVC
Lite decision procedure and translates the solution back into HOL Light.
This technique fundamentally expands the capabilities of HOL Light, in
the sense that some valid terms that are intractable in the current HOL
Light decision procedures become quickly provable. Furthermore, CVC
Lite supports decision procedures for theories that do not exist in HOL
Light. For instance, it decides unquantified statements in the theory of
arrays. We give a minimal set of array definitions in HOL Light, and
extend the translation mechanism. The result is that CVC PROVE is able
to prove difficult theorems about arrays with an extension of the HOL
Light source of 8 lines of definitions and 6 basic proofs! After a brief
historical discussion, we give the details of the translation mechanism. We
give an example of a class of problems that were solved with CVC PROVE

but were unsolvable otherwise. Other less successful examples are given
for comparison. We discuss the theory of arrays, and the minimal effort
required to add an array theory to HOL Light with the help of CVC
Lite. Finally, we discuss potential applications and future work.

1 Introduction and History

There are many different ways to formalize mathematics. Similarly, there
are many kinds of problems that need to be solved in a rigorous way.
As a result, there are a number of theorem provers being used today, all
with differing underlying logics and all with different strengths and weak-
nesses. It is unfortunate that the efforts of the formal methods community
are so ramified. For instance, the exciting advances made in TPS [5] are
generally unavailable to a user of Mizar [16] without extensive study and
programming. Users are loathe to change systems and even having a de-
sired theorem proved in another system is often unsatisfactory. What
is needed is some way to harness the power of another theorem prover
without having to leave the environment of one’s own system.



There are some efforts underway to address these issues. One is the
nascent Logosphere project [1]. This promises to be a database of theo-
rems in varying formats with a translation mechanism between the various
logics.

In the hope of encouraging further progress along these lines, this pa-
per describes a case study in which proofs from the automatic theorem
prover CVC Lite are translated into corresponding proofs in the interac-
tive theorem prover HOL Light.

1.1 HOL Light

HOL Light [11] is an interactive theorem prover descended from the LCF
projects [8, 14] and the HOL4 theorem prover [2].

All the theorems are created by a core set of 10 primitive inference
rules such as modus ponens and reflexivity. All other rules of inference
are conservatively derived from these rules. The core system consists of
those 10 rules and 3 logical axioms. With OCaml as the metalanguage,
the user may program arbitrary new rules that cannot compromise the
correctness of the system. This is ensured by defining an abstract type
thm with no primitive constructor, and is enforced by the OCaml type
system. The core consists of just over 300 lines of OCaml. HOL Light has
been used extensively by its author to verify hardware designs at Intel
[12]. But because of its transparent design and minimal base of trusted
code, HOL Light was also chosen by Thomas Hales as the system in
which to formalize his proof of the Kepler Conjecture (see Section 5.2). A
large body of mathematics has been formalized in the system, from the
construction of the real numbers to basic results in transfinite set theory
and real and complex analysis.

1.2 CVC Lite

CVC Lite [6] is an automatic proof-producing theorem prover for decid-
able first order theories. It is derived from the SVC and CVC projects at
Stanford University [7, 15]. It is one of the fastest theorem provers in exis-
tence today, solving problems in seconds that take hours for systems like
HOL Light. The logical core differs in many ways from the HOL Light
kernel. For example, as speed is a design goal of the system, there are
many more primitive inference rules in CVC Lite. In fact, there are over
one hundred rules alone for the theory of real linear arithmetic. (Contrast
this number with the 10 total inference rules of HOL Light, where the
reals are constructed from the axiom of infinity.) The trusted code base



is correspondingly larger, over 3000 lines being used to solve problems of
linear real arithmetic. A natural question is whether we can access the
speed and power of the CVC Lite engine without having to rely on its
soundness.

2 Translation

There are numerous ways of connecting another prover like CVC Lite to
HOL Light. One would be to accept theorems generated by CVC Lite
as valid theorems. However, any bug in CVC Lite would compromise the
soundness of HOL Light. A less intrusive approach is to tag theorems
proved by CVC Lite [9]. This amounts to proving a theorem under the
assumption false. While logically meaningless, this approach would allow
the propagation of CVC Lite proofs so that, when faced with a theorem
CV C ⊢ P , we can say with certainty that if the output of CVC Lite was
correct, then P holds. Fortunately, because CVC Lite can produce proofs,
there is another alternative which is true to the spirit of HOL Light.
This is to translate the proofs produced by CVC Lite into actual HOL
Light proofs. We implement a HOL Light derived rule for each CVC Lite
inference rule and translate the proof tree, calling the HOL Light rules as
necessary from the bottom up, constructing the proof on traversal. Thus,
a bug in CVC Lite would not compromise the HOL Light system. A false
proof generated by CVC Lite would simply fail to translate into HOL
Light.

2.1 Languages

HOL Light is written in the OCaml language [3]. CVC Lite is written in
C++. The first challenge was getting the two languages to interact. A C
interface for CVC Lite was written, allowing one to construct arbitrary
CVC Lite formulae and to query the validity of a formula from a C pro-
gram. OCaml functions were then written to call the C functions from the
OCaml read-eval-print loop. The communication process is complicated
by the different memory management systems of the two languages and
imposes obvious limitations. Also, because it uses general strategies tai-
lored for large proofs, even simple proofs in CVC Lite can be surprisingly
large. A naive proof of x + y = y + x runs some 15 lines. An example
described below produces a multi-gigabyte proof. It is easy to produce
proofs that exhaust main memory on a modern computer. With a bit
more work, one can find a problem whose proof does not fit inside any



modern hard disk. A real concern for problems we are currently investi-
gating is their ability to fit in the section of the heap allocated to C++
when the languages are combined. This was more of a software engineer-
ing feat than one of interest to the logic community. The details and code
can be found on the Internet at [13].

2.2 Terms

After connecting OCaml to the C interface of CVC Lite, the next task
was to translate terms between HOL Light and CVC Lite. Given that
the CVC Lite logic is close to a subset of the HOL Light logic, this
was relatively straightforward. The types of the terms we considered had
obvious analogues. The term translation algorithm performs a depth first
search of the term, constructing a term in the other system recursively.

Though it was not difficult for the part of CVC Lite we considered, it
seems that such a translation may not always be so easy. Systematically
translating between set theory, and typed lambda calculus, for instance,
would take much deeper consideration.

2.3 Proofs

Translating proofs formed the heart of the research. As an illustration,
we demonstrate a proof of the term ’x=x’ in CVC Lite.

(iff–mp true (= x x)
(proof–by–contradiction true

(let–p ((assump1 (not true)))
(iff–mp (not true) false assump1 (rewrite–not–true)))

(iff -symm (= x x) true (rewrite–eq–reflx))))

Some examples of the rule semantics are:

– (iff–mp [t1] [t2] [⊢ (t1 = t2)] [⊢ t1]) =⇒ [⊢ t2]

– (proof–by–contradiction [t] [not t ⊢ false]) =⇒ [⊢ t]

– (rewrite–not–true) =⇒ ⊢ not true = false

In order to translate these rules to HOL Light, we wrote a derived rule
for each CVC Lite rule encountered in the proof tree. Thus, to translate



proof–by–contradiction, we must define1 a HOL Light derived rule
where, given a proof of false from the term ¬t, a proof of t is produced.

let CCONTR =

let P = ‘P:bool‘ in

let pth = TAUT ‘(~P ==> F) ==> P‘ in

fun tm th ->

try let tm’ = mk_neg tm in

MP (INST [tm,P] pth) (DISCH tm’ th)

with Failure _ -> failwith "CCONTR";;

If the reader is unfamiliar with the HOL Light style, the crucial point
is that we can define the rule in terms of previously defined rules of in-
ference (here MP, INST, TAUT, DISCH). We have a similar rule for every
inference rule in CVC Lite. We can then combine these rules in a recursive
procedure that translates the proofs in a depth first traversal of the proof
tree. The translation of the root proof node should yield the desired HOL
Light theorem.

Note: It is interesting to consider the relative strengths of the infer-
ence rules in the two systems. For CVC Lite,
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2

2 + 1y2

1x
2

1 + 0 + 1y2

4x
2

1 + 2y4y3x2x1+

− 2y4y2x3x1 + 2y4y1x4x1 + 1y2

3x
2

2 + −2y3y2x3x2+

2y3y1x4x2 + 1y2

2x
2

3 + −2y2y1x4x3 + 1y2

1x
2

4)

=

(0 + 1y2

4x
2

4 + 1y2

4x
2

3 + 1y2

4x
2

2 + 1y2

4x
2

1+

1y2

3x
2

4 + 1y2

3x
2

3 + 1y2

3x
2

2 + 1y2

3x
2

1+

1y2

2x
2

4 + 1y2

2x
2

3 + 1y2

2x
2

2 + 1y2

2x
2

1+

1y2

1x
2

4 + 1y2

1x
2

3 + 1y2

1x
2

2 + 1y2

1x
2

1)

is a primitive inference. This corresponds to 101,359 HOL Light prim-
itive inference rule applications!

1 The rule CCONTR was written by John Harrison and is a part of the HOL-Light
system. The actual rules we defined are longer and less instructive.



3 Results

HOL Light and CVC Lite have two overlapping theories, those of real
arithmetic and boolean satisfiability. These are the realms at which we
aimed our translation mechanism in order to determine its relative effec-
tiveness.

3.1 Satisfiability

Consider the following class of problems. You are given n − 1 sets of
n pigeon-holes, arranged in n rows of n − 1 columns. Given that that
no column can contain more than one pigeon, find a contradiction to the
assertion that each row can contain a pigeon. For instance, this translates,
for n = 3 as

((¬x1 ∨ ¬x3) ∧ (¬x1 ∨ ¬x5) ∧

(¬x3 ∨ ¬x5) ∧ (¬x2 ∨ ¬x4) ∧

(¬x2 ∨ ¬x6) ∧ (¬x4 ∨ ¬x6) ∧

(x1 ∨ x2) ∧ (x3 ∨ x4) ∧ (x5 ∨ x6)) → false

for the picture

This is a notoriously difficult class of problems for typical boolean
satisfiability methods. The following table2 gives times for CVC Lite run-
ning alone (but still producing proofs), HOL Light running alone, and
HOL Light using CVC Lite and performing the translation.

2 All times are in seconds, running on a 1GH Pentium III running FreeBSD 5.2



n CVC Lite HOL Light CVC PROVE

2 0.10 4.5 1.75
3 0.18 13 10
4 0.90 34 43
5 2.9 * 210
6 19 * 980
7 238 * 4308

The empty entries under “HOL Light” are intractable in that system.
Even the example with n = 5 ran for over 4 hours before we killed the
process. We thus expand the power of HOL Light using the external
system CVC Lite.

Note: The drastic slowdown between the CVC Lite program and the
translation process requires some analysis. There are many places the
inefficiency may reside. The OCaml process is running uncompiled under
an interpreter. There is overhead from the many C function calls. There
is also a great deal of inefficiency in the translation code. The lack of a
profiler for the OCaml top level loop makes optimizing for HOL Light
difficult. This could be overcome by packaging HOL Light and compiling
the modules and in turn running the profiler. This option, along with
other optimizations, will be explored in future research.

3.2 Real Arithmetic

The first problems we investigated with the translation process were terms
of real linear arithmetic. The HOL Light decision procedure REAL ARITH

was unacceptably slow. This was a primary motivation for beginning the
project in the first place. For instance, the following term



(p2

1 + q2

1 + r2

1 + s2

1 + t21 + u2

1 + v2

1 + w2

1)

(p2

2 + q2

2 + r2

2 + s2

2 + t22 + u2

2 + v2

2 + w2

2) =

(p1p2 − q1q2 − r1r2 − s1s2 − t1t2 − u1u2 − v1v2 − w1w2)
2+

(p1q2 + q1p2 + r1s2 − s1r2 + t1u2 − u1t2 − v1w2 + w1v2)
2+

(p1r2 − q1s2 + r1p2 + s1q2 + t1v2 + u1w2 − v1t2 − w1u2)
2+

(p1s2 + q1r2 − r1q2 + s1p2 + t1w2 − u1v2 + v1u2 − w1t2)
2+

(p1t2 − q1u2 − r1v2 − s1w2 + t1p2 + u1q2 + v1r2 + w1s2)
2+

(p1u2 + q1t2 − r1w2 + s1v2 − t1q2 + u1p2 − v1s2 + w1r2)
2+

(p1v2 + q1w2 + r1t2 − s1u2 − t1r2 + u1s2 + v1p2 − w1q2)
2+

(p1w2 − q1v2 + r1u2 + s1t2 − t1s2 − u1r2 + v1q2 + w1p2)
2

took over 1900 seconds with REAL ARITH. In contrast, CVC Lite solves
the problem in under 2 seconds. Using CVC PROVE, we cut the time in half.
We planned further optimizations until John Harrison, the author of HOL
Light, produced a hyper-optimized version of REAL ARITH that solved the
problem in 21 seconds! With the new arithmetic procedure, CVC PROVE is
consistently around six times slower than REAL ARITH.

The reasons for this are likewise numerous. The inferences made by
CVC Lite were so large that the translation mechanism was forced to call
REAL ARITH itself just to prove the inferences were correct. Thus, we were
forced to rely upon the very procedure we were trying to replace! We
are currently designing a layer of inference rules in CVC Lite that more
closely resemble the low level inference rules of HOL Light. In time we will
see if such a translation process will be useful for pure linear arithmetic.

4 The Theory of Arrays

The experiments documented above arise from theories that exist in both
theorem provers. A more obvious application of translation is to theories
for which decision procedures do not yet exist in one of the provers. For
instance, CVC Lite has a well developed theory of arrays. This theory
does not exist in the current HOL Light version. As an alternative to
implementing a decision procedure for arrays in HOL Light we extended
the current translation mechanism to handle the CVC Lite array inference



rules. This gives us all the power of an array theory built in to HOL Light
without the otherwise obligatory implementation effort.

4.1 Theory

The theory is a simple extensional theory of arrays, as found in [4].
Roughly, an array is a polymorphic type with two type variables, one
corresponding to the indexing type, and the other corresponding to the
value type. There are two constants, read and write. There are two ax-
ioms in the theory. One, the axiom of extensionality for arrays, saying
that two arrays are equal if and only if they have the same elements. The
second is a read over write axiom, giving a simple term reduction. The
following is the entire contents of the HOL Light array theory:

new_type("array",2);; (* index_type, data_type *)

new_constant("read",‘:(I,D)array->I->D‘);;

new_constant("write",‘:(I,D)array->I->D->(I,D)array‘);;

let read_over_write = new_axiom(‘!(a:(I,D)array) (i:I) (j:I) (v:D).

((i = j) ==> (read(write a i v) j = v)) /\

(~(i = j) ==> (read(write a i v) j = (read a j)))‘);;

let array_extensionality = new_axiom(‘!(a:(I,D)array) (b:(I,D)array).

(!(i:I). read a i = read b i) ==> (a = b)‘);;

Note: Adding axioms to the HOL Light system is generally discour-
aged. A conservative extension theory of arrays is certainly possible, but
the logic is greatly complicated. One way this could be accomplished is
by defining an (I,D)array as the set of functions from type I to type D

where a read is simply a function call and a write would be a conditional
wrapper for the function

write A c v = (\x. if x = c then v else A x)

4.2 Results

Consider the following HOL Light term:



‘((S1:(real,real)array) = S2) ==>

((write S1 i (read S2 i)) = S1)‘;;

Given the axioms, the built-in HOL Light decision procedure can solve
this problem in 56 seconds. CVC PROVE takes .015 seconds.

Even slightly more difficult problems such as the following are in-
tractable for HOL Light. By contrast, CVC PROVE solved it in 7.6 seconds.

‘(((write (S1:(real,real)array) i v) = (write S2 j w)) /\

(read S1 i = v) /\

(read S2 j = w)) ==>

((S1 = S2) /\

((i = j) ==> (v = w)) /\

(~(i = j) ==> (read S1 j = w)))‘;;

5 Future Research

We briefly consider some directions for future research.

5.1 Proof Size Reduction

There is an extensive proof theoretic literature on proof compaction. None
of this is currently applied to the CVC Lite proofs. For larger problems, it
could be necessary to translate proofs in pieces to allow the entire object
to fit in memory. For instance, if the top level inference rule is iff–mp,
one may create two separate processes to translate the separate parts of
the proof, ⊢ (t1 = t2) and ⊢ t1. Once such a subproof exists as a HOL
Light theorem, the proof can be deleted and another subproof begun. In
this way it will be possible to handle proofs of practically limitless size.

5.2 The Flyspeck Project

The Flyspeck Project is an effort to formally verify Thomas Hales’ 1998
proof of the Kepler Conjecture [10]. The proof relies critically on a large
number of 6 and 7 dimensional real inequalities. These were proved using
interval arithmetic and recursive branching using linear approximations
and an explicit error bound given by Taylor’s theorem. The verification
of the inequalities required a large number of floating point arithmetic
calls, often over 107 double precision multiplications in the course of a
proof. These calculations are extremely slow in HOL Light. While still
tractable in theory, a highly efficient implementation will be necessary to



prove them in practice. We are hoping that CVC Lite can be used as a
tool to help guide the branching process to allow HOL Light to do as
little work as possible in the proofs. In general, speed will be an issue on
such a large project. We hope that CVC can help us attain the goal of
verifying the proof in Hol Light.

6 Conclusion

This work demonstrates several benefits that can be derived from combin-
ing theorem provers. We have presented concrete examples of a qualitative
increase in the power of HOL Light by translating proofs from CVC Lite.
In a perfect world, any prover would be able to call any other for help in
deciding terms automatically. This is a small step in that direction.

We’d like to thank New York University, the University of Pittsburgh,
and the National Science Foundation for partial support of this work.
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Abstract. This paper presents work in progress on a project to for-
malize the AMBA High Performance Bus (AHB) in higher order logic
with a view to proving properties of the protocol, as a basis for verifying
properties of computing components that might be connected to a bus
and as a foundation for reasoning about SoCs (systems-on-a-chip).
This AMBA bus has been modeled using the specification language, Z [4,
5]. The system that is specified is one that consists of a number of masters
and slaves connected by an AHB according to the protocol described in
the document “AMBA Specification (Rev. 2.0)”[1].
The focus of this article is to present illustrative extracts from this Z
specification[3] in order to exhibit a structure that arguably makes it a
suitable foundation for the project as a whole.

Although much work has been done on the formalization of processors, the
underlying assumption has usually been that they are directly connected to
memory. In the world of the SoC (System-on-a-Chip), multiple components such
as processors and memories on a chip communicate by means of a shared bus
according to some protocol.

Traditionally, correct interactions on a bus are characterized in natural lan-
guage with the help of timing diagrams. The aim of the present project is to
describe the protocol using mathematics.

A commonly used industry standard is the Advanced High-performance Bus
(AHB) flavour of the Advanced Microcontroller Bus Architecture (AMBA), pro-
duced by ARM. The standard reference for the AHB[1] is used as the principal
authority for this document but the AMBA FAQ[2] was also consulted. We treat
this FAQ as authoritatively correcting and clarifying the specification.

1 The AMBA High Performance Bus

Figure 1, which gives the standard communications view of a bus architecture,
serves to illustrate that the active components of a typical system are classified
as masters and slaves. Masters are such agents as CPUs and DMA devices; the
typical slave is a memory, which may be on-chip or external.

In such a view, one master will acquire ownership of the bus while a transfer
is completed over (at least)two clock cycles – one for adress and control signals
to be sent and one for data. The AHB protocol overlaps these activities enabling
the fast transmission of much larger blocks of data than can be sent in one atomic
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Fig. 1. Typical Bus Architecture User View

transfer. Such pipelining behaviour enables successive transfers to complete in
consecutive clock cycles.

Figure 2, showing a typical trace of bus activity, shows the way that a master
and slave interact to achieve this efficiency.
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Fig. 2. Typical Timing Diagram Showing Data Transfer

Signals are carried on a significant number of separate bus lines; those shown
in this timing diagram are the ones directly related to I/O and show three
complete data transfers over five clock cycles. The first of these transfers consists
of the signals with the subscript A, some of which are in the first clock cycle
shown (the address phase) while the others are in the second cycle (the data
phase).

Note that, for any given signal, the value that matters is the stable one at
the end of any clock cycle; signals are sampled on each rising clock pulse.



– The signal value AddrA is the address of data for a transfer being initiated by
the master that owns part of the bus including signal HADDR. This address
is used to identify the slave whose responses will appear on another part of
the bus in the next cycle.

– The signal ControlA is a collection of more basic signals that describe the
transfer here being initiated. For example, HSIZE gives the number of bits
in parallel and HWRITE says whether a read or a write is intended.

– The signal HREADY originates in the slave that was addressed in the most
recent transfer. In the case of the second cycle shown, it indicates that the
slave addressed by AddrA has either consumed the signal WDataA or pro-
duced the signal RDataA, as appropriate.
In the case of the first clock period shown, the origin of the high HREADY
signal is not apparent, but it is a necessary condition for us to interpret this
cycle as the start of a transfer.

– The bus signal RDataA originates in the slave addressed by AddrA, not the
slave that corresponds to AddrA. Similarly, WDataA flows from the master
that owned the bus when the transfer commenced.

In the third clock cycle shown in Figure 2 the HREADY signal being low
indicates that the slave addressed by AddrB is pleading for more time to complete
the transfer. This prevents the master given the bus in cycle three from starting
its intended transfer straight away. In the case that the transfer started in cycle
two was a write, that master is obligated to hold the signal WDataB for an extra
cycle.

It is possible, if unlikely, that each of the transfers in Figure 2 was initiated
by a different master. It should be clear that there is multiplexing of the signals
from the various masters and slaves according to some scheme. The simplest,
the multiplexing of address and control signals from a master while a transfer is
getting under way, is shown in Figure 3.

Master 1

Master 2

Master 3
Bus

Arbiter

Address

control

MUX

and

Fig. 3. Multiplexing Address and Control Signals from Masters to the Bus

The Arbiter controls the ownership of the bus allocating it to masters on the
basis of requests, priorities and past history. The diagram shows how the Arbiter
exerts control via the address/control multiplexer. The Arbiter also contributes



several signals to the bus, including one called HMASTER, which identifies, in
any clock cycle, the master owning the bus .

An important concept in the design of the AHB is that of a burst, where a
master gets control of the bus for the duration of a transaction where a larger
block of memory than can be transmitted in one transfer is sent in consecutive
transfers (typically 4, 8 or 16).

When a slave which is part way through a burst decides that it has more
pressing business, it is able to pause the transaction and resume it when ready.
This is referred to as a split and several signals on the bus relate to the splitting
and resumption of bursts.

2 Modeling Basic Types

Since this paper relies on selected extracts from a full Z specification, it will
be incomplete and so the reader should not expect that every item mentioned
will be defined. In particular, the full specification[3] should be consulted for
explanations of the various signals.

2.1 Masters and Slaves

Two sets of objects that are fundamental to the construction and operation of a
system based around an AMBA bus are the sets of masters and slaves,. Of the
16 possible masters one is called Dummy . It is natural to model each of these
sets as arbitrary subsets of {0..15}.

2.2 Basic Signal Values

All physical lines that are in a ‘settled’ state have values that are either HIGH or
LOW . These values are synonyms for 1 and 0, respectively, in both our treatment
and the specification from ARM.

Bit == { 0, 1 }
HIGH == 1
LOW == 0

2.3 Numbers vs Bit Sequences

In this specification, many of the objects are coded as sequences of Bits with
the convention that the last element of the sequence holds the least significant
bit of a binary representation of a number. So, for example, the Z sequence
< 1, 0, 1, 1, 1 > will be interpreted as the number 23.

The function bits2N maps bit-sequences to their numeric value.

bits2N : seq Bit → N

bits2N 〈〉 = 0

∀ b : Bit ; s : seq Bit • bits2N (s a 〈b〉) = (2 ∗ bits2N (s) + b)



2.4 The Decode Function

For any particular AMBA bus, the Decoder is a combinatorial circuit that selects
a slave on the basis of the address lines. A crucial feature of the mapping is that
every address in any 1024-byte block must map to the same slave.

decode : Address → Slave

∀ a1, a2 : Address • ((bits2N a1) div 1024) = ((bits2N a2) div 1024)
⇒ decode(a1) = decode(a2)

2.5 The Type of Data in Transfers

For any particular AHB bus, the width of each data path is a constant. Its value,
width, must be one of the powers of two between 8 and 1024 bits, inclusive.

The size, in bits, of any transfer is bounded by width and must also be one
of these numbers. It is convenient to have a global constant which is the set of
permissible sizes for single transfers:

width : N

permittedSizes : P N

width ∈ {8, 16, 32, 64, 128, 256, 512, 1024}
permittedSizes = {n : {8, 16, 32, 64, 128, 256, 512, 1024} | n ≤ width}

2.6 Signals and Signal Groups

The bus is composed of 18 groups of lines (apart from the clock), where each
line carries one bit of information. Their names are the following (except for
HLOCK and HBUSREQ).

Name ::= HRESETn | HADDR | HTRANS | HWRITE

| HSIZE | HBURST | HPROT | HWDATA

| HSELx | HRDATA | HREADY | HRESP

| HBUSREQx | HBUSREQ | HLOCKx | HLOCK

| HGRANTx | HMASTER | HMASTLOCK | HSPLITx

The names of signals originating from each master are as follows. The signals
HBUSREQ and HLOCK from each master contribute one bit to the bus signals
HBUSREQx and HLOCKx.

MSNames == { HADDR, HWDATA, HTRANS , HWRITE ,

HSIZE , HBURST , HPROT , HBUSREQ , HLOCK }

Similarly, each slave has signals that carry data that is particular to that
slave. They are multiplexed onto the bus when appropriate.

SSNames == { HRDATA, HREADY , HRESP , HSPLITx }



One fundamental characteristic of each of these named groups of lines is the
number of bits of the bus, a master or a slave that it occupies. The function
grpWidth gives the number of bits associated with any given signal name.

grpWidth : Name → N

grpWidth = { (HRESETn 7→ 1), (HADDR 7→ 32), (HTRANS 7→ 2),
(HWRITE 7→ 1), (HSIZE 7→ 3), (HBURST 7→ 3),
(HPROT 7→ 4), (HWDATA 7→ width), (HSELx 7→ #Slave),
(HRDATA 7→ width), (HREADY 7→ 1), (HRESP 7→ 2),
(HBUSREQx 7→ #Master), (HBUSREQ 7→ 1),
(HLOCKx 7→ #Master), (HLOCK 7→ 1),
(HGRANTx 7→ #Master), (HMASTER 7→ 4),
(HMASTLOCK 7→ 1), (HSPLITx 7→ 16)}

2.7 Signal Maps

Each signal is a bunch of bits and so we model each of them as an object of type
‘sequence of bits’. Consequently, the state of the bus, each master and each slave
is modeled as a mapping from names to such bit sequences.

SignalMap : P(Name 7→ seqBit)

∀ s : SignalMap • ∀n : dom s • #(s n) = grpWidth(n)

Each of the types MapM , MapS and Bus is a specialization of SignalMap as
appropriate for masters, slaves and the bus itself.

Data Width The signal HSIZE indicates the number of lines of the data bus
that will be used in the current transfer. The 3-bit value of HSIZE can be decoded
using the following function:

decodeSize : (0 . . 7) → N

decodeSize = {(0 7→ 8), (1 7→ 16), (2 7→ 32), (3 7→ 64),
(4 7→ 128), (5 7→ 256), (6 7→ 512), (7 7→ 1024)}

3 State-Related Types

3.1 The Cycle Abstraction

In the following schema, the state of all signals at any instant is captured. The
structure of the abstraction reflects the separation of signals between the various
parts of the system. The predicate part expresses the following properties:

1. Arbitration results in exactly one master being granted the bus;
2. Exactly one bit of HSELx will be high;
3. Address and control signals for current master are multiplexed on the bus;



4. Data buses and the HREADY and HRESP signals are multiplexed;

5. The HSPLIT signals are properly multiplexed;

6. Certain signals from the dummy master can be relied on.

Cycle

bus : Bus

stateMx : Master → MapM

stateSx : Slave → MapS

∃
1
m : Master • (bus HGRANTx )(16 − m) = HIGH

∀ s : Slave • (bus HSELx )(16 − s) = HIGH

⇔ (bus(HADDR) 7→ s) ∈ decode

let map == stateMx (bits2N (bus HMASTER)) •
((∀nam : {HADDR,HTRANS ,HWRITE ,HSIZE ,

HBURST ,HPROT} • (bus nam) = (map nam)) ∧
(let mast == bits2N (bus(HMASTER)) •

((bus HLOCKx )(16 − mast) = (map HLOCK )(1) ∧
(bus HBUSREQx )(16 − mast) = (map HBUSREQ)(1)) ))

∃m : Master • bus(HWDATA) = stateMx (m)(HWDATA)
∀nam : {HRDATA,HREADY ,HRESP} •

∃ s : Slave • bus(nam) = stateSx (s)(nam)
∀m : Master • (((bus HSPLITx )(16 − m) = HIGH )

⇔ (∃ s : Slave • stateSx (s)(HSPLITx )(16 − m) = HIGH ))

(bus HBUSREQx )(16 − Dummy) = LOW

(bus HLOCKx )(16 − Dummy) = LOW

stateMx (Dummy)(HTRANS ) = IDLE

For each component of the system, history is important for constraining
future behaviour. However, that dependence does not involve the relative timing
of the possibly numerous events within the current or past clock cycles. So when
the Cycle abstraction is used as a unit of history it will a snapshot of all signals
at the rising clock pulse.

3.2 The Transfer Abstraction

Transfers consist of two or more consecutive cycles. The first cycle is the one
where a master owns the bus and completes the address phase of the transfer.
The last cycle is where the transfer of data is complete. All the intermediate
cycles in the transfer are wait cycles that arise because the slave delays by
forcing HREADY low.

The predicate part of the schema for the type Transfer , which follows, asserts
consistency of all cycles making up the transfer, not just the first and last.



Transfer

cycles : seqCycle

time : N

#cycles > 1
let trans == ((cycles 1).bus)(HTRANS );

addr == bits2N (((cycles 1).bus)(HADDR));
size == decodeSize(bits2N (((cycles 1).bus)(HSIZE ))) •

(trans ∈ { NONSEQ ,SEQ }
∧ addr mod (size div 8) = 0
∧ addr div 1024 = (addr + (size div 8) − 1) div 1024
∧ (∀ j : (2 . . #cycles) • ((cycles j ).bus)(HRESP) = OKAY )
∧ ((last cycles).bus)(HREADY ) = 〈HIGH 〉
∧ (∀ j : (2 . . (#cycles − 1)) •

((cycles j ).bus)(HREADY ) = 〈LOW 〉)
∧ (((cycles 1).bus)(HWRITE ) = 〈HIGH 〉) ⇒

(∀ j : (2 . . #cycles) •
((cycles(j )).bus)(HWDATA) = ((cycles 2).bus)(HWDATA)))

3.3 AMBA Transactions

A complete transaction consists either of a single transfer or of some number
of transfers which accomplish the transmission of one block of data in uniform
sized pieces. Details of this breakup of a transaction are given by the HBURST
signal. The first transfer will be tagged NONSEQ and subsequent ones will have
SEQ as the HTRANS signal.

The components of any Transaction object are the sequence of transfers that
belong to it with a flag to indicate completion (or otherwise). The possible values
for this flag are InProgress, Complete, Split and Interrupted .

Transaction

xfers : seqTransfer

completion : Completion

#xfers > 0
letmode == modeOf (xfers 1) •

(#xfers = beatUB(mode) ⇒ completion = Complete ∧
#xfers < beatUB(mode) ⇒ completion 6= Complete ∧
(mode = INCR) ⇒ completion 6= Interrupted ∧
addressesOf (xfers) ⊆

addrSeq(addrOf (xfers(1)), sizeOf (xfers(1)),mode))
∀ t : Transfer | t ∈ (ran xfers) • xMatches(t , (xfers 1))

Functions appearing without definition in this schema are described thus:

– modeOf (t) extracts the burst mode of transfer t (its HBURST value).



– beatUB(m) is a bound on the length of a burst of mode m.
– addrSeq(A, s,m) gives the full sequence of transfer addresses starting with

A in a burst of mode m and transfer width size s bits.
– Two transfers are in relation xMatches if their control signals match.

4 State Specification Schemas

The state of an AMBA bus is characterized by what progress has been made
toward finalizing the current cycle. The physical aspects of state are the values
of signals on the bus, on the masters and on the slaves, but the behaviour of
the bus depends also on the past history of the system. The latter aspects are
modeled in the schema Histories defined below.

4.1 The History Component

The following schema captures the history of the system at the levels of cycles,
transfers and transactions. Note that there is redundancy in that transactions
are all made up of transfers which are made up of cycles.

Histories

cycHist : seq Cycle

xferHist : seq Transfer

xactionHist : seq Transaction

partXfer : seqCycle

partXactions : Master 7→ Transaction

∃ sc : seqCycle • (sc a partXfer) = cycHist

∃ t : Transfer • partXfer = front(t .cycles)
∀ j , k : dom xferHist • j < k ⇒

((xferHist j ).time) < ((xferHist k).time)
∀ t : Transfer • t ∈ (ran xferHist) ⇔

(∀ j : ( 1 . . #(t .cycles) ) • cycHist(t .time + j − 1) = (t .cycles)(j ))

∀ t : (ran partXactions) •
t .xfers 6= 〈〉 ∧ t .completion ∈ { InProgress,Split }

∀m : dom partXactions • masterOf (((partXactions m).xfers)(1)) = m

#({t : ran partXactions | t .completion = InProgress}) ≤ 1

∀ t : ran xactionHist • t .completion ∈ {Complete, Interrupted}
ran xactionHist ∩ ran partXactions = ∅

ran xactionHist = ran xactionHist ∪ ran partXactions

In the above schema the predicates assert that

– The partial transfer, if any, is the tail of the cycle history.
– An appropriate next cycle can legally complete partXfer .
– The transfer history, xferHist , is properly ordered.



– xferHist is complete and consistent, relative to the cycle history.
– partXactions is well formed.
– Each transaction in xactionHist is either Complete or Interrupted.
– Each transfer in xferHist is in either in xactionHist or in a partXaction.

4.2 The State in General

The schema AMBA State captures system state to extent of its current snapshot
and a complete record of past cycle activity. Since this state schema contains
both aspects, its predicate part adds constraints on possible values of current
signals to that given in the Cycle abstraction. In particular,

– The HWDATA signal is multiplexed from the master that owns the data bus
at that point, not necessarily the current master.

– Several signals that originate in slaves are multiplexed from the slave that
was addressed in the last transfer.

AMBA State

Cycle

Histories

partXfer 6= 〈〉 ⇒
(let lastMast == bits2N (((partXfer 1).bus)(HMASTER));

lastSlav == decode(((partXfer 1).bus)(HADDR)) •
(bus(HWDATA) = stateMx (lastMast)(HWDATA) ∧
bus(HRDATA) = stateSx (lastSlav)(HRDATA) ∧
bus(HREADY ) = stateSx (lastSlav)(HREADY ) ∧
bus(HRESP) = stateSx (lastSlav)(HRESP) ))

5 Intracycle Operations

Most atomic events that occur in the system are actions initiated by masters
and slaves updating one or more of the signals for which they are the source.
The more unusual event is initiated asynchronously by the reset controller. An
action by any one of these agents will cause changes to the state of the bus as
specified in the BasicOperation schema given subsequently.

5.1 The Operation Abstraction

Each primitive operation is characterized by identifying the agent (a master,
a slave or the reset controller) and a map which indicates the updates to that
agent’s signals. Primitive operations are identified by their structure as given in
the type OpType below.

The possible values that the agent identifier variable (agId) can take depends
on the sort of that agent. These agent types are distinguished with the type



AgentType ::= Mast | Slav | Bus

OpType

agTy : AgentType

agId : N

updates : SignalMap

agTy = Mast ⇒ (agId ∈ Master) ∧ (∃m : MapM • updates ⊆ m)
agTy = Slav ⇒ (agId ∈ Slave) ∧ (∃m : MapS • updates ⊆ m)
agTy = Bus ⇒ agId = 0 ∧ updates = { HRESETn 7→ 〈LOW 〉 }

5.2 Application of Basic Operations

Each basic operation, other than a reset, is effected by a master or a slave altering
its own signal map while leaving those of all others the same. Multiplexing and
decoding cause signals from some agents to make it onto the bus thus:

– The Cycle schema (imported through Amba State) takes care of the the
relationship between old and new multiplexed address and control signals
(HADDR, HTRANS, HWRITE, HSIZE, HBURST and HPROT).

It also captures the derivability of HSELx, HSPLITx, HBUSREQx and
HLOCKx from a variety of other signals.

– The invariant of schema AMBA State specifies how multiplexing of signals
HWDATA, HRDATA, HREADY and HRESP happens.

– The remaining bus signals are specified directly.

BasicOperation

∆AMBA State

ΞHistories

op? : OpType

op?.agTy = Mast ⇒
(stateSx ′ = stateSx ∧ bus ′(HRESETn) = bus(HRESETn) ∧
stateMx ′ = stateMx⊕

{ op?.agId 7→ (stateMx (op?.agId) ⊕ op?.updates) } )

op?.agTy = Slav ⇒
(stateMx ′ = stateMx ∧ bus ′(HRESETn) = bus(HRESETn) ∧
stateSx ′ = stateSx⊕

{ op?.agId 7→ (stateSx (op?.agId) ⊕ op?.updates) } )

op?.agTy = Bus ⇒ (bus ′(HRESETn) = 〈LOW 〉 ∧
stateMx ′ = stateMx ∧ stateSx ′ = stateSx )

∀nam : { HGRANTx , HMASTER, HMASTLOCK } •
bus ′(nam) = bus(nam)



6 End of Cycle Operations

The end of each clock cycle is marked by the rising edge of a clock pulse. All
signals will be steady at that time and for some minimum hold time after the
rising edge. Although no operations that change signals should take place at
that time, our interpretation of the state changes because we deem transfers to
start and/or complete at cycle’s end. Thus we define an operation HistoryUpdate

which registers in the Histories component of state just what has cumulatively
been accomplished in the system.

There are three matters for HistoryUpdate to address:

– Transfers that may have completed or been extended;
– Transactions that may be more advanced or may be completed, interrupted

or split.
– Transfers that may have just commenced with their control/address phase.

It makes sense to separate these concerns into three sub-operations which are
carried out sequentially and so we define HistoryUpdate in terms of three new
schemas which will be defined in subsequent sub-sections:

HistoryUpdate == ActiveTransferUpdate o

9 XactionActivity o

9 NewTransfer

This sequential decomposition requires a minimum of information discovered
in one phase to be transmitted to later phases (apart from that naturally con-
tained in the variables of global state). The variable xferInProgress is an output
of ActiveTransferUpdate and an input to XactionActivity .

6.1 Transfer Continuation and Completion

If there was an incomplete transfer cycle after the last clock pulse then this
transfer may be complete, incomplete are may have been aborted. So there are
four cases for ActiveTransferUpdate to consider; the four cases, handled by four
sub-operation schemas, and combined thus:

ActiveTransferUpdate == TransferContinuation ∨ TransferCompletion ∨
TransferAborted ∨ NoCurrentTransfer

Without considering violations of the AMBA protocol, the following table
gives the precise preconditions for the various cases.

Partial transfer HREADY HRESP Relevant Schema
No Don’t care Don’t care NoCurrentTransfer

Yes low Don’t care TransferContinuation

Yes high OKAY TransferCompletion

Yes high not OKAY TransferAborted

Each of the schemas given in the classify the partial transfer, if any, and give
an output value which is of type XferStatus which is as follows:

XferStatus ::= None | Extending | Finished | Aborted



A Representative Example - TransferContinuation

At the end of a cycle a transfer is deemed to be continuing if the slave involved
in the transfer is pleading not ready. This usually indicates an extension of the
transfer by the slave but it also includes the situation where the slave is indicating
first cycle of a two-cycle READY, ERROR or SPLIT response.

TransferContinuation

∆AMBA State

ΞCycle

xferInProgress! : XferStatus

partXfer 6= 〈〉
bus(HREADY ) = 〈LOW 〉
#partXfer > 1 ∧ bus(HRESP) 6= OKAY ⇒

((last partXfer).bus)(HRESP) = OKAY

cycHist ′ = cycHist a 〈θCycle〉
xferHist ′ = xferHist

partXfer ′ = partXfer a 〈θCycle〉
xactionHist ′ = xactionHist ∧ partXactions ′ = partXactions

xferInProgress! = Extending

6.2 Transaction Continuation and Completion

When it comes to updating history to reflect progress (or otherwise) in transac-
tion activity there are three broad possibilities – a transaction may be completed
(successfully or not), a transfer may grow larger but still be partial, or there may
be no change to any transaction. In writing the schemas however, it is convenient
to specify XactionActivity in terms of ten separate cases, as follows.

In the first table each row starts with the value of the variable xferInProgress.
The columns labeled HTRANS and HBURST give the values of those signals in
the partial transfer, if any, rather than in the current state,

Xfer Status HTRANS HBURST HRESP Relevant Schema
Extending Don’t care Don’t care OKAY MidTransfer

None N/A N/A OKAY BusIdle

Finished NONSEQ SINGLE OKAY SingleShot

Finished NONSEQ not SINGLE OKAY FirstOfBurst

Aborted SEQ not SINGLE SPLIT SplitBurst

Aborted Don’t care Don’t care RETRY InterruptedBurst

Aborted Don’t care Don’t care ERROR InterruptedBurst

The following table distinguishes between the various remaining cases; in
each of them the variable partXfer contains a completed transfer . The first row
corresponds to the case that the burst is continuing while other rows are for the
several ways in which that completed transfer could be the last in a burst.



HTRANS Last type This type New master Relevant Schema
SEQ, BUSY not SINGLE not SINGLE No BurstContinues

Don’t care INCR Don’t care Yes IncrBurstDone

NONSEQ, IDLE INCR Don’t care No IncrBurstDone

NONSEQ, IDLE not INCR Don’t care Don’t care BurstComplete

Don’t care not INCR Don’t care Yes PreemptedBurst

An Example - The schema MidTransfer

In this case, the variable xferInProgress would have been set to Extending

by the previous history update operation TransferContinuation and so there is
nothing to do.

MidTransfer

ΞAMBA State

xferInProgress? : XferStatus

xferInProgress? = Extending

A Bigger Example - The Schema SingleShot

In the case that a transfer just completed was of burst mode SINGLE, this
constitutes a complete transaction consisting of that one transfer. It is not pos-
sible that there is a partial transfer for the same master, since it would have
been completed or aborted on a previous cycle.

SingleShot

∆AMBA State

ΞCycle

xferInProgress? : XferStatus

m : Master

new : Transaction

xferInProgress? = Finished ∧ bus(HRESP) = OKAY

m = bits2N (((partXfer 1).bus)(HMASTER))
m 6∈ dom partXactions

((partXfer 1).bus)(HTRANS ) = NONSEQ

((partXfer 1).bus)(HBURST ) = SINGLE

new .xfers = 〈partXfer〉
new .completion = Complete

cycHist ′ = cycHist ∧ xferHist ′ = xferHist

partXfer ′ = 〈〉

xactionHist ′ = xactionHist a 〈new〉
partXactions ′ = partXactions



6.3 Transfer Initiation

The schema NewTransfer updates history according to whether the control sig-
nals indicate that a new transfer was started in the cycle just completed (or not).
Each of these two possibilities is captured by a schema and so NewTransfer is
defined thus:

NewTransfer == TransferInitiation ∨ NoNewTransfer

The following table shows necessary conditions for each of the following two
schemas to be applicable.

HREADY HTRANS partXfer Relevant Schema
LOW Don’t care Don’t care NoNewTransfer

HIGH SEQ, NONSEQ empty TransferInitiation

HIGH SEQ, NONSEQ nonempty NoNewTransfer

HIGH BUSY, IDLE empty NoNewTransfer

HIGH BUSY, IDLE nonempty Impossible

When a new transfer is initiated, the signal HTRANS having value SEQ
occurs exactly when the new transfer will augment an existing partial transaction
for the current master. In such a case the control and address signals must be
consistent with this partial transaction.

TransferInitiation

∆AMBA State

ΞCycle

m : Master

trans : { SEQ ,NONSEQ }
new : Transfer

trans = bus(HTRANS )
m = bus(HMASTER)
partXfer = 〈〉
bus(HREADY ) = HIGH

trans = SEQ ⇔ m ∈ (dom partXactions)
partXfer ′ = 〈θCycle〉
(new .cycles) = partXfer ′

trans = SEQ ⇒ xMatches(new , (partXactions m)(1))
cycHist ′ = cycHist

xferHist ′ = xferHist

xactionHist ′ = xactionHist

partXactions ′ = partXactions

7 The Composite Cycle Operation

Given above are schemas for all aspects of what can happen within one cycle.
The following schema, CompleteCycle specifies what happens, over a full clock
cycle when a sequence of basic operations occurs.



CompleteCyle == Arbitration o

9
OperationSequence o

9
HistoryUpdate

∨ ResetCycle

Space limitations in the present paper preclude a discussion of the operation
of the arbiter or what happens in a clock cycle where a reset occurs.
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9 Conclusion

Although the approach of modeling an AMBA bus using Z was taken to get
the project of the ground quickly, it has proved to be a fortunate decision. The
obvious alternative was to formalize AHB directly in higher order logic using
HOL since theorem proving in that system was definitely on the agenda. There
are two reasons for satisfaction with postponing HOL activity.

– The AMBA buses turn out to be quite complicated to understand in detail.
The Z spec. is 30 pages of which fully half is mathematics. Because of the
complexity, the development process saw the document go through seven
versions as various ways of looking at the problem were tried. Had the same
development been done in HOL (or any similar system) lots of time would
surely have been wasted proving theorems associated with the dead ends.

– Having a formal specification in Z makes the audience of possible readers
much wider than if it was presented as a proof script for a theorem prover.
Of course, having parallel definitions in two formal systems begs the question
of verifying consistency. However, this question has been asked before and
so we need to search for possible answers for the present situation.
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Abstract. The Calculus of Inductive Constructions is an underlying
logic of the Coq proof assistant - a widely used mature proof assistant.
In this paper we present our work on implementing the Calculus of Induc-
tive Constructions in the MetaPRL logical framework. Rules from the Coq

reference manual have quite unrestricted format so we have to make cer-
tain design decisions in order to express those rules in the plain Gentzen
style supported by MetaPRL. The most complicated case-analysis and
fixpoint rules have yet to be implemented. There is a working implemen-
tation with rudimentary proof automation; the toy example of inductive
definition (parameterized lists) is type-checked.

1 Introduction

MetaPRL [5,7] is a relatively young logical framework from the PRL family [2]
originated at Cornell University.

Among logical theories already defined in MetaPRL there are

– NuPRL-like Computational Type Theory CTT (based on Martin-Löf’s Intu-
itionistic Type Theory);

– the constructive set theory CZF, based on Aczel’s axiomatization;
– the First Order Logic.

MetaPRL was designed to address scalability and efficiency issues of NuPRL;
as a result of these efforts CTT in MetaPRL is two decimal orders of magnitude
faster than in NuPRL [6].

The Coq proof assistant [8] is a widely used mature logical system. Its
underlying logic is the Calculus of Inductive Constructions (CIC) [8,3,4,10,1].
CIC is a rather sophisticated and powerful system. Implementing CIC in Meta-
PRL is the natural next step in developing the latter. It would be a good test
for MetaPRL’s universality and a challenge for a fast MetaPRL proof engine. It
could help MetaPRL to import Coq’s vast formal libraries.

In this paper we discuss our pilot implementation of CIC in the MetaPRL
logical framework. We have a working code (rules, rewrites and tactics) that im-
plements lambda calculus and inductive definitions. Implementation of inductive
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definitions is not complete. We implemented rule about correctness of an induc-
tive definition, typechecking of inductive types and constructors. Case-analysis
and fixpoint are not supported yet.

2 MetaPRL meta-language

A brief syntax description of MetaPRL will give a better understanding of im-
plementation problems and their solutions further in the article. Terms have the
following syntax:

term ::= operator { bterms }

where the operator represents the name of a term and bterms are possibly bound
terms.

Bound terms have the following syntax:

bterm ::= term | vars.term

For bound term v1, . . . , vn.t variables v1, . . . , vn are bound in t. Such binding is
the part of signature (arity) of the outer operator. For example, ∀x : T.P (x) can
be expressed as forall{T ;x.P [x]}, where forall has arity (0,1) - no bindings in the
first subterm and one binding in the second subterm.

Variables are special terms treated specifically by the system. There are two
types of variables: first-order variables represent variables of the object theory,
second-order variables (meta-level variables) represent terms with substitutions.

A theory is defined by its inference rules and computational equivalences
between terms. The syntax of an inference rule is

rule name [params] : inference

where name is the name of the rule, params are extra parameters passed to the
inference rule (optional) and inference is a valid inference in the defined logic.
Inference is declared in the following form:

inference ::= term | term → inference

Inference rules can be derived from previous rules or they can be defined as a
primitive axioms of the theory.

Rewrites can be used to establish computational and/or definitial equality
between certain terms. Rewrites are declared as follows:

rewrite name [params] : [conditions] redex ↔ contractum

where name is a name, params are extra variables and terms needed in rewrite
and if the rewrite is conditional then the condition is stated in conditions. Rewrite
replaces redex with contractum in any context. Just like rules rewrites can be
primitive or derived. Rewrites and inference rules are logical inferences of Meta-
PRL.

http://metaprl.org/
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http://metaprl.org/
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Sequent schema language [9] is used for specifying new inference rules in a
theory. The extension of the theory with sequents is conservative and derived
rules can be used as primitive axioms [9]. The sequent syntax is:

sequent[name]{H1; . . . ;Hn ⊢ C}

where name is a name of a sequent (optional), which can be used to assign dif-
ferent semantics to differently named sequents. Each of H1; . . . ;Hn is either a
variable declaration (hypothesis) or a sequent context, and C is a conclusion.
Contexts are meta-variables that are used as placeholders for sequences of hy-
potheses (again variable declarations and contexts). A variable declaration x : T
introduces a variable x bound in the rest of the sequent.

One can think of sequents as a special kind of terms with flexible arity, where
name is an analogue of operator and “sequent” indicates that this is a special
kind of term (with flexible arity). It is more convenient to look at sequents in
this perspective for the rest of the article.

There is a discipline of specifying permitted dependencies of a context or a
second-order variable on all contexts and declarations from the left of it. We say
that a context Γ (a second order variable A) can depend on variable declaration
x : T if x is allowed to occur in Γ (in A). We indicate it by Γ [x] and A[x]. If
variable declared before Γ (before A) is not listed in brackets it is interpreted
as prohibition of free occur

We say that a context ∆ (a second order variable A) can depend on a context
Γ if it is allowed for variables potentially declared in Γ to occur freely in ∆ (in
A). We indicate it by ∆{Γ} and T{Γ}. If a context Γ declared before ∆ (before
A) and Γ is not listed in curly brackets after ∆ (after A) it is interpreted as
prohibition of occur potentially declared in Γ to occur freely in ∆ (in A). If curly
brackets are not used at all it is interpreted as a dependency on all preceding
contexts.

Sequents are legitimate terms and can be used wherever regular terms can be
used. In particular nested sequents (when conclusion is again a sequent) allows
to separate different kinds of contexts from each other so they won’t mix:

sequent{ΓA ⊢ sequent{ΓB ⊢ C}}

can be thought as ΓA|ΓB ⊢ C where “|” is a marker used to enforce some
structure in antecedent pattern (to separate ΓA and ΓB).

3 A brief description of CIC

CIC is based on a typed lambda calculus. Without inductive definitions it’s a sys-
tem λPω (or λC) from Barendergt’s cube. There is no syntactical differentiation
between types and objects, they are just terms. Terms are built from variables,
global names, constructors, abstraction, application, product and “let-in” ex-
pressions. Each term should have a type, types of types are constants called
sorts. There are two basic sorts Set and Prop and a cumulative hierarchy of
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higher sorts Type(0),Type(1), . . . all containing the basic sorts. Intuitively Prop
is a type of all propositions and Set is a type of specifications (of programs) and
usual types (integers, booleans, lists, etc).

We based our work on the system of rules presented in the chapter 4 “Calculus
of Inductive Constructions” of The Coq Proof Assistant Reference Manual [8].
Although CIC is formulated in Gentzen style, it’s not a usual plain Gentzen
style system. Each CIC rule is explicitly parameterized with environment and
can explicitly change it. Environment contains declarations of global constants
and global assumptions. Such a non standard format is chosen because of in-
ductive definitions - once inductive definition is verified to be correct, all types
and constructors it defines are (automatically) added to the environment. Al-
ternatively one can carry the whole inductive definition all over the proof as a
term. The latter approach is in original papers [4,10] about inductive definitions
for the Calculus of Constructions; it is (at least) easier to express in the plain
Gentzen style. For this reason we use the latter approach.

4 Implementation problems and their solutions

Coq’s implementation of CIC operates with the notion of environment (or to be
more precise global environment). It is an ordered list of declarations of global
names, such as names of new operators and types. Of course MetaPRL maintains
something similar internally but it is not available for the direct control of the
user. It also seems that explicit global environment was introduced primarily for
efficiency reason - to mention inductive definitions only once and later only refer
to them. We prefer the global environment. So we modified all rules not to use
the global environment explicitly.

There is also a notion of context (or more precisely local context) where the
names of variables are declared. Contexts are native entities of the MetaPRL
meta-language so we are fine here.

There are two official kinds of judgments in CIC:

– E[Γ ] ⊢ t : T means that the term t is well-typed and has type T in the
environment E and context Γ

– WF(E)[Γ ] means that the environment E is well-formed and the context Γ
is a valid context in this environment

But in the actual rules we find one more kind of judgement:

– D ∈ E

where D is either inductive definition Ind(Γ )[ΓP ]{ΓI := ΓC} or constant dec-
laration c : T and E is an environment. It means that E is well-formed and
contains D (or if D ∈ E is the conclusion of the rule, D is added to E).

http://coq.inria.fr/
http://metaprl.org/
http://metaprl.org/
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4.1 WF-judgement

More traditional formulation of calculus of constructions [1] does not use WF-
judgement:

⊢ Prop : Type(i) ⊢ Set : Type(i) ⊢ Type(i) : Type(j) axioms, i < j

Γ ⊢ A : s

Γ ;x : A ⊢ x : A
start, x /∈ Γ

Γ ⊢ A : B Γ ⊢ C : s

Γ ;x : C ⊢ A : B
weakening, x /∈ Γ

The problem is that if you want to pull some declaration from the middle of an
antecedent to the succedent Γ ;x : A;∆ ⊢ x : A you need to type-check A and
whole ∆ using the weakening rule. This is not practical and not desirable if you
want to prove something like Γ ;x : A;∆ ⊢ x : A about arbitrary ∆.

Coq has the rule

WF(E)[Γ ;x : T ;∆[x] ]

E[Γ ;x : T ;∆[x] ] ⊢ x : T
(Var)

but then you can hardly prove something like E[Γ ] ⊢ t : T for t and T not
depending on Γ without assumingWF(E)[Γ ]. So this kind of assumption would
precede any theorem.

We decided to use the following set of rules:

Γ ⊢ Prop : Type(i) Γ ⊢ Set : Type(i) Γ ⊢ Type(i) : Type(j) (axioms, i < j)

Γ ;∆ ⊢ T : s

Γ ;x : T ;∆ ⊢ x : T
(Var)

Γ ;∆ ⊢ A : B Γ ;∆ ⊢ C : s

Γ ;x : C;∆ ⊢ A : B
(Weak)

So unlike rules in [1] we allow to insert new declarations in the middle of
hypotheses list. We also allow nonsense in hypotheses (because of our choice of
axioms) but it seems alright - falsum derives anything.

4.2 Lambda Calculus

Implementation of the lambda part of CIC is pretty straightforward, after we
settled with treating of WF and don’t tell anything about environment E.

We didn’t implement “let-in” construction and definition x := t : T because
first of all they seem redundant. Secondly, the majority of the rules do not
distinguish definition x := t : T and variable declaration x : T , so for now we
decided not to complicate our implementation with such a polymorphism.

http://coq.inria.fr/
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4.3 Inductive Definitions

Inductive definitions allow us to introduce new types and constructors of these
types. Ind(Γ )[ΓP ](ΓI := ΓC) is a formal representation of an inductive definition
valid in context Γ with parameters ΓP , a context of definitions ΓI and a context
of constructors ΓC . ΓI actually contains types defined by the inductive definition.

Example Parameterized lists is defined as follows:

Ind()[A : Set](List : Set := nil : List, cons : A→ List→ List)

List is a new inductive type, nil (an empty list) and cons (a concatenation of
an element and a list) are the constructors of type List; A is a parameter of
type Set. List A is a type of lists with elements of type A.

Since Ind has contexts as parameters it has to have flexible arity. As it was
mentioned, in MetaPRL the only construct with flexible arity is sequent term.
But we should not simply write Γ ;ΓP ;ΓI ;ΓC ⊢ ·, because there is no way to tell
later which hypotheses are from context Γ , which hypotheses are from context
ΓP , etc. Of course we can reserve special terms to separate those contexts but
MetaPRL allows nested sequents so we can write:

sequent{Γ ⊢ sequent{ΓP ⊢ sequent{ΓI ⊢ sequent{ΓC ⊢ A}}}}

because we use nested sequents all over the place we label all sequents generously:

sequent{Γ ⊢
sequent[IndParams]{ΓP ⊢

sequent[IndTypes]{ΓI ⊢
sequent[IndConstrs]{ΓC ⊢ A}}}}

We do not label the outermost sequent because Γ really plays role of hy-
potheses so outermost sequent is really logical, whereas all other sequents here
are merely placeholders with an arbitrary arity. Using display forms we can easily
give it a “traditional” format

Ind(Γ )[ΓP ](ΓI := ΓC)A

or

Ind(Γ )[ΓP ](ΓI := ΓC) ⊢ A

or

Γ ⊢ Ind[ΓP ](ΓI := ΓC)A

which we will use for the rest of the paper. Here A is the actual meaning of
the term Ind[ΓP ](ΓI := ΓC)A but A can refer to the inductive definition it is
wrapped in. Note that due to the nesting, variables declared in an outer sequent’s
antecedent are bound in all inner sequents but that’s exactly what we want.

http://metaprl.org/
http://metaprl.org/
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Types of inductive types and constructors are described by the following two
rules. For the rest of the paper we assume that ΓP is [p1 : P1; . . . ; pr : Pr], ΓI is
[I1 : A1; . . . ; Ik : Ak], and ΓC is [c1 : C1; . . . ; cn : Cn].

Ind(Γ )[ΓP ](ΓI := ΓC) ∈ E

(Ij : (p1 : P1) . . . (pr : Pr)Aj) ∈ E
(j = 1 . . . k)

Ind(Γ )[ΓP ](ΓI := ΓC) ∈ E

(ci : (p1 : P1) . . . (pr : Pr)Ci{Ij/(Ijp1 . . . pr)}j=1...k
) ∈ E

(i = 1 . . . k)

here (x : S)T is a dependent product type (or dependent function type) and
it associates to the right.

Aside from giving certain types to inductive types and constructors these
rules say that if an inductive definition was given all types and constructors
from it are injected in the environment (thus becoming accessible for the later
use).

Of course we have to give some explicit meaning for all “. . .” in those rules and
for “massive” simultaneous substitution Ij/(Ijp1 . . . pr). Again we use sequents
to express something with flexible arity.

Example We define (x1 : T1) . . . (xn : Tn)S using two rewrites over sequent
term sequent[longProduct]{x1 : T1; . . . ;xn : Tn ⊢ S}. For readability we
will write longProduct{x1 : T1; . . . ;xn : Tn ⊢ S} :

longProduct{ ⊢ S} ←→ S base case, n = 0

longProduct{Γ ;x : T ⊢ S} ←→ longProduct{Γ ⊢ (x : T )S} rec. step

on each iteration rightmost declaration x : T is taken from the context Γ
and used to form a function type (x : T )S to the result S of the previous
iteration.

For the latter rule we need to give definitions of massive application, prod-
uct and substitution simultaneously because all bindings in the rule have to be
preserved correctly. It unfolds to 8 rewrites that act as one recursive function
on contexts (basically base case and recursive step for each operation which is 6
already plus some glue).

The next rule tells us if inductive definition is correct.

(E[Γ ;ΓP ] ⊢ Aj : s′j)j=1...k
(E[Γ ;ΓP ;ΓI ] ⊢ Ci : spi

)
i=1...n

WF(E; Ind(Γ )[ΓP ](ΓI := ΓC))[Γ ]

providing the following side conditions hold:

– k > 0, Ij , ci are different names for j = 1 . . . k and i = 1 . . . n
– for j = 1 . . . k we have Aj is an arity of sort sj and Ij /∈ Γ ∪ E
– for i = 1 . . . n we have Ci is a type of constructor of Ipi

which satisfies the
positivity condition for I1 . . . Ik and ci /∈ Γ ∪ E
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As you can see this rule has a few side conditions. We need to formalize those
side conditions via rules and/or rewrites. Side conditions of this rule operate with
notions:

– Aj is an arity of sort sj

– Ci is a type of constructor of Ipi

– Ci satisfies the positivity condition for a constant X
– constant X occurs strictly positively in T

Example The constant X occurs strictly positively in T in the following cases:
– X doesn’t occur in T
– T converts to (Xt1 . . . tn) and X does not occur in any of ti
– T converts to (x : U)V and X does not occur in type U but occurs

strictly positively in type V

actually there is a fourth case but it is too complicated for the discussion.
And the formalization of this definition in MetaPRL looks like this:

Γ ;x : T ;∆ ⊢ strictly pos{x;S}
(base case)

here x does not occur freely in S because according to MetaPRL syntax we would
have to say S[x] in order to allow free occur

Γ ;x : T ;∆ ⊢ strictly pos{x; appContext{Σ ⊢ x}}
(application case)

here again x does not occur freely in Σ because according to MetaPRL syntax
we would have to say Σ[x] in order to allow free occur

Γ ;x : T ;∆; y : U ⊢ strictly pos{x;V [y;x]}

Γ ;x : T ;∆ ⊢ strictly pos{x; y : U → V [y;x]}
(function case)

again x does not occur freely in U .
Because we do not use WF-judgement we need some special treatment for

the conclusion of the last rule. We use another judgement

Γ ⊢ IndWF[ΓP ](ΓI := ΓC)

which sole purpose is to claim correctness of the inductive definition.
As it was said we do not add types and constructors from inductive definitions

to the global environment hence we carry whole inductive definitions everywhere
we use it.

Example Using inductive definition of parameterized lists we say:

List ::= Ind[A : Set](List : Set := nil : List; cons : A→ List→ List)List

nil ::= Ind[A : Set](List : Set := nil : List; cons : A→ List→ List)nil

cons ::= Ind[A : Set](List : Set := nil : List; cons : A→ List→ List)cons

To support this approach our implementation has three rewrites:

Ind[ΓP ](ΓI := ΓC)t{} ↔ t

http://metaprl.org/
http://metaprl.org/
http://metaprl.org/
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Ind[ΓP ](ΓI := ΓC ;x : T ;∆C)t[x]↔ Ind[ΓP ](ΓI := ΓC ;x : T ;∆C)

t[Ind[ΓP ](ΓI := ΓC ;x : T ;∆C)x]

Ind[ΓP ](ΓI ;x : T ;∆I := ΓC [x])t[x]↔ Ind[ΓP ](ΓI ;x : T ;∆I := ΓC [x])

t[Ind[ΓP ](ΓI ;x : T ;∆I := ΓC [x])x]

The first rewrite says that if term t under inductive definition does not really
depend on it, we can get rid of inductive definition and use just t. Second and
third rewrite say that any occurrence of inductive type or constructor (under
inductive definition) can be wrapped additionally with one more layer of that
inductive definition. Having in mind that rewrites are bidirectional we can prove
such trivial facts as:

List ∈ Set→ Set

nil ∈ (A : Set)(ListA)

cons ∈ (A : Set)(A→ ListA→ ListA)

Up to this point we were describing actually working implementation. It
includes all the necessary rules, rewrites and tactics for rudimentary proof au-
tomation. The example of parameterized lists is proved correct and simple facts
given above are proved. The implementation is available for download under
GPL license from the MetaPRL CVS server
http://cvs.metaprl.org:12000/cvsweb/metaprl/theories/cic/.

4.4 Implementation of Cases and Fixpoint

Besides defining inductive types, establishing their sorts and types of construc-
tors one needs means for case analysis of such types and recursion over inductive
types. In CIC (Coq) there are two separate operations - case analysis and re-
cursion (fixpoint) each accompanied with a certain number of rules governing
it.

Unfortunately we again face the problem of formalizing side conditions. Con-
sider an inductive definition with several mutually defined types. The case anal-
ysis rule has to collect all constructors for one of those types from the list of
all constructors of that inductive definition. This was the place where we’ve got
stuck. Although the above condition seems expressible as a collection of rules
we don’t know any elegant (and efficient) approach. So we decided there is no
point in formalizing case analysis and fixpoint rules if it would be too slow and
no competitor to Coq.

We do consider an alternative approach. It’s possible to wrap each rule in a
tactic and implement too complicated side conditions in the tactic. Such tactics
will check too intricate syntactical conditions and pre-compute parameters for
rules (e.g. extract all appropriate constructors for case analysis rule). Those
tactics should be considered as a part of the trusted core but we will get much
better efficiency. Such an implementation would be no less reliable than Coq

http://metaprl.org/
http://cvs.metaprl.org:12000/cvsweb/metaprl/theories/cic/
http://coq.inria.fr/
http://coq.inria.fr/
http://coq.inria.fr/
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because (as far as we understand) in Coq this logic is also hard-coded and not
explicitly written as a system of rules.

5 Future work

Presently we are at the crossroad of several treatments for the case-analysis and
fixpoint rules, which are:

– Find a way to represent side conditions of those rules as rules and rewrites.
This will most likely lead to a significant drop in the speed comparing with
Coq but MetaPRL trusted core won’t be extended.

– Wrap each rule in a tactic and implement too complicated side conditions
in the tactic. This would probably boost the performance. But such tactics
would actually extend MetaPRL trusted core.

– Find a formal generic notation that would allow to implement case-analysis
and fixpoint rules nicely. If successful this might be a good tradeoff between
performance and extension of the trusted core. And we would got an extra
bonus - improve the expressiveness of the MetaPRL meta-language.

After the decision is made the rest of the CIC core and basic proof automation
will be implemented. Then we will benchmark our implementation against Coq.
If successful, more steps towards compatibility with the existing Coq-libraries
will be made. The ultimate goal is to support import or direct access to Coq
library files.
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c ���dĵ�����eagfHhNiHjHkHk�lHmHa ¸

��� ¸F�<¸<gp¸<gAk¤m�¦RQ\WY_�m*ORr`g�¸jl@UK¹�U2W�¸4OGU2WYQ\a:]<QTOR©�_j¦�U2Wym�[YQTOR©�Xx]<Xx[YUK² XZU2®Ki�WYQ\[°]q¸>~IUK®fk�ORQT®�m�n �PU2¦�_*WZ[
�»gq«°}�|ZgA«  =�«°s ! oN%¨QTXx[ZWYQz¹�i�[YU�r&gq]�Xx[YU2²�X�³Im*¹�_*Wym�[Y_*WZ]qoAMPORQTSVU2WYXZQ\[°]/_*an5�UKORO�Xx]<nzS*m*O�Qzm<o �� " =q¸

� µ�¸F5�¸p~IiRnTnT² m*ORO>oK��¸�~¾i�WYO�U2W�o4��¸��¼®�}�_*WoBqiR_Ar�m*nTUjop��¸>³IU2¦�WYU�m�iIopv�¸p}�kRQ\[Z[Yi<WYQ�o>m�O¤rEû�4̧��m*®y·p¸
P�_*WY² m*nR²�U2[YkR_Ar<XK±Am$¦<Wym*®2[YQT®�m�n¤[Y_q_jn�a�_�W-*4g9QT²�¦RnTUK²�UKOq[Y_*WYXK¸p|^O �  I�ÿA( ( " ��� � � I � � � ( G � � � �
I�I  � ��� I 1 I�� � I � �LI 1 �½ÿ � ��� . 1 (  þ � ����� G ����� ( P � o�¦¤m�©jUKXPs*t��<s*uAo �� � =q¸

� uA¸F�GWYiR®KUq��¸pl�m�nz·jU2W�o �wQz®yk¤m�WyrEv$¸4�4UK²�²�U2WYUfW�o�m*ORrðûdU2Wym*nzrr��¸�5�_j¦�UK·�¸$gA¦�UK®KQ\¤®Km�[YQT_jOªm*ORr
SjU2WYQ\¤®�m�[YQz_*O"_*a$[YkRUðM4}�³¾võMPORQtsèXZU2®Ki�WYQ\[°]è·VU2WYORU2n�¸ < I PUP 	 � ��ÿYþ � � I � � I � � � ( ��< � o
s � � s � ± �"��� � ���N� opPRUK¹<WYi¤m�WZ] �� �� t<¸



XPath Formal Semantics and Beyond: a Coq based
approach

Pierre Genev̀es1 and Jean-Yves Vion-Dury1,2

1 WAM Project, INRIA Rĥone-Alpes
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Abstract. XPath was introduced as the standard language for addressing parts
of XML documents, and has been widely adopted by practioners and theoreticaly
studied. We aim at building a logical framework for formal study and analysis
of XPath and have to face the combinatorial complexity of formal proofs caused
by XPath expressive power. We chose the Coq proof assistant and its powerful
inductive constructions to rigorously investigate XPath peculiarities. We focus in
this paper on a basic modeling of XPath syntax and semantics, and make two con-
tributions. First, we propose a new formal semantics, which is an interpretation
of paths as first order logic propositions that turned out to greatly simplify our
formal proofs. Second, we formally prove that this new interpretation is equiv-
alent to previously known XPath denotational semantics [20, 18], opening per-
spectives for more ambitious mathematical characterizations. We illustrate our
Coq based model through several examples and we develop a formal proof of a
simple yet significant XPath property that compare quite favorably to a former
informal proof proposed in [18].

1 Introduction

XML [4] is now becoming the de facto standard for both representing structured docu-
ments and exchanging information. This success impacts major parts of the computing
infrastructure such as the future world wide web, information systems, and databases.
XPath [6] was introduced by the W3C [16] for specifying node selection, matching con-
ditions, and for computing values from an XML document. XPath is part of other XML-
related standards such as the transformation language XSLT [5], the modeling language
XML Schema [12], the linking standard XLink [8] and the forthcoming XQuery [3]
database access language, that is triggering considerable attention from big industrial
players. Because of its fundamental role, we see XPath as a cornerstone of XML tech-
nologies.

Motivation. We aim at building a rigorous framework for formal study and analysis of
XPath. This paper focuses on a basic modeling of XPath data model, syntax and seman-
tics as a first step toward a more ambitious goal, which is to axiomatize and characterize
the containment and equivalence relations over XPath expressions. The first problem to
address is the combinatorial complexity of proofs caused by XPath structure (e.g. cases
analysis, structural inductions). The second problem is to handle incremental variations
(and extensions) of the language fragment we want to deal with while maintaining the
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established properties. These two difficulties are clearly in favor of using mechanized
proofs, but require a proof assistant offering powerful data structure modeling capa-
bilities and providing a specialized language for building complex and modular proof
tactics. We chose the Coq proof assistant [7] because of(i) its powerful inductive con-
structions,(ii) its type system and(iii) its tactics language. Another important point for
the authors was the availability of module abstractions (clearly in favor of large project
developments) and also of a very good documentation [2] that considerably eased enter-
ing Coq’s arcanes. Last but not least, Coq is currently a large and active research project
offering long term perspectives as well as a good support to a growing user community.
Usually, proof assistants allow enforcing and verifying known mathematical results or
proving simple but important algorithms. The authors expect from this exploratory work
an ambitious step toward offering a common framework to theoreticians and engineers
working around XML technologies. We consider XQuery as a potential target since it
comes with a very large and complex formal semantics [11] while being probably too
complex to support mathematical treatments without the help of a scalable and typed
proof assistant (for instance, proving a worthwhile weak type soundness for the query
language, or reasoning formally about normalization and optimization).

Contribution. As a first result, we propose a new formal semantics for the XPath lan-
guage, which is basically an interpretation of XPath expressions in first-order logic. One
of the main advantages of this semantics is that both paths and qualifiers get an unified
interpretation; thus the general complexity of proofs involving XPath interpretation is
greatly reduced. The other expected benefit is to abstract over the usual computational
vision and to focus on the intrinsic meaning of the language. Our second contribution is
a formal proof of the equivalence of semantics that enables further construction on top
of this simple logical interpretation.

Related Work.The first version of the XPath specification [6], published in 1999, de-
scribes the meanings of XPath constructs and operators in more than thirty pages of
english. A formal semantics of XPath was given in 2000 by Wadler in [20]. This de-
notational semantics inspired works on theoretical issues around XPath: rewriting [18],
query containment [19] and algorithmic complexity [15]. However, this semantics con-
veys a computational vision and has often been directly translated into poorly efficient
functional algorithms [15]. Several authors adopted simpler semantics, focusing on
boolean tests or tree patterns [13] thus missing the most innovative and core XPath
feature: node-set selection. Recent work on the forthcoming XPath 2.0 language for-
mally defined static and operational semantics [10]. While being able to deal with com-
plex typing issues raised by substantial evolution of the language specification, these
semantics are probably too complex for being directly used in useful manual proofs.

Works on XPath containment and equivalence problems identified and conjectured
complexity classes for several XPath fragments (see [17] for an overview). However,
most of these works rely on manual proofs-by-reduction that do not help for finding
sound and complete algorithms on a significant XPath subset. On the opposite, we aim
at building a logical and formal framework for studying XPath, and especially for in-
vestigating XPath containment in a constructive way.
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Outline We first introduce XPath and its data model in section 2. Section 3 presents the
basics of XPath semantics: query results, axes and node tests. A denotational semantics
of paths inspired from established contributions is then described in section 4, which
also highlights its drawbacks for formal proofs. Section 5 introduces our new logical
semantics and illustrates the interest of its Coq modeling through the demonstration of
an XPath property. Before concluding, section 6 summarizes the formal proof of the
equivalence of both semantics, constructed using the Coq proof system.

2 XPath Syntax and Data Model

A tree document model.XPath considers an XML document as a tree with several
kinds of nodes (root, element, text, attribute, namespace, processing instruction, and
comment). The tree is built by a successful parsing of a well-formed XML document.
The tree contains only one root node, which has no parent, no attribute and no names-
pace node, but that may have any other kind of nodes as children. Only elements can
have children. Nodes are fully connected using the relation_ that maps a node to its
children, and the reflexive and transitive closure_∗ of this relation. Moreover, a total
ordering relation≪ between any two elements reflects the depth-first traversal order of
the tree. We implemented this document model in Coq as two separate modules “XN-
odes” and “XTree” that respectively define the types “Node” and “Tree” which we refer
to in this paper.

XPath expressions.In their simplest form XPath expressions look like “directory navi-
gation paths”. For example, the XPath expression

/book/chapter/section

navigates from the root of a document (designated by the leading slash “/”) through
the top-level “book” element to its “chapter” child elements and on to its “section”
child elements. The result of the evaluation of the entire expression is the set of all
the “section” elements that can be reached in this manner, returned in the order they
occurred in the document. At each step in the navigation the selected nodes for that step
can be filtered using qualifiers. A qualifier is a boolean expression between brackets
that can test path existence. So if we ask for

/book/chapter/section[citation]

then the result isall “section” elements that have at least one child element named “cita-
tion”. The situation becomes more interesting when combined with XPath’s capability
of searching along “axes” other than the shown “children of” axis. Indeed the above
XPath is a shorthand for

/child::book/child::chapter/child::section[child::citation]

where it is made explicit that eachpath stepis meant to search the “child” axis contain-
ing all children of the previous context node. If we instead asked for

/child::book/descendant::*[child::citation]
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Path p ::= p/p | p[q] | p p p | p ∩ p | (p) | a::N | ⊥ | ∧

Qualifier q ::= q and q | q or q | not q | p | p ⊑ p | true | false

Axis a ::= child | descendant| self | descendant-or-self
| following-sibling | following | parent| ancestor
| preceding-sibling| preceding| ancestor-or-self

NodeTest N ::= n | ∗ | text() | comment() | element()
| processing-instruction() | node()

Fig. 2.XPath Abstract Syntax.

Our syntactic modeling in Coq is directly inspired from the abstract syntax. A cross-
inductive set definition (see figure 3) models XPath expressions:⊥, ∧, a::N are path
atoms andtrue, false are qualifier atoms, whereas other operators are binary construc-
tors. The definition relies on the definitions of “Axis” and “NodeTest” which are simple
set enumerations.

Inductive XPath: Set:=
— void : XPath
— top : XPath
— union: XPath→ XPath→ XPath
— inter : XPath→ XPath→ XPath
— slash: XPath→ XPath→ XPath
— qualif : XPath→ XQualif → XPath
— step: Axis→ NodeTest→ XPath

with XQualif : Set:=
— not : XQualif → XQualif
— and : XQualif → XQualif → XQualif
— or : XQualif → XQualif → XQualif
— leq : XPath→ XPath→ XQualif
— true : XQualif
— false: XQualif.

Fig. 3.Set of all XPath expressions in Coq.

Paths inside qualifiers (asp2 in p1[p2]) are modeled through a syntaxic sugar:

Definition path(p : XPath) : XQualif := not (leq p void).

At this stage, XPath expressions can be instanciated using functional notation, for ex-
ample:

slash root (qualif (step child book) (path (step child chapter)))
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or even with the familiar infix notation:

∧/book[chapter]

made possible by Coq’s notation mechanism and definitions of operators associativity.
Although some syntactic properties can already be worked out, involving results of
XPath expressions requires further modeling. We formalize and model the interpretation
of XPath expressions in the next sections.

3 XPath Semantics: Basics

Result of an expression.The evaluation of an XPath expression returns a node-set: an
unordered collection of nodes without duplicates. We chose to model a node-set in Coq
as a custom list type (shown on figure 4) rather than a set. This is in order to cope
with the “position()” feature in qualifiers [6] and sequences of the forthcoming XPath
2.0 language [1]. Indeed, the “position()” feature requires an ordered representation of
selected nodes for filtering purposes. Moreover, XPath 2.0 handles node sequences (or-
dered collections of zero or more items, with possible duplicates) instead of node-sets.
Thus, our Coq modeling of node-sets presently uses a list together with an associated
predicate for forcing uniqueness of nodes in the node-set.

Inductive NodeSet: Set:=
— empty: NodeSet
— item: Node→ NodeSet→ NodeSet.

Fig. 4.Coq modeling of node-sets.

Axes and node tests.The path step (a::N ) is the most basic XPath construct that allows
to navigate in the tree in order to retrieve a node-set. Its semantics relies on two func-
tionsf andT that respectively define the semantics of an axisa and a node testN . The
navigational semantics of axes can be pictured using the tree document model (see fig-
ure 1); and more formally defined using theparent/childrelation (as usual_+ means
__∗), and the irreflexive ordering relation≪. The functionf retrieves a node-set
starting from a context nodex:
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a f(a)x

self {x}
child {y|x _ y}
parent {y|y _ x}

descendant {y|x _
+ y}

ancestor {y|y _
+ x}

descendant-or-self {y|x _
∗ y}

ancestor-or-self {y|y _
∗ x}

following-sibling {y|y ∈ sibling(x) ∧ x ≪ y}
preceding-sibling {y|y ∈ sibling(x) ∧ y ≪ x}

preceding {y|y ≪ x}
following {y|x ≪ y}
attribute {y|x _ y ∧ is-attribute(y)}

namespace {y|x _ y ∧ is-namespace(y)}

with sibling(x)= {y|∃z z _ x ∧ z _ y}

The node test part of a step is useful to filter the nodes according to their kind. The
functionT performs the test by attempting to match a nodex with the node test N used
in the step, according to the table below. The matching depends on the axis used in the
step:

N a T (a, N, x)

n name(x)=n
∗ attribute is-attribute(x)
∗ namespace is-namespace(x)
∗ other is-element(x)

text() is-text(x)
comment() is-comment(x)

processing-instruction() is-pi(x)
element() is-element(x)

node() true

The functionsf andT are directly translated into Coq definitions that drive our
“XTree” document model. The composition off andT allows to define the interpreta-
tion of a path step, which is an essential aspect of path semantics.

4 Denotational Semantics of Paths and Qualifiers

A classic formal semantics of paths finds its origins in [20], [18] and [19]. A formal
semantics functionS computes the node-set selected by a pathp starting from a context
nodex in the tree:
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S : Path−→ Node−→ Set(Node)
SJ∧Kx = {x1 | x1 _∗ x ∧ root(x1)}
SJ⊥Kx = ∅
SJp1 p p2Kx = SJp1Kx ∪ SJp2Kx

SJp1 ∩ p2Kx = {x1 | x1 ∈ SJp1Kx ∧ x1 ∈ SJp2Kx}
SJp1/p2Kx = {x2 | x1 ∈ SJp1Kx ∧ x2 ∈ SJp2Kx1

}
SJ(p)Kx = SJpKx

SJp[q]Kx = {x1 | x1 ∈ SJpKx ∧QJqKx1
}

SJa::NKx = {x1 | x1 ∈ f(a)x ∧ T (a,N, x1)}

The interpretation of a qualified pathp[q] uses the dual formal semantics function
Q for qualifiers.Q returns the boolean evaluation of a qualifierq from a context nodex:

Q : Qualifier−→ Node−→ Boolean
QJtrueKx = true
QJfalseKx = false
QJq1 and q2Kx = QJq1Kx ∧QJq2Kx

QJq1 or q2Kx = QJq1Kx ∨QJq2Kx

QJpKx = QJnot (p ⊑ ⊥)Kx

QJ(q)Kx = QJqKx

QJnot qKx = ¬QJqKx

QJp1 ⊑ p2Kx = SJp1Kx ⊆ SJp2Kx

The implementation ofS in Coq requires updatable definitions of common set op-
erations (union, intersection, inclusion) over previously defined node-sets. More inter-
esting are the two XPath-specific constructsp1/p2 and p[q] that require an ordered
evaluation of subterms. Indeed, the node-set retrieval driven byp2 and the filter per-
formed byq respectively operate on the results ofp1 andp. This can be captured in Coq
via two higher order functions. These functions abstract over the context node used for
the evaluation ofp2 andq:

Fixpoint product(s : NodeSet) (fs : Node→ NodeSet) {struct s} : NodeSet:=
match s with
— empty⇒ empty
— item a s1⇒ union(fs a) (product s1 fs)
end.

Fixpoint filter (s : NodeSet) (fs : Node→ bool) {struct s} : NodeSet:=
match s with
— empty⇒ empty
— item a s1⇒ if fs a then item a(filter s1 fs) else filter s1 fs
end.

The denotational semantics can then be modeled as a fixpoint that returns the node-
set selected by a pathp from a context nodex in a treet as shown on figure 5.
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Fixpoint semanS(t : Tree) (p : XPath)
(x : Node) {struct p} : NodeSet:=
match p with
— void⇒ empty
— top⇒ XTree.roots t x
— slash p1 p2⇒ product(semanS t p1 x) (semanS t p2)
— union p1 p2⇒ union(semanS t p1 x) (semanS t p2 x)
— inter p1 p2⇒ inter (semanS t p1 x) (semanS t p2 x)
— qualif p1 q2⇒ filter (semanS t p1 x) (semanQ t q2)
— step a n⇒ filter (f a x t) (test node t n)
end

with semanQ(t : Tree) (q : XQualif) (x : Node) {struct q} :
bool :=
match q with
— true⇒ true
— false⇒ false
— not q1⇒ if semanQ t q1 x then false else true
— and q1 q2⇒ if semanQ t q1 x then semanQ t q2 x else false
— or q1 q2⇒ if semanQ t q1 x then true else semanQ t q2 x
— leq p1 p2⇒ incl (semanS t p1 x) (semanS t p2 x)
end.

Fig. 5.XPath Denotational Semantics in Coq.

At this stage, XPath interpretation can be used for studying properties involving
query results. Consider for example the containment relation, which holds between two
XPath expressionsp1 andp2 when the set of nodes returned byp1 is included in the set
of nodes returned byp2, for all trees and context nodes. The containment relation can
be formally modeled as follows:

Variable t:Tree.
Variable x:Node.

Variable Sle: XPath→ XPath→ Prop.

Conjecture Slesound: forall (p1 p2: XPath),
Sle p1 p2→ incl (semanS t p1 x) (semanS t p2 x)=true.

Conjecture Slecomplete: forall (p1 p2: XPath),
incl (semanS t p1 x) (semanS t p2 x)=true→ Sle p1 p2.

The general path equivalence relation≡S , that holds between two paths that always
have the same interpretation, can then be defined:

Inductive Sequiv: XPath→ XPath→ Prop :=
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— seq: forall (p1 p2: XPath), Sle p1 p2→ Sle p2 p1→ Sequiv p1 p2.

Identifying path equivalence classes is of very first importance for simplifying gen-
eral formal treatment of XPath. The equivalence relation is particularly crucial for
XPath normalization and rewriting issues (see [18] for an application motivated by
streaming XML querying). In addition, both equivalence and containment relations are
currently of great interest for XML researchers notably because of their implications
for integrity constraints checking [9] and database query optimization [14]. Consider
the following basic example: if∀p : XPath, p|p ≡S p holds thenp|p can securely be
replaced byp for optimization purposes while preserving query semantics. Using the
Coq modeling, the proof ofp|p ≡S p relies on two set-theoretic lemma (idempotence
of set union and reflexivity of set inclusion):

Lemma opt : forall (p : XPath), Sequiv(union p p) p.
Proof.
intro;constructor; apply Slecomplete; simpl;rewrite union idem;apply incl reflexive.
Qed.

Now consider a more general XPath property, often named “qualifier flattening”,
that was first given in [18]. This property basically states that nested qualifiers can be
seen as paths:

∀p, p1, p2 : Path p[p1[p2]] ≡S p[p1/p2] (1)

This property can be formulated as follows:

Lemma flatten qualifs: forall (p p1 p2:XPath),
Sequiv(qualif p (path(qualif p1(path p2)))) (qualif p (path(slash p1 p2))).

The Coq modeling of the denotational semantics allows to prove this property. How-
ever, using the denotational semantics in proofs means dealing with combined node-set
computation and boolean evaluation. Indeed, the denotational semantics relies on node-
set construction for evaluating paths and boolean evaluation for interpreting qualifiers.
Subsequently, ad-hoc auxiliary lemma are required for characterizing these two differ-
ent computational visions, together with their compositional peculiarities. As a conse-
quence, a major drawback is that intrinsic complexity of proofs becomes hidden behind
numerous operational considerations. This causes rather long and complex proof terms.
Consider for example the proof of (1); it could begin with the following tactic applica-
tions:

intros; constructor; apply Slecomplete.
simpl.

This generates two subgoals that require to deal with mixed node-set construction and
boolean evaluation (see appendix A). In the next section, we present a new simple XPath
semantics designed to eliminate this computational overload.
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5 A Relational Semantics in First-Order Logic

We propose to translate an XPath expressionp into a dyadic formula of the first order
logic (FOL). The semantics functionRp defines the interpretation of paths in the first
order logic.Rp(x, y) holds for all pairsx, y of nodes such thaty is accessed fromx
through the pathp:

Rp : Path−→ Node−→ Node−→ FOL

Rp[[∧]]
y

x
= y _∗ x ∧ root(y)

Rp[[⊥]]y
x

= false
Rp[[p1 p p2]]

y

x
= Rp[[p1]]

y

x
∨Rp[[p2]]

y

x

Rp[[p1 ∩ p2]]
y

x
= Rp[[p1]]

y

x
∧Rp[[p2]]

y

x

Rp[[p1/p2]]
y

x
= ∃z Rp[[p1]]

z

x
∧Rp[[p2]]

y

z

Rp[[(p)]]y
x

= Rp[[p]]y
x

Rp[[p[q]]]y
x

= Rp[[p]]y
x
∧Rq[[q]]y

Rp[[a::N ]]y
x

= y ∈ f(a)x ∧ T (a,N, y)

The dual formal semantics functionRq translates qualifiers into monadic formulæ.
Rq(x) holds for all nodesx such that the qualifierq is true from the context nodex:

Rq : Qualifier−→ Node−→ FOL

Rq[[true]]x = true
Rq[[false]]x = false
Rq[[q1 and q2]]x = Rq[[q1]]x ∧Rq[[q2]]x
Rq[[q1 or q2]]x = Rq[[q1]]x ∨Rq[[q2]]x
Rq[[p]]x = Rq[[not (p ⊑ ⊥)]]x
Rq[[(q)]]x = Rq[[q]]x
Rq[[not q]]x = ¬Rq[[q]]x
Rq[[p1 ⊑ p2]]x = ∀z Rp[[p1]]

z

x
⇒ Rp[[p2]]

z

x

This semantics abstracts over the usual computation of node-sets. It gives an unified
interpretation of paths and qualifiers. This enables further studying and manipulatation
of XPath with an exclusive logical vision. The Coq implementation of this semantics,
shown on figure 6, basically translates an XPath expression into a logical proposition.
Capturing XPath semantics using Coq’s basic “Prop” sort greatly reduces the complex-
ity of proof terms. Indeed, dealing with set-handling peculiarities (such as “product”
or “filter”) is no more required. Proofs involving query results can be accomplished
by using built-in Coq’s tactics. For example, let us model the containment relation (as
“Rle”) and the path equivalence relations≡R (as “Requiv”) on top of this new logical
interpretation:

Variable Rle: XPath→ XPath→ Prop.

Conjecture Rlesound: forall (p1 p2: XPath),
Rle p1 p2→ (forall y:Node, Rp t p1 x y→ Rp t p2 x y).
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Fixpoint Rp(t : Tree) (p : XPath) (x y : Node) {struct p} : Prop :=
match p with
— void⇒ False
— top⇒ s in y (XTree.roots t x)=true
— union p1 p2⇒ Rp t p1 x y∨ Rp t p2 x y
— inter p1 p2⇒ Rp t p1 x y∧ Rp t p2 x y
— slash p1 p2⇒ exists z: Node, Rp t p1 x z∧ Rp t p2 z y
— qualif p q⇒ Rp t p x y∧ Rq t q y
— step a n⇒ (s in y (f a x t))=true∧ (test node t n y)=true
end

with Rq(t : Tree) (q : XQualif) (x : Node) {struct q} : Prop :=
match q with
— true⇒ True
— false⇒ False
— not q⇒ ¬ Rq t q x
— and q1 q2⇒ Rq t q1 x∧ Rq t q2 x
— or q1 q2⇒ Rq t q1 x∨ Rq t q2 x
— leq p1 p2⇒ forall z : Node, Rp t p1 x z→ Rp t p2 x z
end.

Fig. 6.XPath Logical Semantics in Coq.

Conjecture Rlecomplete: forall (p1 p2: XPath),
(forall y:Node, Rp t p1 x y→ Rp t p2 x y) → Rle p1 p2.

Inductive Requiv: XPath→ XPath→ Prop :=
— req: forall (p1 p2: XPath), Rle p1 p2→ Rle p2 p1→ Requiv p1 p2.

The “flattening qualifiers” property can now be expressed as follows:

∀p, p1, p2 : Path p[p1[p2]] ≡R p[p1/p2] (2)

As opposed to the lemma (1), the lemma (2) based on≡R can be proved with a few
applications of Coq’s built-in tactics only:

Lemma flatten qualifs2: forall (p p1 p2:XPath),
Requiv(qualif p (path(qualif p1(path p2)))) (qualif p (path(slash p1 p2))).
Proof.
intros; constructor; apply Rle complete; simpl; intros y H; elim H;
intro H0; split; try assumption; intro H2;apply H1; intros z H3; elim H3;
intros H4 H5; elim H5; intros H6 H7; [ elim (H2 H6); exists z — elim (H2 H4)];
split; try assumption; intro H8;apply(H8 z);assumption.
Qed.

The reader will notice that the proof of (2) is even comparable in size with the
manualproof of (1), found in [18], that expands the denotational semantics:
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SJp[p1[p2]]Kx = {x1|x1 ∈ SJpKx ∧QJp1[p2]Kx1
}

= {x1|x1 ∈ SJpKx ∧ (SJp1[p2]Kx1
6= ∅)}

= {x1|x1 ∈ SJpKx ∧ ({x2|x2 ∈ SJp1Kx1
∧ (SJp2Kx2

6= ∅)} 6= ∅)}
= {x1|x1 ∈ SJpKx ∧ ({x2|x2 ∈ SJp1Kx1

∧ x3 ∈ SJp2Kx2
} 6= ∅)}

= {x1|x1 ∈ SJpKx ∧ (SJp1/p2Kx1
6= ∅)}

= SJp[p1/p2]Kx.

To summarize, the Coq proof system and our modeling of XPath offer the major
advantages we are interested in:

– rigour of a mechanized inference system in a precisely defined logic framework;
– ability to tackle combinatorial issues by using tactic composition;
– ability to achieve “incremental proving” thanks to proof replaying and updating

facilities.

Incremental proving is convenient since it allows to handle the XPath language progres-
sively and to update the semantics accordingly. Last but not least, all these advantages
come at a low cost when using our logical semantics, which greatly simplifies proof
development.

6 Equivalence of Denotational and Logical Semantics

To ensure that the formal semantics functionRp really captures XPath semantics, we
built a formal proof with Coq that shows that denotational and logical semantics are
equivalent:

Proposition 1. Equivalence of semantics.∀p: Path,∀x, y: Node, y ∈ SJpKx ⇔ Rp[[p]]y
x

The proof uses the modelings presented in sections 4 and 5. Proposition 1 is formulated
as follows:

Theorem sem equivalence:
forall (p : XPath) (x y : Node) , s in y (semanS t p x)=true↔ Rp t p x y.

Where “s in” simply tests the membership of a node in a given node-set. Since paths
are inductively defined, the proof naturally uses an induction onp. However, because
the definition of paths is cross-inductive with the definition of qualifiers (see figure 3),
a mutual induction scheme is used. It is required to prove property 1 for the inductive
casep[q], otherwise not possible without assuming the dual property for qualifiers. The
appropriate mutual induction scheme (XJ1) can be automatically built by Coq from the
definition of paths:

Scheme XJ1:= Induction for XPath Sort Prop
with XJ2:= Induction for XQualif Sort Prop.
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The dual property for qualifiers is defined:

Definition sem equivalencefor qualifs(q : XQualif) : Prop :=
forall x : Node, (semanQ env t q x)=true↔ Rq t q x.

The proof of proposition 1, whose skeleton is shown on figure 7, can then begin
by applying the mutual induction scheme onp. We attempted to build the proof in
a modular way, so that when XPath constructs are changed or added, proof parts of
unchanged constructs remain valid. To this end, several tactics named “SolveX” are
defined with the intent to deal with a particular subgoal of the proof. The main proof
body (see figure 7) consists in composing these tactics. Each tactic is applied in a way
that either completely solve a subgoal or does not modify it at all. This allows to con-
trol which parts of the proof require an update when the underlying definitions evolve.
Each tactic first attempts to match the goal it is intended to solve and the corresponding

Theorem sem equivalence:
forall (p : XPath) (x y : Node) , s in y (semanS t p x)=true↔ Rp t p x y.
Proof.
intro p.
pattern p in⊢ ×.
apply XJ1 with semequivalencefor qualifs; intros; split;intros;

try solve void1;try solve void2;
try solve top1; try solve top2;
try solve union1; try solve union2;
try solve inter1; try solve inter2;
try solve product1; try solve product2;
try solve qualif1; try solve qualif2;
try solve step1; try solve step2;
try solve not1; try solve not2;
try solve and1; try solve and2;
try solve or1; try solve or2;
try solve leq1; try solve leq2;
try solve[simpl;auto];
try solve[simpl;reflexivity];
try solve[simpl in H;auto;discriminate];
try solve[simpl in H;auto].

Qed.

Fig. 7.Main body of the modular proof of semantics equivalence.

hypotheses. For example, the tactic named “Solveproduct1” (see figure 8) isolates the
proof of the first inductive case for the “product” construct, whereas the tactic named
“Solve product2” contains the proof of the reciprocal property. In each tactic, the vari-
able names used for matching purposes (e.g. strings after the “?”) in the proof con-
text directly correspond to the names that Coq would generate if the proof is manually
achieved step by step. Preserving compatibility of names is convenient for updating
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Ltac solveproduct1:=
match goal with
— H1: s in ?y (semanS?t (slash?x ?x0) ?x1) = true,

H: (forall (gx0 gy: Node)(gt : Tree),
((s in gy (semanS gt?x gx0) = true) ↔ Rp gt?x gx0 gy)),

H0:(forall (hx hy: Node)(ht : Tree),
((s in hy (semanS ht?x0 hx) = true) ↔ Rp ht?x0 hx hy))

⊢ Rp?t (slash?x ?x0) ?x1?y
⇒ simpl in⊢ ×; simpl in H1;

assert(H2 := in product1 y(semanS t x x1) (semanS t x0) H1);
elim H2;intros x2 H3; elim H3; intros H3A H3B;exists x2;
elim (H x1 x2 t); intros HE1 HE2;
elim (H0 x2 y t); intros HF1 HF2;
split; [ apply HE1;assumption —apply HF1;assumption]
end.

Fig. 8.A tactic for solving a specific subgoal.

proofs, as the proof script can simply be copied and pasted to and from the proof en-
gine. Tactics can use auxiliary lemma that characterize peculiarities of the denotational

Lemma in product1: forall (y : Node)(s : NodeSet)(f :Node→NodeSet),
s in y (product s f) = true→ exists z: Node, s in z s=true∧ s in y (f z) = true.
Proof.
induction s;
[ intros; rewrite product empty in H; rewrite in sem1 in H; discriminate
— intros;simpl;cut ({s in y (product s f) = true} + {s in y (product s f) = false});

[ intros HC; elim HC; intros HC1;
[ elim (IHs f); intros;

[ exists x; elim H0; intros; split;
[ apply in sem5; assumption — assumption] —assumption]

— exists a; split; [ apply in sem2
— eapply in Lunion;[ apply H; assumption — assumption]]]

—apply in dec]].
Qed.

Fig. 9.Lemma for characterizing a peculiarity of the denotational semantics.

semantics. For example, the lemma “inproduct1”, shown on figure 9 is used by the tac-
tic “Solve product1” (figure 8). “in product1” basically states that when the result of a
path constructp1/p2 is not empty then at least one result node ofp1 is used for evaluat-
ing p2. This is proved using several trivial lemmas on node-sets pictured on figure 10.
Proposition 1 allows to securely take advantage of the logical semantics.
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Lemma product empty: forall f : Node→ NodeSet, product empty f= empty.
Lemma in sem1: forall a : Node, s in a empty= false.
Lemma in sem2: forall (a : Node) (s : NodeSet), s in a (item a s) = true.
Lemma in sem5: forall (a b : Node) (s : NodeSet), s in a s= true→ s in a (item b s) = true.
Lemma in Lunion: forall (a : Node) (s1 s2: NodeSet),
s in a (union s1 s2) = true→ s in a s2= false→ s in a s1= true.
Lemma in dec: forall (s : NodeSet) (a : Node), {s in a s= true} + {s in a s= false}.

Fig. 10.Trivial lemma on node-sets used by proof of “inproduct1”.

7 Conclusion

In this paper, we focused on a basic modeling of XPath syntax and formal semantics
for using the Coq proof system. We introduced a new formal semantics for XPath, that
has two main advantages: first, it unifies path and qualifier interpretations. Second, it
allows to focus on the intrinsic meaning of XPath from a pure logic point of view.
These advantages allow significant simplifications in formal proofs. In addition, we
formally proved that this new interpretation is equivalent to the previously known XPath
semantics.

Lessons learned.Modeling XPath within the Coq proof system has shown to be a good
choice for building a scalable logical framework around XPath. Indeed, Coq’s tactic
composition features are a realistic way to cope with combinatorial issues raised by
XPath expressions. Moreover, Coq provides facilities for incrementally updating proofs
when our XPath fragment evolves.

Future DirectionsWe plan to take part of this framework for studying longer and more
complex proofs around XPath open questions. Especially, our intent is to axiomatize the
containment relation over XPath expressions; and then to demonstrate the soundness
and possibly the completeness of the relation. This characterization will strongly rely
on the Coq modeling of our logical semantics. After defining the relation, we plan to
demonstrate the properties “Rlesound” and “Rlecomplete” presented as conjectures
in section 5. The next step is to progressively extend the XPath fragment to support
significant real world applications.
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A Denotational interpretations of paths and qualifiers mixed in a
proof.

2 subgoals

p : XPath
p1 : XPath
p2 : XPath
============================
incl

(filter (semanS t p x)
(fun x0 : Node =>
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if incl
(filter (semanS t p1 x0)

(fun x1 : Node =>
if incl (semanS t p2 x1) empty
then false
else true)) empty

then false
else true))

(filter (semanS t p x)
(fun x0 : Node =>
if incl (product (semanS env t p1 x0) (semanS env t p2))

empty
then false
else true)) = true

subgoal 2 is:
Sle (qualif p (path (slash p1 p2))) (qualif p (path (qualif p1 (path p2))))
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Abstract. We explore a machine-checked formalization of elementary
group theory in constructive set theory. Our formalization uses an ap-
proach where we start by specifying the group axioms as a collection of
inference rules, defining a logic for groups. Then we can derive all prop-
erties of groups from these inference rules as well as the axioms of the
set theory. The formalization of all other concepts in abstract algebra
is based on that of the group. The formalization we present was fully
implemented in the MetaPRL theorem prover and all properties of the
algebraic objects were formally derived in MetaPRL.

1 Introduction

The notions of abstract algebra are central to many areas of mathematics. Ab-
stract algebra has also made many contributions to computer science, including
abstract data types and object-oriented programming. Formalizing abstract alge-
bra in a formal, automated system where proofs can be mechanically generated
and verified is valuable: formalization of many areas of mathematics could be
based on such abstract algebra theory; and formalization of many computer sci-
ence concepts could be modeled after it.

Of course, we are far from being the first ones to work with abstract algebra
in a formal system. For example, Gunter working with HOL [1] has proved group
isomorphism theorems and shown the integers mod n to be an implementation of
abstract groups [2]. Jackson has implemented computational abstract algebra in
the NuPRL system [3,4,5]. And in IMPS [6] there is a notion of little theories [7]
which they use for proving theorems about groups and rings. Kammüller and
Paulson [8] have proved Sylow’s theorem in Isabelle-HOL, a large proof that
required mechanizing a great deal of group theory.

In this paper, we present a formalization of the abstract algebra concepts
in set theory by axiomatization. This is a part of larger effort to explore differ-
ent approaches to formalizing basic abstract algebra concepts to find out which
approach works the best.

Currently most efforts of formalizing algebra using general purpose theorem
provers are grounded in type theory. In practice, set theory, as the standard
foundation for mathematics, may have an advantage over type theory. Since there
is no extensive tradition of presenting mathematics in a type theoretic setting,
many techniques for representing mathematical ideas in a set theoretical language

http://metaprl.org/
http://metaprl.org/
http://www.cl.cam.ac.uk/Research/HVG/HOL/
http://nuprl.org/
http://isabelle.informatik.tu-muenchen.de/


have to be reconsidered for a type theoretical language. In addition, there is
much less variation among set theories, in which the well known formulations
are defined by a small collection of axioms in the predicate calculus, and for
practical purpose, are more or less equivalent [9]. In particular, set theory can
often present a convenient framework for developing constructive mathematics
using ordinary mathematical concepts.

It is the advantage of set theory over type theory and the fact that abstract
algebra is traditionally defined in the language of set theory that motivated us to
carry out our implementation of the axiomatization idea for formalizing abstract
algebra in a set theory setting. The actual work was done in the constructive set
theory of the MetaPRL system [10,11,12].

We first specify the group axioms as a collection of inference rules, defining
a logic for groups. Then we can tell what it means for a given set together with
a binary operation to be a group, and derive all properties of groups from these
inference rules as well as the axioms of the set theory. The formalization of other
abstract algebra concepts, such as subgroups and homomorphisms, is based on
that of the group.

We have proved many theorems of group theory in MetaPRL. As a verification
of the method and a good illustration of constructivity, such a machine-checked
formalization plays an important role in our implementation. In the interest of
space, we only give an overview of our formalization and sketch some proofs in
this paper; more details can be found in [12,13].

Organization. Section 2 introduces our detailed formalization of group the-
ory. Section 3 gives an example of a concrete group, provides a detailed discussion
of some properties of our formalization, and suggests some alternative formaliza-
tion approaches. Section 4 gives conclusions.

1.1 Constructive Set Theory and the CZF module in MetaPRL

Constructive set theory, initiated by John Myhill in 1975 [14], is a theory of sets
that, among several others, provides a formal framework for the development
of constructive mathematics. It is based on the standard first order language of
classical axiomatic set theory and makes no use of constructive notions or ob-
jects. Therefore the set theoretical development of constructive mathematics can
employ the same ideas, conventions and practice as the set theoretical presenta-
tion of classical mathematics. To explain the constructive notion of the set, Aczel
introduced Constructive Zermelo-Fraenkel set theory, CZF [15], as a variant of
Myhill’s constructive set theory and showed its constructiveness by interpreting
it in Martin-Löf’s type theory [16], which was considered a precise foundation
for the constructive approach to mathematics.

Hickey [17] formalized CZF in the MetaPRL logical framework and interactive
proof assistant [10,11]. First, he implemented in MetaPRL a constructive Martin-
Löf style type theory called ITT (which stands for intuitionistic type theory)
similar to NuPRL’s one [3]. Next, he derived the axioms of CZF from ITT. Since
Aczel’s CZF theory is described completely explicitly with a collection of axioms,
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after sets and these axioms are encoded in MetaPRL’s CZF module, we can use
them directly without referring to the type theory.

In CZF, all non-propositional elements of the set theory are sets; the num-
bers and other structures are coded in the usual manner. Sets use an extensional

equality; two sets are considered equal if they have the same elements. The fol-
lowing concepts have been formalized in MetaPRL’s CZF module: extensional
set equality s1 =s s2, membership s1 ∈s s2, first-order logic which includes
the restricted quantifiers ∀x ∈s s, P [x] and ∃x ∈s s, P [x], and the unrestricted
quantifiers ∀sx.P [x] and ∃sx.P [x], subset s1 ⊆ s2, separation {x ∈s s | P [x]},
empty set {}, singleton set {s}, binary union s1 ∪ s2, general union ∪s,
unordered pairing (s1, s2), and infinity (the natural numbers) ω. The sub-
script s in the representations of s1 =s s2, etc., means this is set theoretical
compared with those type theoretic implementations in MetaPRL’s ITT module.

Our formalization of abstract algebra is built on the basis of MetaPRL’s CZF
implementation.

2 Formalization of Group Theory

2.1 Groups

In mathematics, a group 〈G, ∗〉 is defined as a set G together with a binary
operation ∗ defined on G that satisfies the following axioms:

G1. ∗ is associative: for any a, b, c ∈ G, (a ∗ b) ∗ c = a ∗ (b ∗ c).
G2. There is a left identity element e ∈ G such that for every a ∈ G, e ∗ a = a.
G3. For some left identity element e, there is, for every a ∈ G, at least one left

inverse element a′ such that a′ ∗ a = e.

A group must satisfy all of the group axioms; and all properties of groups are
derived from these axioms. Inspired by this mathematical definition, we use a
set theoretic axiomatization to formalize groups in CZF. That is, we first specify
the group axioms as a collection of inference rules that any group should satisfy;
then all properties of groups are derived from these inference rules as well as the
axioms of CZF.

We use term groupg to denote “g is a group” which, theoretically, should be
defined as a predicate satisfying axioms G1, G2, and G3:

groupg

def
= ∀x, y, z ∈ g.car.(x g. ∗ y) g. ∗ z =s x g. ∗ (y g. ∗ z) ∧

∃e ∈s g.car.∀x ∈s g.car.(e g. ∗ x =s x ∧ ∃x′ ∈s g.car.x′ g. ∗ x =s e),

where g should be an ordered pair (car, ∗). In our current implementation though,
we consider groupg as an abstract concept with the meaning of “g is a group”.
The reason for this is that MetaPRL’s CZF theory do not yet support ordered
pairing. This works fine as far as this paper goes. In the future, however, if we
need, for example, functors for groups, then we should unfold this definition of
groupg.
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In terms of g, we represent the four components of group g, carrier set, bi-
nary operation, identity, and inverse operation, with terms carg, eg, ∗g, and ′g

respectively1, which altogether conform to a collection of axioms that are stated
as inference rules in the formal system.

G1, G2, and G3 must be included in the collection of axioms since they specify
what groups are (see 5-7 in the list below). In addition, in the CZF setting of
MetaPRL, some axioms about the well-formedness of the group terms are needed
(as number 1 describes). Furthermore, the properties of binary operation, unary
operation, etc. are usually taken for granted when working informally on paper;
in a mechanized system, they must be stated explicitly, so axioms 2 through 4
are necessary.

1. In the CZF set theory of MetaPRL, anything that is not a proposition should
be a set: carg and eg are sets; for any sets a and b, a ∗g b and a′g are sets.

Γ ⊢ groupg

Γ ⊢ carg is a set
,

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ b is a set

Γ ⊢ a ∗g b is a set
,

Γ ⊢ groupg

Γ ⊢ eg is a set
,

Γ ⊢ groupg Γ ⊢ a is a set

Γ ⊢ a′g is a set
.

2. For ∗g to be a binary operation on carg, carg has to be closed under ∗g, and
exactly one element is assigned to each possible ordered pair of elements of
carg under ∗g, i.e., for any a, b, c ∈ carg, if a = b, then a ∗g c = b ∗g c and
c ∗g a = c ∗g b.

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ b is a set Γ ⊢ a, b ∈s carg

Γ ⊢ a ∗g b ∈s carg

,

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ b is a set Γ ⊢ c is a set Γ ⊢ a, b, c ∈s carg

Γ ⊢ a =s b ⇒ a ∗g c =s b ∗g c
,

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ b is a set Γ ⊢ c is a set Γ ⊢ a, b, c ∈s carg

Γ ⊢ a =s b ⇒ c ∗g a =s c ∗g b
.

3. Similarly, for ′g to be a unary operation on carg, carg has to be closed under
′g and exactly one element is assigned to each element of carg under ′g .

Γ ⊢ groupg

Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ a′g ∈s carg

,

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ b is a set
Γ ⊢ a ∈s carg Γ ⊢ b ∈s carg

Γ ⊢ a =s b ⇒ a′g =s b′g
.

1 In MetaPRL, input is in ASCII format, while output is pretty-printed so that it can
be easily understood by those unfamiliar with the MetaPRL syntax. For example, we
use car{′g} for the input of the carrier set of the group in the actual system. In this
paper, we try to avoid the ASCII representations and instead use the pretty-printed
forms of terms and definitions for clarity.
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4. eg is in carg.
Γ ⊢ groupg

Γ ⊢ eg ∈s carg

5. ∗g is associative.

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ b is a set Γ ⊢ c is a set Γ ⊢ a, b, c ∈s carg

Γ ⊢ a ∗g (b ∗g c) =s (a ∗g b) ∗g c

6. eg is the left identity.

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ eg ∗g a =s a

7. ′g is the left inverse operation.

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ a′g ∗g a =s eg

The above inference rules define the axioms for groups. For any instance of a
group, we will need to verify the axioms. However, for general groups, many
properties are immediate, such as the left inverse/identity is also the right in-
verse/identity, and a∗b = a∗c implies b = c given a, b, c ∈ G for any group 〈G, ∗〉.
We also proved some theorems that are a little more complicated, such as the
uniqueness of the identity and the inverse operation, and the unique solutions
for linear equations a ∗ x = b and y ∗ a = b in the group 〈G, ∗〉 where a, b ∈ G.

In MetaPRL, these properties are proved in a straightforward way. The ba-
sic idea is similar to that done on paper, but since MetaPRL is an interactive
system and provides some automated reasoning, some proofs tend to be easier.
Meanwhile, since CZF in MetaPRL is not yet sufficiently automated, some extra
efforts might be needed in the proofs. For illustration, we present a proof of one
of the theorems below.

Suppose we have already proved, from the axioms of groups and CZF, that
the left inverse is also the right inverse and now we want to prove the left identity
is also the right identity. First we need to add the statement of this theorem to
the Czf itt group module:

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ a ∗g eg =s a
.

Our idea for proving it is

a ∗g eg =s a ∗g (a′g ∗g a) =s (a ∗g a′g ) ∗g a =s eg ∗g a =s a,

where the second equation holds because of the associativity of ∗g and the third
holds because the left inverse is also the right inverse.

To prove it in the MetaPRL proof editor, we first need to replace eg with
a′g ∗g a, which can be done by a tactic setSubstT provided by MetaPRL’s CZF
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theory. The usage is setSubstT (s1 =s s2) i, which replaces all occurrences of
the term s1 with s2 in clause i (i = 0 implies the conclusion). So we navigate to
this rule and apply the setSubstT (eg =s a′g ∗g a) 0 thenT autoT tactic.2

Two subgoals are generated. The first one,

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ eg =s a′g ∗g a
,

is trivial since we have the axiom

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ a′g ∗g a =s eg

and =s is symmetric. With the use of the eqSetSymT tactic provided by MetaPRL,
this subgoal is proved.

As for the second subgoal,

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ a ∗g (a′g ∗g a) =s a
,

we can utilize the associativity axiom G1 by applying the tactic setSubstT (a∗g

(a′g ∗g a) =s (a ∗g a′g ) ∗g a) 0 thenT autoT, which generates a new subgoal

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg

Γ ⊢ (a ∗g a′g ) ∗g a =s a
,

where a ∗g a′g can be replaced with eg thanks to the right inverse property we
have proved. After this substitution, we get the goal of proving eg ∗g a =s a,
trivial by the left identity axiom G2. This completes the proof of the theorem.

For a complete list of the theorems we proved, see [12].

2.2 Abelian Groups

With the elementary group concepts formalized, we can go ahead with formalizing
the other concepts in group theory, such as the abelian group.

We define the predicate “g is an abelian group” as

abelg
def
= groupg ∧ ∀a, b ∈s carg.(a ∗g b =s b ∗g a).

Since abelg implies groupg, all the properties of groups hold for abelg.

2 The autoT tactic performs “automated” proving based on repeated application of
several “basic” tactics; and the infix function thenT is a tactical used for sequencing:
the proof first applies the substitution, and then applies the autoT tactic [17].
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2.3 Subgroups

A group can have multiple subgroups. For instance, both 〈Z,+〉 and 〈2Z,+〉 are
subgroups of 〈Q,+〉, where Z is the integer set, 2Z is the set of even integers,
and Q is the set of rational numbers. To specify a subgroup H of a group G, we
need at least two parameters, one specifying the group G and another specifying
the subgroup H. The predicate “h is a subgroup of g” can be defined as

subgrouph,g

def
= grouph ∧ groupg ∧ carh ⊆ carg ∧ ∀a, b ∈s carh.(a ∗h b =s a ∗g b).

The last condition ensures that ∗h is the induced operation on carh from carg.

We proved that if subgrouph,g, then 1) carh is closed under ∗g; 2) eh =s eg,
and eg ∈s carh; 3) for all a ∈s carh, a′h =s a′g and a′g ∈s carh.

2.4 The Power Operation

Before formalizing cyclic subgroups and cyclic groups, let us study the “power”
operation which is prerequisite for defining cyclic subgroups and cyclic groups.

Suppose 〈G, ∗〉 is a group. For any element a ∈ G, we define

an =







a ∗ a ∗ ... ∗ a
︸ ︷︷ ︸

n

if n > 0

e if n = 0
a′ ∗ a′ ∗ ... ∗ a′

︸ ︷︷ ︸

−n

if n < 0

as the power operation of the group 〈G, ∗〉 based on a (a is the base).

To formalize it, obviously, we need to use mathematical recursion. However,
MetaPRL’s CZF module does not yet have the integer set or arithmetic on inte-
gers defined. Since the MetaPRL definition of CZF is derived from ITT, we can
borrow the integers from ITT for use as the recursion variable, and also borrow
the mathematical recursion rules from ITT. This is valid since the recursion pa-
rameter is n, which means an is still a set given a is a set. In other words, under
the mathematical recursion of ITT, a0, a1, a2, . . ., and a−1, a−2, . . . are still sets;
all set properties and set operations can be applied to them. By doing this we can
also utilize the arithmetic part in the MetaPRL type theory, which is currently
much more complete than that in the MetaPRL set theory.

Now let us define the power operation in group g as:

(an)g =s







a ∗g (an−1)g if n > 0
eg if n = 0

a′g ∗g (an+1)g if n < 0

where n is of the integer type in ITT and the recursion is also the one in ITT.

From this definition, we can prove, by induction, that the power operation
has the following properties:
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1. Well-formedness.

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ n ∈ Z

Γ ⊢ (an)g is a set

2. The membership is preserved.

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg Γ ⊢ n ∈ Z

Γ ⊢ (an)g ∈s carg

3. The power operation is functional, which means it computes equal set values
for equal base arguments.

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ b is a set
Γ ⊢ a ∈s carg Γ ⊢ b ∈s carg Γ ⊢ n ∈ Z Γ ⊢ a =s b

Γ ⊢ (an)g =s (bn)g

Also, with the use of arithmetic rules in the ITT type theory, we can prove

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg Γ ⊢ m ∈ Z Γ ⊢ n ∈ Z

Γ ⊢ (am)g ∗g (an)g =s (am+n)g

.

2.5 Cyclic Subgroups

The key to formalizing a cyclic subgroup H of group G generated by a is to build
the carrier set H = {an | n ∈ Z} from a where an is the power operation of group
G. Since it can also be described as the set of all elements in carg that are equal
to an for some n ∈ Z, we use the separation axiom of CZF to define it as

sep(x ∈s carg | ∃n ∈ Z.x =s (an)g).

Note that we are using a type theoretic existential within the construction; the
CZF implementation in MetaPRL allows this.

Now we define “h is a cyclic subgroup of g generated by a” as

cyc subgh,g,a

def
= grouph ∧ groupg ∧ a ∈s carg ∧ ∀a, b ∈s carh.(a ∗h b =s a ∗g b) ∧

carh =s sep(x ∈s carg | ∃n ∈ Z.x =s (an)g).

Of course, the cyclic subgroup H of G generated by a is a subgroup of G.
It can be easily proved here: since carh =s sep(x ∈s carg | ∃n ∈ Z.x =s (an)g),
any element in carh is also in carg. Thus, carh is a subset of carg. All the other
requirements for H to be a subgroup of G are satisfied. So, we can conclude
subgrouph,g from cyc subgh,g,a.

Equivalently, we can also define cyc subgh,g,a as

cyc subgh,g,a

def
= subgrouph,g∧a ∈s carg∧carh =s sep(x ∈s carg | ∃n ∈ Z.x =s (an)g).
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2.6 Cyclic Groups

A group G is cyclic if there exists a ∈ G such that for every x ∈ G there is an
integer n such that x = an. We define it as

cycgg

def
= groupg ∧ ∃a ∈s carg.∀x ∈s carg.∃n ∈ Z.x =s (an)g.

The existential quantifiers in the definition are constructive, so given cycgg, we
know what its generator is and each element is to what power of the generator;
on the other hand, to conclude cycgg, we need to find its generator first.

Since a cyclic group must be a cyclic subgroup of itself, when its generator is
explicitly known, we can define “g is a cyclic group generated by a” as

cycgg,a

def
= cyc subgg,g,a,

which is equivalent to (by unfolding cyc subgg,g,a)

cycgg,a

def
= group g ∧ a ∈s carg ∧ carg =s sep(x ∈s carg | ∃n ∈ Z.x =s (an)g).

The last condition might look strange at the first glance. What it actually means
is the carrier is such a set that any element in it is to some integer power of a.

We proved that cycgg is equivalent to ∃a ∈s carg.cycgg,a.
A cyclic group must be abelian, which is easy to prove formally. Suppose we

want to conclude from cycgg that abelg. Since group g is cyclic, it has a generator
a and for any two elements x and y of carg, there exist m and n in Z such that
x =s (am)g and y =s (an)g. g is abelian requires

x ∗g y =s y ∗g x, i.e., (am)g ∗g (an)g =s (an)g ∗g (am)g.

We already have the result

Γ ⊢ groupg Γ ⊢ a is a set Γ ⊢ a ∈s carg Γ ⊢ m ∈ Z Γ ⊢ n ∈ Z

Γ ⊢ (am)g ∗g (an)g =s (am+n)g

,

so it turns out that we need to prove

(am+n)g =s (an+m)g,

which is trivial by the commutativity of addition on integers.

2.7 Cosets and Normal Subgroups

With the separation axiom, we define the left and right cosets as

lcoseth,g,a
def
= sep(x ∈s carg | ∃y ∈s carh.(x =s a ∗g y)),

rcoseth,g,a
def
= sep(x ∈s carg | ∃y ∈s carh.(x =s y ∗g a)).

We need to specify the following inference rules for them: an element x is in
lcoseth,g,a if and only if it is in carg and there exists y ∈s carh such that x =s a∗gy
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where subgrouph,g and a ∈s carg; same with rcoseth,g,a except that x =s y ∗g a.
Both the left and right cosets are subsets of carg.

Then we define the predicate “h is a normal subgroup of g” as

normal subgh,g

def
= subgrouph,g ∧ ∀a ∈s carg.(lcoseth,g,a =s rcosets,g,a).

We proved that all subgroups of abelian groups are normal.

2.8 Homomorphisms and Isomorphisms

Now let us look at the relationships between groups, which are generally exhibited
in terms of a structure-preserving mapping from one group to the other.

For f to be a mapping from H into G, it is required that: 1) f(a) is in G for
any a in H; 2) exactly one element in G is assigned as f(a) for each a in H.

So, we define “f is a homomorphism from H into G” as

homh,g,f
def
= group h ∧ group g ∧ ∀a ∈s carh.(f(a) is a set ∧ f(a) ∈s carg) ∧

∀a, b ∈s carh.(a =s b ⇒ f(a) =s f(b)) ∧

∀a, b ∈s carh.(f(a ∗h b) =s f(a) ∗g f(b)).

homh,g,f is functional in the sense that for any two equal mappings f and f ′,
homh,g,f always implies homh,g,f ′ .

To illustrate our formalization of the homomorphism, let us study a simple
example—the trivial homomorphism, which is a mapping fe from a group H into
a group G such that fe(a) = eG for all a ∈ H. Suppose H and G are represented
by h and g respectively. For any a, b ∈s carh, fe(a) =s fe(b) =s eg, so fe(a) is a
set, fe(a) ∈s carg, and a =s b ⇒ fe(a) =s fe(b). h is a group implies a ∗h b is in
carh, so fe(a ∗h b) =s eg, which in turn is equal to eg ∗g eg =s fe(a) ∗g fe(b). All
the conditions for homh,g,fe

are satisfied; homh,g,fe
holds.

Homomorphisms preserve group structure. Put differently, if f is a group
homomorphism from H into G, we might know the structure of G from that of
H. For example, f maps the identity of H to that of G; it also maps the inverse
of an element a in H to the inverse of f [a] in G. And if f is onto and H is
abelian, then G must also be abelian. In addition, if H1 is a subgroup of H, then
the image f [H1] of H1 under f is a subgroup of G; if G1 is a subgroup of G, then
the inverse image f−1[G1] of G1 is a subgroup of H. We have proved all these
properties of homomorphisms in MetaPRL.

Once homomorphism is formalized, the formalization for isomorphism is triv-
ial since an isomorphism is a bijective homomorphism, i.e., it is a homomorphism
that is one to one and onto. We define “f : H → G is an isomorphism” as

isoh,g,f
def
= homh,g,f ∧ ∀a, b ∈s carh.(f(a) =s f(b) ⇒ a =s b) ∧

∀a ∈s carg.∃b ∈s carh.(a =s f(b)).
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2.9 Kernels

Given f is a group homomorphism from H into G, the kernel of f is the subgroup
of H whose carrier set is {x ∈ H | f(x) = eG}. To describe the homomorphism,
three parameters are needed; we also need an extra parameter to specify the
kernel itself. We define “k is the kernel of the homomorphism f : h → g” as

kernelk,h,g,f
def
= homh,g,f ∧ subgroupk,h ∧ cark =s sep(x ∈s carh | f(x) =s eg).

Noticing that

subgroupk,h

def
= groupk ∧ grouph ∧ cark ⊆ carh ∧ ∀a, b ∈s cark.(a ∗k b =s a ∗h b),

where grouph is implied in homh,g,f , and cark ⊆ carh is implied in cark =s

sep(x ∈s carh | f(x) =s eg), we can update the kernel formalization to be

kernelk,h,g,f
def
= homh,g,f ∧ groupk ∧ cark =s sep(x ∈s carh | f(x) =s eg) ∧

∀a, b ∈s cark.(a ∗k b =s a ∗h b).

This definition implies that if kernelk,h,g,f then subgroupk,h.

3 Discussions

3.1 The Formalization of a Specific Group

We have successfully formalized most of the fundamental concepts in group the-
ory. Now the question is: under this formalization, given a set, a binary opera-
tion, an identity, and an inverse operation, how can we know whether they form
a group or not?

Recall the definition of a group. A group must sat-
e a b c

e e a b c

a a e c b

b b c e a

c c b a e

Fig. 1. Group table
of the Klein 4-group

isfy all those axioms. So first we define carh, ∗h, eh, ′h as
the given set, binary operation, identity, and inverse oper-
ation respectively. Then without making the assumption
grouph, check whether all the axioms of groups (number
1-7 in Section 2.1) are satisfied. If not, we can conclude
this composition is not a group at all. If yes, we conclude
they do form a group and thus all the proven group prop-
erties apply to it. The negative case is easy to understand.
For the positive case, let us examine a concrete example,
the Klein 4-group, to illustrate this method.

The Klein 4-group contains four elements, its group table listed in Fig. 1.
Let us call the Klein 4-group klein4 and declare k0, k1, k2, k3 as its four

elements. Its carrier set, binary operation, identity, and inverse operation can be
defined as in Table 1.

With these definitions, we can verify that all of the group axioms are satisfied
for klein4, without assuming groupklein4

. For example, we can prove the axiom
G2 for klein4,

Γ ⊢ a is a set Γ ⊢ a ∈s carklein4

Γ ⊢ eklein4
∗klein4

a =s a
.
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carklein4

def
= {k0} ∪ {k1} ∪ {k2} ∪ {k3}

eklein4

def
= k0

k0 ∗klein4
k0

def
= k0 k1 ∗klein4

k0

def
= k1 k2 ∗klein4

k0

def
= k2 k3 ∗klein4

k0

def
= k3

k0 ∗klein4
k1

def
= k1 k1 ∗klein4

k1

def
= k0 k2 ∗klein4

k1

def
= k3 k3 ∗klein4

k1

def
= k2

k0 ∗klein4
k2

def
= k2 k1 ∗klein4

k2

def
= k3 k2 ∗klein4

k2

def
= k0 k3 ∗klein4

k2

def
= k1

k0 ∗klein4
k3

def
= k3 k1 ∗klein4

k3

def
= k2 k2 ∗klein4

k3

def
= k1 k3 ∗klein4

k3

def
= k0

k
′klein4

0

def
= k0 k

′klein4

1

def
= k1 k

′klein4

2

def
= k2 k

′klein4

3

def
= k3

Table 1. Definitions for the Klein 4-group

First, since carklein4
is defined as {k0} ∪ {k1} ∪ {k2} ∪ {k3}, from the properties

of union and singularity, it can be proved that if a ∈s carklein4
, then a must be

equal to one of k0, k1, k2, k3. Then for each of these four cases, by definition,

eklein4
∗klein4

ki =s k0 ∗klein4
ki =s ki (i = 0, 1, 2, 3).

All the other group axioms can be proved similarly for the klein4 case. Thus we
can conclude that this is a group and can make the hypothesis groupklein4

. As a
consequence, all the group theorems apply for klein4.

The other specific groups can be formalized in the same way.

3.2 Constructivity

Constructivity sometimes makes things harder, especially for work done with
machines. For example, classically, there is a theorem “any subgroup of a cyclic
group is cyclic.” The proving process for the nontrivial case (i.e., the subgroup is
other than {e} where e is the identity) is assuming G is a cyclic group generated
by a and H is a subgroup of G, then supposing m is the smallest integer in Z+

such that am ∈ H, and finally claiming and proving am generates H. One of
the problems is that in order to assume that m is the smallest natural number
such that am ∈ H, we need to prove such m exists. In constructive mathematics,
the validity of such an existential statement would imply being able to actually
compute m. In a straightforward formulation like the one we have implemented,
this is not generally possible (since the group membership could be undecidable).

On the other side, constructivity sometimes has advantages. For example, we
can extract computational content from the proofs, which allows us to use our
formalism for developing guaranteed correct formal abstract algebra algorithms
by extracting them from proofs of existentials. However, algorithms extracted
naively from proofs are often inefficient, as is the case for MetaPRL for now.
Although Caldwell [18] and Nogin [19] demonstrate methods to address this
problem, we have not explored this option in detail in MetaPRL.
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3.3 Limitations and Alternatives of the Formalization

As discussed above, our formalization of the foundations of abstract algebra
— mainly the group theory — is a success: All the major group concepts are
formalized; whether a set-operation combination is a group or not can be decided;
most theorems and properties can be proved effectively.

Compared with type theory, set theory is more natural in some cases in for-
malizing algebra. For example, types use intensional equality, but we often care
more about extensional properties of algebraic objects.

However, our formalization still has some limitations. For now, it is impossible
to quantify over groups and to have sets of groups. But this can be easily fixed
if we expand the definition of groupg as mentioned in Section 2.1, that is, we
define a group as being an ordered pair of a carrier and a binary operation with
axioms specifying the associativity of the operator, the existence of an identity
element, and an existence of an inverse for each group element. Anther benefit of
doing this is that we need no more to explicitly give names for the identity and
the inverse operation. Besides, if we add universal levels to the CZF set theory,
then we can also describe the category of all groups.

We tried to limit ourselves to pure CZF, although we still ended up using
a few elements of type theory when some parts of MetaPRL’s CZF theory were
not yet implemented. It could be beneficial to try to clean that up and come up
with a truly pure-CZF implementation. On the other hand, we may want to try
to take advantage of the availability of the embedding of CZF into ITT in Meta-

PRL by allowing ourselves to use the type theoretic concepts more freely in our
formalization. This way we might be able to come up with some natural “hybrid”
formalization where some aspects are formalized using set theoretic concepts and
some using type theoretic concepts, picking the most natural approach in every
case.

In addition, the formalization is somewhat awkward because typing axioms
are not cleanly separated from the principal algebra axioms. We proposed another
formalization method of abstract algebra in MetaPRL’s ITT theory, which is
based on the use of the dependent record type, and in which all objects are
first-class and the type information is cleanly separated [20].

4 Conclusions

This paper presents a formal, mechanically verifiable account of foundations of
abstract algebra in set theory. We use set axiomatization to formalize groups.
Every group should agree with all of the group axioms and all properties of
groups are derived from the group axioms and set axioms. We further formalize
subgroups, cyclic groups, homomorphisms, and other concepts in group theory
on the basis of the formalization of groups. Rings, fields and more advanced
abstract algebra can be formalized in constructive set theory based on the group
formalization.

Although our work is still elementary and has some limitations, overall the
idea is natural (easy to understand), the formalization is easy to use (both for
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proving purposes and for extending purposes), and the limitations are more due
to the incompleteness of our CZF implementation in MetaPRL than due to the
inefficiency of this formalization method or the fault of the CZF theory itself.
We believe it will have wide applications in the future.
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