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Abstract

This paperis a setof notesthat presentthe basicgeometryof isosurfacesandthe basic
methodsfor usinglevel setsto modeldeformablesurfaces.It beginswith a shortintroduc-
tion to isosurfacegeometry, including curvature. It continueswith a shortexplanationof
the level-setpartial differentialequations.It alsopresentssomepracticaldetailsfor how
to solvetheseequationsusingup-windschemeandsparsecalculationmethods.Thispaper
presentsa seriesof examplesof how level-setsurfacemodelsareusedto solve problems
in graphicsandvision. Finally, it presentssomeexamplesof implementationsusingVIS-
Pack, an objectoriented,C++ library for doing volume processingand level-setsurface
modeling.



1 Intr oduction

1.1 Moti vation

Thesenotesaddressmechanisms for analyzingandprocessingvolumesin away thatdeals
specificallywith isosurfaces. The underlyingphilosophy is to useisosurfacesasa mod-
eling technologythatcanserve asanalternative to parameterizedmodelsfor a varietyof
importantapplications in visualizationand computergraphics. This paperpresentsthe
mathematicsandnumericaltechniquesfor describingthegeometryof isosurfacesandma-
nipulating their shapesin prescribedways. We start with a basic introduction into the
notationandfundamentalconceptsandthenpresentsthegeometryof isosurfaces.We de-
scribethemethodof level sets,i.e.,moving isosurfaces,andpresentthemathematicaland
numericalmethodsthey entail. This paperconcludeswith someapplicationexamplesand
describesVISPACK, a C++, object-orientedlibrary the performsvolumeprocessingand
level-setmodeling.

1.2 Isosurfaces

1.2.1 Modeling SurfacesWith Volumes

Whenconsideringsurfacemodelsfor graphicsandvisualization,oneis facedwith a stag-
geringvariety of optionsincluding meshes,spline-basedpatches,constructive solid ge-
ometry, implicit blobs,andparticlesystems. Theseoptionscanbedivided into two basic
classes— explicit (parameterized)modelsandimplicit models. With an implicit model,
onespecifiesthemodelasa level setof a scalarfunction,����� ���� 	
���
���� � � (1)

where
����� 	��

is thedomainof thevolume (andtherangeof thesurfacemodel).Thus,a
surface� is ������� � �"! �$#$� �&%(' (2)

Thechoiceof � is arbitrary, and
�

is sometimescalledtheembedding. Noticethatsurfaces
definedin this way divide

�
into a clear inside and outside—suchsurfacesare always

closedwherever they donot intersecttheboundaryof thedomain.

Choosingthis implicit strategy begs thequestionof how to represent
�
. Historically, im-

plicit modelsarerepresentedusinglinearcombinationsof basisfunctions.Thesebasisor



potentialfunctionsusuallyhave several degreesof freedomincluding 3D position, size,
andorientation. By combining thesefunctions, onecancreatecomplex objects. Typical
modelsmight containseveralhundredto several thousandsof suchprimitives.This is the
strategy behindthe“blobby” modelsproposedby Blinn [1].

While suchan implicit modeling strategy offers a variety of new modelingtools, it has
somelimitations.In particular, theglobalnatureof thepotentialfunctionslimitsonesabil-
ity to model local surfacedeformations.Considera point �*)�� where � is the level
surfaceassociatedwith a model

� �,+.-�/ - , and / - is oneof theindividualpotentialfunc-
tionsthatcomprisethatmodel. Supposeonewishesto move thesurfaceat thepoint � in
a way thatmaintainscontinuity with thesurrounding neighborhood. With multiple,global
basisfunctionsonemustdecidewhich basisfunctionor combination of basisfunctionsto
alterandat thesametime control theeffectson otherpartsof thesurface.Theproblemis
generallyill posed— therearemany waysto adjustthebasisfunctionssothat � will move
in thedesireddirectionandyet it maybeimpossibleto eliminatetheeffectsof thosemove-
mentson otherdisjoint partsof the surface. Theseproblemscanbe overcome,however
they usuallyentailheuristics that tie thebehavior of thesurfacedeformationto thechoice
of representation[2].

An alternative to usinga smallnumberof globalbasisfunctionsis to usea relatively large
numberof local basisfunctions.This is theprinciple behindusinga volume asanimplicit
model. A volume is a discretesampling of theembedding

�
. It is alsoan implicit model

with averylargenumberof basisfunctions, asshown in Figure1. Thetotalnumberof basis
functionsis fixed,asaretheir positions(grid points)andextent. Onecanchangeonly the
magnitudeof eachbasisfunction,i.e.,eachbasisfunctionhasonly onedegreeof freedom.
A typicalvolumeof size 02143 560714385607143 containsoveramillion suchbasisfunctions.The
shapeof eachbasisfunctionis opento interpretation— it dependsonhow oneinterpolates
thevaluesbetweenthe grid points. A trilinear interpolation, for instance,impliesa basis
function that is a piece-wisecubic polynomial with a valueof oneat the grid point and
zeroat neighboring grid points. Anotheradvantageof usingvolumesasimplicit models,
is thatfor thepurposesof analysiswecantreatthevolumeasacontinuousfunctionwhose
valuescanbesetat eachpoint accordingto theapplication.Oncethecontinuousanalysis
is completewe canmapthe algorithminto the discretedomainusingstandardmethods
of numericalanalysis.The sectionsthat follow discusshow to computethe geometryof
surfacesthatarerepresentedasvolumesandhow to manipulatetheshapesof thosesurfaces
by changingthegray-scalevaluesin thevolume.
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Figure1: A volumecanbeconsideredasan implicit modelwith a large numberof local
basisfunctions.



1.2.2 IsosurfaceExtraction and Visualization

This paperaddressesthe questionof how to usevolumesassurfacemodels. Depending
on theapplication, however, a 3D grid of data(i.e. a volume)maynotbea suitablemodel
representation.For instance,if the goal is make measurementsof an objector visualize
its shape,an explicit modelmight be necessary. In suchcasesit is beneficialto convert
betweenvolumesandothermodeling technologies.

For instance,theliteratureproposesseveralmethodsfor scanconvertingpolygonalmeshes
or solidmodels[3, 4]. Likewiseavarietyof methodsexist for extractingparametricmodels
of isosurfacesfrom volumes.Themostprevalentmethodis to locateisosurfacecrossings
alonggrid lines in a volume(betweenvoxelsalongthe3 cardinaldirections)andthento
link thesepoints togetherto form trianglesandmeshes.This is thestrategy of “marching
cubes”[5] andotherrelatedapproaches.However, extractinga parametricsurfaceis not
essentialfor visualization,anda varietyof directmethods[6, 7] arenow computationally
feasibleandarguablysuperiorin quality. Thesenotesdonotaddresstheissueof extracting
or renderingisosurfaces,but ratherstudiesthegeometryof isosurfacesandhow to manip-
ulatethemdirectly by changingthegrey-scalevaluesin theunderlyingvolume. Thus,we
proposevolumesasa mechanismfor studying anddeformingsurfaces,regardlessof the
ultimateform of theoutput. Theiraremany waysof renderingor visualizing themandand
thesetechniquesarebeyondthescopeof thisdiscussion.

2 SurfaceNormals

Thesurfacenormalof anisosurfaceis givenby thenormalizedgradientvector. Typically,
we identify asurfacenormalwith apoint in thevolumedomain9 . Thatis: ! �$#$� ; �<! �$#� ; �<! �$#2� where ��)�9 ' (3)

Theconvention regardingthedirectionof this vectoris arbitrary; thenegative of thenor-
malizedgradientmagnitudeis alsonormal to the isosurface. The gradientvectorpoints
towardthatsideof theisosurfacewhichhasgreatervalues(i.e. brighter).Whenrendering,
theconventionis to useoutward pointing normals,andthesignof thegradientmustbead-
justedaccordingly. However, for mostapplicationsany consistentchoiceof normalvector
will suffice. On adiscretegrid, onemustalsodecidehow to approximatethegradientvec-
tor (i.e., first partialderivatives). In many casescentraldifferenceswill suffice. However,
in thepresenceof noise,especiallywhenvolumerendering,it is sometimeshelpful to com-
putefirst derivativesusingsomesmoothingfilter (e.g.,convolution with aGaussian).When



usingthenormalvectorto solve certainkindsof partialdifferentialequations,it is some-
timesnecessaryto approximatethegradientvectorwith discrete,one-sideddifferences,as
discussedin successivesections.

Notethata singlevolumecontainsfamiliesnestedisosurfaces,arrangedlike the layersof
anonion. We specificthenormalto an isosurfaceasa functionof thepositionwithin the
volume.Thatis, : ! �$# is thenormalof the(single)isosurfacethatpassesthroughthepoint� . The � valueassociatedwith thatisosurfaceis

�"! �=# .
3 Second-Order Structur e

In differentialgeometricterms,thesecond-orderstructureof a surfaceis characterizedby
a quadraticpatchthat sharesfirst- and second-ordercontactwith the surfaceat a point
(i.e., tangentplaneandosculatingcircles).Theprincipal directionsof thesurfacearethose
associatedwith the quadraticapproximation,andtheprincipal curvatures, �?>@�A�CB , arethe
curvaturesin thosedirections.

The second-structureof the isosurfacecanbe computed from the first- andsecond-order
structureof theembedding,

�
. All of theisosurfaceshapeinformationis containedfield of

normalsgiven by : ! �$# . The DE5�D matrixof derivativesof thisvector,F ��GIH :�JK:MLN:�O 'QP (4)

The projectionof this derivative onto the tangentplaneof the isosurfacegivesthe shape
matrix, R . Let S denotenormalprojectionoperator, which is definedas

ST� :KUV: � 0�W� ; � �X� B YZ[ � BJ � J � L � J � O� L � J � BL � L � O� O � J � O � L � BO
\^]_ ' (5)

Thetangentialprojectionoperatoris `aGIS , andthustheshapematrix isR�� Fcb � b8dEe2b � (6)

where
dfe

is theHessianof
�
. Theshapematrix R has3, real,eigenvalueswhicharegh> � �i>A��gjB � �CBj��g � �lk ' (7)

The corresondingeigenvectorsare the principle directions(in the tangentplane)andthe
normal,respectively.



Themeancurvature is themeanof the two principalcurvatures,which is onehalf of the
traceof R , which is equalto thetraceof

F
:d � �i>�m��CB1 � 01on<p !rq #� � BJ !s� L^L m � OtO # m � BL !s� J�J m � OtO # m � BO !s� J�J m � LuL #"Gv1 � J � L � J�L Gv1 � J � O � JAO Gv1 � L � O � LwO1 !s� BJ m � BL m � BO # �tx B (8)

TheGaussian curvature is theproductof theprincipalcurvatures:y � �z>^�{B � gh>^gjB"m�gh>ug � m�gjB�g � �|1 n<p !rq # B G 01 �X� q �X� (9)

� � BO !r� J�J � L^L G � J�L � J�L # m � BL !s� J�J � O^O G � JAO � JAO # m � BJ !r� L^L � OtO G � LwO � LuO #m 1 !r� J � L !s� JAO � LuO G � J�L � OtO # m � J � O !s� J�L � LwO G � JAO � LuL # m � L � O !r� J�L � JAO G � LuO � J�J #w#!s� BJ m � BL m � BO # B '
Thetotalcurvature,alsocalledthedeviationfrom flatness,9 , is therootsumof squaresof
thetwo principalcurvatures,which is theEuclideannormof thematrix R .

Notice,thesemeasuresexist ateverypointin
�

, andateachpointthey describethegeome-
try of theparticularisosurfacethatpassesthroughthatpoint. All of thesequantitiescanbe
computedonadiscretevolumeusingfinite differences,asdescribedin successivesections.

4 Deformable Surfaces

This sectionbegins with mathematicsfor describingsurfacedeformationson parametric
models. The result is an evolution equationfor a surface. Eachof the termsin this evo-
lution equationcanbere-expressedin a way that is independentof the parameterization.
Finally, theevolution equationfor a parametricsurfacegives riseto anevolution equation
(differentialequation)onavolume,whichencodestheshapeof thatsurfaceasa level set.

4.1 SurfaceDeformation

A regularsurface� �}� 	�� is acollectionof points in 3D thatcanbeberepresentedlocally
asa continuousfunction. In geometricmodeling a surfaceis typically representedasa
two-parameterobjectin a three-dimensional space,i.e.,asurfaceis localamapping~ :~ �t� 5 ���� � 	 �� � 
���
���� � (10)



where
� 5 ��� 	 B , and the bold notation refers specifically to a parameterizedsurface

(vector-valuedfunction). A deformablesurfaceexhibits somemotion over time. Thus~���~ ! �����{�u� # , where � ) � 	8� . We assumesecond-order-continuous,orientablesurfaces;
thereforeateverypointonthesurface(andin time)thereissurfacenormal � �l� ! �7�A�C�w� # .
Weuse�?� to referto theentiresetof pointson thesurface.

Localdeformationsof ~ canbedescribedby anevolutionequation,i.e.,adifferentialequa-
tion on ~ that incorporatesthe position of the surface,local andglobal shapeproperties,
andresponsesto otherforcing functions. Thatis,� ~� � �l� ! ~ � ~�� � ~�� � ~M��� � ~M�t� � ~��r� ��'j'j' # � (11)

wherethe subscriptsrepresentpartial derivativeswith respectto thoseparameters.The
evolutionof ~ canbedescribedby asumof termsthatdependsonboththegeometryof ~
andtheinfluenceof otherfunctionsor data.

Thereare a variety of differential expressions that can be combinedfor different appli-
cations. For instance,the model could move in responseto somedirectional“forcing”
function[8, 9], � �z���� � 	 �

, thatis � ~� � �l� ! ~�# ' (12)

Alternatively, the surfacecould expandandcontractwith a spatially-varying speed.For
instance, � ~� � �l� ! ~8#u� (13)

where � ��� 	��a�� � 	
is a signedspeedfunction. Theevolution might alsodependon the

surfacegeometryitself. For instance,� ~� � �|~���� m ~8�s� (14)

describesasurfacethatmoves in way thatis becomesmoresmoothwith respectto its own
parameterization.Thismotioncanbecombinedwith themotion of Equation12to produce
amodelthatis pushedby aforcingfunctionbut maintainsacertainsmoothnessin its shape
andparameterization.Therearemyriadtermsthatdependonboththedifferentialgeometry
of thesurfaceandoutside forcesor functionsto controltheevolution of a surface.



Figure2: Level-setmodelsrepresentcurvesandsurfacesimplicitly usinggreyscaleimages:
a) anellipse is representedasthelevel setof an image,b) to changetheshapewe modify
thegreyscalevaluesof theimage.

5 Deformation: The Level SetApproach

Themethodof level-sets,proposedby OsherandSethian[10] anddescribedextensively in
[11], providesthemathematicalandnumericalmechanismsfor computingsurfacedefor-
mationsastime-varyingiso-valuesof

�
by solvingapartialdifferentialequationonthe3D

grid. That is, the level-set formulationprovidesa setof numericalmethods thatdescribe
how to manipulatethegreyscalevaluesin a volume,sothattheisosurfacesof

�
move in a

prescribedmanner(shown in Figure2).

We denotethemovementof a point on a surfaceasit deformsas ���=�h� � , andwe assume
that this motion canbeexpressedin termsof theposition of ��) � andthegeometryof
thesurfaceat thatpoint. In this case,therearegenerallytwo optionsfor representingsuch
surfacemovementsimplicitly:

Static: A single,static
�<! �=# containsa family of level setscorrespondingto surfacesas

differenttimes � . Thatis,�<! � ! � #u#$� � ! � #�� ; �<! �=#"� � �� � � � ! � #� � ' (15)



To solve this staticmethodrequiresconstructing a
�

thatsatisfiesequation15. This
is aboundaryvalueproblem,whichcanbesolvedsomewhatefficiently startingwith
a singlesurfaceusingthefastmarchingmethodof Sethian[12]. This representation
hassomesignificantlimitations,however, because(by definition) a surfacecannot
passbackover itself over time,i.e.,motionsmustbestrictly monotonic — inwardor
outward.

Dynamic: The approachis to usea one-parameterfamily of embeddings,i.e.,
�"! � �w� #

changesover time, � remainson the � level setof
�

as it moves, and � remains
constant.Thebehavior of

�
is obtainedby settingthetotalderivativeof

�<! � ! � # �w� #$�� to zero.Thus, �"! � ! � # �u� #=� � � � �� � ��G ; � � ���� � ' (16)

Thisapproachcanaccommodatemodelsthatmoveforwardandbackwardandcross
backover their own paths(over time). However, to solve this requiressolving the
initial valueproblem(usingfinite forward differences)on

�<! � �w� # — a potentially
largecomputationalburden.Theremainderof thisdiscussionfocusesonthedynamic
case,becauseof its superiorflexibili ty.

All surfacemovementsdependon position andgeometry, and the level-set geometryis
expressedin termsof the differentialstructureof

�
. Thereforethe dynamicformulation

from equation16givesageneralform of thepartialdifferentialequationon
�
:� �� � ��G ; � � ���� � ��G ; � ��� ! � ��� � ��� B � �j'j'j' # � (17)

where 9�� � is thesetof order- � derivativesof
�

evaluatedat � . Becausethis relationship
appliesto every level-setof

�
, i.e. all valuesof � , this equationcanbeappliedto all of

�
,

andthereforethemovementsof all thelevel-set surfacesembeddedin
�

canbecalculated
from Equation17.

Thelevel-setrepresentationhasanumberof practicalandtheoreticaladvantagesovercon-
ventional surfacemodels,especiallyin thecontext of deformationandsegmentation. First,
level-setmodelsaretopologically flexible, they caneasilyrepresentcomplicatedsurface
shapesthatcan,in turn, form holes,split to form multiple objects,or mergewith otherob-
jectsto form asinglestructure.Thesemodelscanincorporatemany (milli ons)of degreesof
freedom,andthereforethey canaccommodatecomplex shapes.Indeed,theshapesformed
by thelevel setsof

�
arerestrictedonly by theresolutionof thesampling. Thus,thereis no

needto reparameterizethemodelasit undergoessignificantdeformations.

Suchlevel-set methodsarewell documentedin theliterature[10, 13] for applicationssuch
ascomputational physics[14], imageprocessing[15, 16], computervision [17, 18], medi-
cal imageanalysis[19, 18], and3D reconstruction[20, 21]. For instance,in computational



physics level-setmethodsarea a powerful tool for modeling moving interfacesbetween
differentmaterials(seeOsherandFedkiw[14] for a niceoverview of recentresults).Ex-
amplesarewater-air andwater-oil. In suchcases,level-setmethodscanbeusedto compute
deformationsthatminimizesurfaceareawhile preservingvolumesfor materialsthatsplit
and merge in arbitraryways. The methodcanbe extendedto multiple, non-overlapping
objects.

Level-setmethodshave alsobeenshown to be effective in extractingsurfacestructures
from biological andmedicaldata. For instanceMalladi et al. [18] proposea methodin
which the level-setsform an expandingor contractingcontourwhich tendsto “cling” to
interestingfeaturesin 2D angiograms.At thesametime thecontouris alsoinfluencedby
its own curvature,andthereforeremainssmooth.Whitaker etal. [19, 22] haveshown that
level setscanbe usedto simulateconventional deformablesurfacemodels,anddemon-
stratedthisby extractingskinandtumorsfrom thick-sliced(e.g.clinical) MR data,andby
reconstructinga fetal facefrom 3D ultrasound.A varietyof authors[23, 24, 16, 25] have
presentedvariationson themethodandpresentedresultsfor 2D and3D data.Sethian[11]
givesseveralexamplesof level-set curvesandsurfacefor segmentingCT andMR data.

5.1 Deformation Modes

In thecaseof parametricsurfaces,onecanchoosefrom a varietyof differentexpressions
to constructanevolutionequationthat is appropriatefor a particularapplication.For each
of thoseparametricexpressions,thereis acorrespondingexpressionthatcanbeformulated
on
�
, thevolumein which the level-setmodelsareembedded.In constructing evolutions

on levelssets,therecanbeno referenceto theunderlyingsurfaceparameterization(terms
dependingon � and � in Equations10 through14). This hastwo importantimplications:
1) only thosesurfacemovementsthatarenormalto thesurfacearerepresented—any other
movement is equivalent to a reparameterization2) all of the derivatives with respectto
surfaceparameters� and � mustbeexpressedin termsof invariantsurfacepropertiesthat
canbederivedwithoutaparameterization.

Considertheterm ~���� m ~8�r� from equation14. If �7�A� is anorthonormalparameterization,
the effect of that term is basedpurely on surfaceshape,not on theparameterization,and
theexpression~���� m ~8�s� is twicethemeancurvature, H, of thesurface.Thecorresponding
level-setformulationis givenby Equation8.

Table1 shows a list of expressionsusedin the evolution of parameterizedsurfacesand
their equivalents for level-setrepresentations.Also given are the assumptionsaboutthe
parameterizationthatgiveriseto thelevel-setexpressions.



Effect Parametric Evolution
Level-Set
Evolution

Parameter
Assumptions

1 Externalforce � ��� ; � None

2
Expansion/
contraction

� ! �=#w� � ! �$#7� ; �"! � �w� #7� None

3
Mean

curvature   ��� m   �r� d � ; � � Orthonormal

4
Gauss

curvature   ����5   �r� y � ; � � Orthonormal

5 Secondorder   ��� or   �s� ¡ d£¢¥¤ d B G y�¦ � ; � � Principal
curvatures

Table1: A list of evolution termsfor parametricmodelshasacorrespondingexpressionon
theembedding,

�
, associatedwith thelevel-setmodels.

6 Numerical Methods

By takingthestrategy of embeddingsurfacemodelsin volumes,we have convertedequa-
tions that describethe movementof surfacepointsto nonlinear, partial differentialequa-
tionsdefinedonavolume,which is generallya rectilineargrid. Theexpression § �-X¨ ©^¨ ª refers
to the � th timestepatposition « �­¬C�A� , whichhasanassociatedvaluein the3D domainof the
continuousvolume

�"! 
 - ��
 © ��� ª # . Thegoalis to solve thedifferentialequationconsisting of
termsfrom Table5.1on thediscretegrid § �-X¨ ©^¨ ª .
The discretization of theseequationsraisestwo important issues.First is the availability
of accurate,stablenumericalschemesfor solving theseequations.Secondis theproblem
of computational complexity andthe fact that we have converteda surfaceproblemto a
volumeproblem,increasingthe dimensionality of the domainover which the evolution
equationsmustbesolved.

Thelevel-settermsin Table1 arecombined,basedon theneedsof theapplication, to cre-
ateapartialdifferentialequationon

�"! � �w� # . Thesolutionsto theseequationsarecomputed
usingfinite differences.Along thetimeaxissolutionsareobtainedusingfinite forward dif-
ferences,beginning with aninitial model(i.e., volume) andsteppingsequentiallythrough
a seriesof discretetimessteps(which aredenotedassuperscriptson § ). Thustheupdate
equationis: § � � >-X¨ ©^¨ ª ��§ �-X¨ ©^¨ ª m�®¯�^® § �-W¨ ©^¨ ª � (18)

Theterm ® §&�-X¨ ©t¨ ª is a discreteapproximationto
� � � � � , which consistsof a weightedsum



of termssuchasthosein Table5.1.Thosetermsmust,in turn,beapproximatedusingfinite
differenceson thevolumegrid.

6.1 Up-wind Schemes

Thetermsin Table1 fall into two basiccategories:thefirst-orderterms(items1 and2 in
Table1) andthesecond-orderterms(items3 through5). Thefirst-ordertermsdescribea
moving wave front with a space-varying velocity (expression1) or speed(expression2).
Equationsof this form cannotbe solved with a simplefinite forward differencescheme.
Suchschemestendto overshoot, andthey areunstable.To addressthis issueOsherand
Sethian[26] haveproposedanup-windscheme.Theup-windmethodreliesonaone-sided
derivative thatlooksin theup-winddirectionof themoving wavefront, andtherebyavoids
theover-shootingassociatedwith finite forwarddifferences.

We denotethe typeof discretedifferenceusingsuperscriptson a differenceoperator, i.e.,°C± ��²
for forward differences,

°C±´³ ²
for backward differences,and

°
for centraldifferences.

For instance,differencesin the 
 directionon a discretegrid, § -X¨ ©t¨ ª , with domain µ and
uniformspacing¶ aredefinedas° ± ��²J § -X¨ ©^¨ ª ·� ! § - � > ¨ ©^¨ ª GK§ -X¨ ©^¨ ª #w�C¶ � (19)° ±W³ ²J § -X¨ ©^¨ ª ·� ! § -X¨ ©^¨ ª GI§ - ³ > ¨ ©^¨ ª #w�C¶ � and (20)° J § -X¨ ©^¨ ª ·� ! § - � > ¨ ©^¨ ª GK§ - ³ > ¨ ©^¨ ª #w� ! 1C¶&# � (21)

(22)

wherewe have left off thetime superscriptfor conciseness.Second-ordertermsarecom-
putedusingthetightest-fittingcentraldifferenceoperators.For example,° J�J § -X¨ ©^¨ ª ·� ! § - � > ¨ ©^¨ ª m § - ³ > ¨ ©^¨ ª Gv1h§ -X¨ ©^¨ ª #¸�C¶ B � (23)° OtO § -X¨ ©^¨ ª ·� ! § -X¨ ©^¨ ª � >�m § -X¨ ©^¨ ª ³ > Gv1h§ -X¨ ©^¨ ª #¸�C¶ B � and (24)° J�L § -X¨ ©^¨ ª ·� ° J ° L § -X¨ ©^¨ ª (25)

The discreteapproximation to the first-order termsof in Table 5.1 are computedusing
the up-wind proposedby OsherandSethian[10]. This strategy avoids overshooting by
approximating the gradientof

�
usinga one-sideddifferencesin the directionthat is up-

wind of the moving level-set therebyensuringthat no new contoursare createdin the
processof updating § �-X¨ ©^¨ ª (asdepictedin Figure3). The schemeis separablealongeach
axis(i.e., 
 , 
 , and � ).



Level-set motion

xi

ui

∆ui

Up-wind 
difference

Down-wind 
difference

Down wind Up wind

xi

ui

∆t∆ui limited by 
up-wind difference

Overshoot creates
“new” level sets

Figure3: Theup-windnumericalschemeusesone-sidedderivativesto preventovershoot-
ing andthecreationof new level sets.

ConsiderTerm1 in Table5.1. If weusesuperscriptsto denotethevectorcomponents,i.e.,� ! 
���
���� #$� !º¹ ± J ² ! 
���
���� # � ¹ ± L ² ! 
���
���� # � ¹ ± O ² ! 
���
���� #w# � (26)

theup-windcalculationfor agrid point §»�-X¨ ©^¨ ª is

� ! 
 - ��
 - ��� - #"� ; �"! 
 - ��
 © ��� ª �w� #$¼ ½¾u¿2À J ¨ L ¨ OwÁ ¹ ± ¾ ² ! 
 - ��
 - ��� - #<Â ° �¾ § �-X¨ ©^¨ ª ¹ ± ¾ ² ! 
 - ��
 - ��� - #ÄÃÅk° -¾ §��-X¨ ©^¨ ª ¹ ± ¾ ² ! 
 - ��
 - ��� - #ÄÆÅk
(27)

Thetimestepsarelimited—thefastestmovingwave front canmoveonly onegrid unit per
iteration.Thatis ®¯� �*Ç 0+ ¾^¿7À J ¨ L ¨ OuÁzÈwÉ¸Ê -X¨ ©t¨ ª ¿�Ë ��� ; ¹ ± ¾ ² ! 
 - ��
 © ��� ª #7� % ' (28)

For Term 2 in Table5.1 the directionof the moving surfacedependson the normal,and
thereforethesameup-windstrategy is appliedin a slightly differentform.� ! 
 - ��
 © ��� ª #7� ; �"! 
 - ��
 © ��� ª �w� #2�h¼½¾^¿7À J ¨ L ¨ OuÁ � ! 
 - ��
 - ��� - #<ÂVÌÎÍ7Ï B ! ° �¾ §��-X¨ ©^¨ ª � k{# m ÌÑÐWÒ B ! °{³¾ §&�-W¨ ©^¨ ª � k{#Ó� ! 
 - ��
 - ��� - #ÔÃ}kÌÑÐWÒ B ! ° �¾ §&�-W¨ ©^¨ ª � k{# m ÌÎÍ�Ï B ! °{³¾ §&�-W¨ ©^¨ ª � k{#Ó� !ÖÕ # ! 
 - ��
 - ��� - #ÄÆ}k(29)

Thetimestepsare,again,limitedby thefastestmoving wave front:®¯�^× Ç 0D ÈwÉzÊ -X¨ ©^¨ ª ¿ØË ��� ; � ! 
 - ��
 © ��� ª #2� % (30)



To computeapproximation theupdateto thesecond-ordertermsin Table5.1requiresonly
centraldifferences. Thus,themeancurvatureis approximatedas:d �-X¨ ©^¨ ª � 01ÚÙ ¡ ° J § �-X¨ ©^¨ ª ¦ B m ¡ ° L § �-X¨ ©t¨ ª ¦ B m ¡ ° O § �-X¨ ©^¨ ª ¦ B�Û ³ >�Ü Ù ¡ ° L § �-X¨ ©^¨ ª ¦ B m ¡ ° O § �-W¨ ©^¨ ª ¦ B�Û ° J�J § �-X¨ ©^¨ ª(31)m Ù ¡ ° O § �-X¨ ©^¨ ª ¦ B m ¡ ° J § �-X¨ ©^¨ ª ¦ B Û ° LuL § �-X¨ ©^¨ ª m Ù ¡ ° J § �-W¨ ©^¨ ª ¦ B m ¡ ° L § �-X¨ ©^¨ ª ¦ B Û ° OtO § �-X¨ ©^¨ ªG 1 ° J § �-X¨ ©t¨ ª ° L § �-W¨ ©^¨ ª ° J�L § �-X¨ ©^¨ ª Gv1 ° L § �-X¨ ©^¨ ª ° O § �-X¨ ©^¨ ª ° LwO § �-X¨ ©^¨ ª Gv1 ° O § �-X¨ ©t¨ ª ° J § �-X¨ ©^¨ ª ° OtJ § �-W¨ ©^¨ ª�Ý
Suchcurvaturetermscanbecomputing by usinga combination of forwardandbackward
differencesasdescribedin [27]. In somecasesthis is advantageous—but the detailsare
beyondthescopeof thispaper.

Thetimestepsarelimited, for stability, to®¯�^Þ Ç 0ß ' (32)

Whencombiningterms,themaximum time stepsfor eachtermsis scaledby oneover the
weightingcoefficient for thatterm.

6.2 Narr ow-Band Methods

If oneis interestedin only a singlelevel set, the formulationdescribedpreviously is not
efficient. This is becausesolutionsareusuallycomputedover theentiredomainof

�
. The

solutions,
�<! 
���
����z�u� # describetheevolution of anembeddedfamilyof contours.While this

densefamily of solutionsmight be advantageousfor certainapplications,thereareother
applicationsthat requireonly a singlesurfacemodel. In suchapplicationsthecalculation
of solutionsover adensefield is anunnecessarycomputationalburden,andthepresenceof
contourfamiliescanbea nuisancebecausefurtherprocessingmightberequiredto extract
thelevel setthatis of interest.

Fortunately, theevolutionof asinglelevel set,
�"! � �w� #à� � , is notaffectedby thechoiceof

embedding.Theevolution of thelevel setsis suchthatthey evolveindependently(to within
theerrorintroducedby thediscretegrid). Furthermore,theevolution of

�
is importantonly

in thevicinity of that level set.Thus,oneshouldperformcalculationsfor theevolution of�
only in a neighborhoodof thesurface �l�á���â� �"! �$#M� ��% . In thediscretesetting,there

is a particularsubsetof grid pointswhosevaluescontrola particularlevel set(seeFigure
4). Of course,asthesurfacemoves, thatsubsetof grid pointsmustchangeto accountfor
its new position.



Figure4: A level curve of a 2D scalarfield passesthrougha finite setof cells. Only those
grid pointsnearestto thelevel curvearerelevantto theevolution of thatcurve.

Adalsteinson andSethian[28] proposea narrow-bandapproachwhich follows this line of
reasoning.Thenarrow-bandtechniqueconstructsanembeddingof theevolving curve or
surfacevia asigneddistancetransform.Thedistancetransformis truncated,i.e, computed
overafinite width of only ã pointsthatlie within aspecifieddistanceto thelevel set.The
remainingpointsaresetto constantvaluesto indicatethatthey donot lie within thenarrow
band,or tubeasthey call it. Theevolution of thesurface(they demonstrateit for curves
in theplane)is computedby calculatingthe evolution of § only on the setof grid points
thatarewithin a fixeddistanceto the initial level set,i.e. within thenarrow band. When
theevolving level setapproachestheedgeof theband(seeFigure5), they calculatea new
distancetransformandanew embedding,andthey repeattheprocess.Thisalgorithmrelies
on thefactthattheembeddingis nota critical aspectof theevolution of thelevel set.That
is, theembedding canbetransformedor recomputedat any point in time, so long assuch
a transformationdoesnotchangethepositionof the � th level set,andtheevolution will be
unaffectedby thischangein theembedding.

Despitethe improvementsin computation time, thenarrow-bandapproachis not optimal
for severalreasons.First it requiresabandof significantwidth ( ãä��071 in theexamplesof
[28]) whereonewould like to haveabandthatis only aswideasnecessaryto calculatethe
derivativesof § nearthe level set(e.g. ãå�á1 ). Thewider bandis necessarybecausethe
narrow-bandalgorithmtradesoff two competingcomputational costs.Oneis the costof
stopping theevolution andcomputing theposition of thecurve anddistancetransform(to
sub-cellaccuracy) anddeterminingthedomainof theband.Theotheris thecostof com-
putingtheevolution processover theentireband.Thenarrow-bandmethodalsorequires
additionaltechniques,suchassmoothing, to maintainthestability at theboundariesof the
band,wheresomegrid pointsareundergoingtheevolution andnearbyneighborsarestatic.



Narrow band/tube

Surface model (level set)

Time passes“Outside” – not
computed

Boundary interference
Recompute band

Figure5: Thenarrow bandschemelimits computationto thevicinity of thespecificlevel
set. As the level-setmovesneartheedgeof thebandtheprocessis stoppedandtheband
recomputed.



6.3 The Sparse-FieldMethod

Thebasicpremiseof thenarrow bandalgorithmis thatcomputingthedistancetransform
is socostly that it cannotbedoneat every iterationof theevolution process.Thestrategy
proposedhereis to usean approximation to thedistancetransformthatmakesit feasible
to recomputetheneighborhoodof the level-setmodelat eachtime step. Computation of
the evolution equationis computedon a bandof grid points that is only on point wide.
Theembeddingis extendedfrom theactive pointsto a neighborhood aroundthosepoints
that is preciselythewidth neededat eachtime. This extensionis donevia a fastdistance
transformapproximation.

This approachhasseveral advantages.First, the algorithm doespreciselythe numberof
calculationsneededto compute the next position of the level curve. It doesnot require
explicitly recalculatingthe positionsof level setsandtheir distancetransforms.Because
thenumberof pointsbeingcomputedis sosmall, it is feasibleto usea linked-list to keep
track of them. Thus,at eachiteration the algorithmvisits only thosepointsadjacentto
the � -level curve. For large3D datasets,thevery processof incrementinga counterand
checkingthestatusof all of thegrid pointsis prohibitive.

Thesparse-fieldalgorithmis analogousto alocomotiveenginethatlaysdown tracksbefore
it andpicksthemup from behind.In this way thenumberof computationsincreaseswith
thesurfaceareaof themodelratherthantheresolutionof theembedding.Also, thesparse-
field approachidentifiesasinglelevel setwith aspecificsetof pointswhosevaluescontrol
thepositionof thatlevel set.Thisallowsoneto computeexternalforcesto anaccuracy that
is betterthanthe grid spacingof the model,resultingin a modelingsystemthat is more
accuratefor variouskindsof “modelfitting” applications.

Thesparse-fieldalgorithmtakesadvantageof thefactthata � -level surface,  , of adiscrete
image § (of any dimension) hasa setof cells throughwhich it passes,asshown in Figure
4. Thesetof grid pointsadjacentto thelevel setis calledtheactiveset, andtheindividual
elementsof this setarecalledactivepoints. As a first-orderapproximation,the distance
of thelevel setfrom thecenterof any activepoint is proportional to thevalueof § divided
the gradientmagnitudeat that point. Becauseall of the derivatives(up to secondorder)
in this approacharecomputed usingnearestneighbordifferences,only the active points
andtheir neighborsarerelevant to the evolution of the level-setat any particulartime in
the evolution process.The strategy is to computethe evolution given by equation17 on
the active set and then updateneighborhoodaroundthe active set usinga fast distance
transform.Becauseactivepointsmustbeadjacentto thelevel-setmodel,theirpositions lie
within a fixeddistanceto themodel. Thereforethevaluesof § for locationsin theactive
setmustlie within acertainrange.Whenactive-point valuesmoveoutof thisactiverange



they arenolongeradjacentto themodel.They mustberemovedfrom thesetandothergrid
points,thosewhosevaluesaremoving into the active range,mustbe addedto take their
place.Thepreciseorderingandexecutionof theseoperationsis importantto theoperation
of thealgorithm.

The valuesof the points in the active setcanbe updatedusing the up-wind schemefor
first-ordertermsandcentraldifferencesfor the mean-curvatureflow, asdescribedin the
previous sections. In order to maintainstability, onemustupdatethe neighborhoodsof
active grid pointsin a way thatallows grid pointsto enterandleave theactive setwithout
thosechangesin statusaffecting their values. Grid pointsshould be removed from the
activesetwhenthey areno longerthenearestgrid point to thezerocrossing.If weassume
that the embedding§ is a discreteapproximation to the distancetransformof the model,
thenthedistanceof a particulargrid point, 
oæ � ! « �­¬C�A� # , to the level setis given by the
valueof § at thatgrid point. If thedistancebetweengrid pointsis definedto beunity, then
weshouldremoveapointfrom theactivesetwhenthevalueof § atthatpointnolongerlies
in theinterval HçG >B � >B P (seeFigure6). If theneighborsof thatpointmaintaintheir distance
of 1, thenthoseneighborswill move into theactive rangejust 
�æ is readyto beremoved.

Thereare two operationsthat aresignificantto the evolution of the active set. First, the
valuesof § at activepointschangefrom oneiterationto thenext. Second,asthevaluesof
active pointspassout of theactive rangethey areremoved from the active setandother,
neighboringgrid pointsareaddedto the active setto take their place. In [21] the author
givessomeformaldefinitionsof activesetsandtheoperationsthataffect them,whichshow
thatactive setswill alwaysform a boundarybetweenpositive andnegative regionsin the
image,evenascontrolof thelevel setpassesfrom onesetoff activepointsto another.

Becausegrid pointsthatareneartheactivesetarekeptat afixedvaluedifferencefrom the
activepoints,activepointsserve to controlthebehavior of non-activegrid pointsto which
they areadjacent.Theneighborhoodsof theactive setaredefinedin layers, è � >@�j'j'j' è ��é
and è ³ >@�j'j'j' è ³ é , wherethe « indicatesthedistance(city block distance)from thenearest
active grid point, and negative numbersare usedfor the outsidelayers. For notational
conveniencetheactivesetis denotedè=ê .
Thenumberof layersshouldcoincidewith thesizeof thefootprint or neighborhoodused
to calculatederivatives.In thisway, theinside andoutsidegrid pointsundergonochanges
in their valuesthataffector distorttheevolutionof thezeroset.Mostof thelevel-setwork
relieson surfacenormalsandcurvature,which requireonly second-orderderivativesof

�
.

Second-orderderivativesarecalculatedusinga DÎ5ëDÑ5ìD kernel(city-block distance2 to
thecorners).Thereforeonly five layersarenecessary(2 inside layers,2 outsidelayers,and
theactiveset).Theselayersaredenotedè > , è B , è ³ > , è ³ B , and èàê .



íïîñð ò�óñð òõôöôö÷ ø´ù
úüû ý þ ÿ��Wû � � ��� ��� � 	 
�� 
 
 
� 
 � ��
 ��� �

� ��� � � ��� � � �� � � ���  "!�#$�% & ' ( )�*�+ * , ,- , . /�* 021 3 45�6 7 8 9 :�;�< ; = => = ? @�; A2B C�D
E�F G H I J F K LMK NO I J F P H"I H Q QP O Q R H2I S O L T H

U�V W X Y Z V [ \M[ ]"^ X W [Y W [ _ _ V \ `baM[ c X a�X \ Z

d�e f g h i�j k l�m n o p

q�rts u v s w�x�v y{z |�} v ~ |�� ���

�b����� �





�b����� �





�b����� �





�b����� �





�b����� �




� �M� �

 

¡ ¢£¤
¥ ¦£ §
¨© ª
« ¬­
®¯ §¨
­§°£
¨ ±²

³M´ µ

¶ ·M¸ ¹

º"»"¼ ½¿¾À¼ ½�Á�Á�Â Ã�Ä
ÅÇÆ È É Ê�Ë�Æ Ë Ì ÌÎÍ ÏtÐ Ñ Ò�Ó�Ô Ó Õ ÕÖ Õ × Ø�Ó Ù�Ú Û

Ü ÝtÞ ß à�á�â á ã ãä ã å æ�á ç"è�éê�ëtì í î ï�ð�ñ ð ò òó ò ô õ�ð ö2÷ ø ùú�ûtü ý þ ÿ���� � � �� � � ��� 	�
 ��
 � ��� � ���

����� � � � ����� ���  �! � "  $# %�&

')(�*�+ ,





-).�/�0 1





2)3�4�5 6 


7)8�9�: ; 




Figure6: Thestatusof grid pointsandtheirvaluesat two differentpointsin timeshow that
asthezerocrossingmoves,activity is passedonegrid point to another.

Theactive sethasgrid point valuesin the range HçG >B � >B P . Thevaluesof thegrid pointsin
eachneighborhoodlayerarekept1 unit from thenext layerclosestto theactive set(asin
Figure6). Thusthevaluesof layer è - fall in theinterval H « G >B � « m >B P . For 1 F m 0 layers,
the valuesof the grid points that are totally insideandoutside are

F m >B and G F G >B ,
respectively. The procedurefor updatingthe imageand the active setbasedon surface
movementsis asfollows:

1. For eachactivegrid point, 
&æ � ! « �­¬C�A� # , do thefollowing:

(a) Calculatethelocalgeometryof thelevel set.

(b) Computethenetchangeof § J < , basedontheinternalandexternalforces,using
somestable(e.g.,up-wind)numericalschemewherenecessary.

2. For eachactivegrid point 
 © addthechangeto thegrid pointvalueanddecideif the
new value §&� � >J < falls outsidethe HõG >B � >B P interval. If so,put 
�æ on lists of grid points
thatarechangingstatus,calledthestatus list;   > or   ³ > , for §�� � >J < Ã|0 or §�� � >J < Æ|G�0 ,
respectively.

3. Visit thegrid pointsin thelayersè - in theorder «<� ¢ 0 �j'j'j' ¢ F , andupdatethegrid
pointvaluesbasedon thevalues(by addingor subtractingoneunit) of thenext inner
layer, è ->= > . If morethanone è ->= > neighborexiststhenusetheneighborthatindicates
a level curve closestto thatgrid point, i.e., usethemaximumfor theoutside layers
andminimumfor theinside layers.If a grid point in layer è - hasno è ->= > neighbors,
thenit getsdemotedto è ->? > , thenext level away from theactiveset.

4. For eachstatuslist   ? >A�   ? Bj�j'�'j'��   ? é do thefollowing:
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Figure7: Linked-listdatastructuresprovideefficientaccessto thosegrid pointswith values
andstatusthatmustbeupdated.

(a) For eachelement
 © on thestatuslist   - , remove 
 © from thelist è ->= > , andadd
it to the è - list, or, in thecaseof «<� ¢ ! F m 07# , remove it from all lists.

(b) Add all è ->= > neighborsto the   ->? > list.

This algorithmcanbe implementedefficiently usinglinked-list datastructurescombined
with arraysto storethe valuesof the grid points and their statesas shown in Figure 7.
This requiresonly thosegrid pointswhosevaluesarechanging,theactivepoints andtheir
neighbors,tobevisitedateachtimestep.ThecomputationtimegrowsasãN� ³ > , whereã is
thenumberof grid pointsalongonedimensionof § (sometimescalledtheresolution of the
discretesampling). Computation timefor dense-fieldapproachincreasesas ã � . The ã6� ³ >
growth in computation time for the sparse-fieldmodelsis consistentwith conventional
(parameterized)models,for which computation timesincreasewith the resolution of the
domain,ratherthantherange.

Anotherimportantaspectof theperformanceof thesparse-fieldalgorithmis thelargertime
stepsthatarepossible.Thetimestepsarelimited by thespeedof the“f astest”moving level
curve, i.e., themaximumof theforcefunction.Becausethesparse-fieldmethodcalculates
themovementof level setsover a subsetof theimage,time stepsareboundedfrom below
by thoseof thedense-fieldcase,i.e.,ÈuÉ¸ÊJ ¿¾½À¿ Ë !�Á»! 
 #w# Ç ÈwÉzÊJ ¿ØË !�Á�! 
 #w# � (33)



where
Á»! 
 # is thespacevaryingspeedfunctionand Â is theactiveset.

Resultsfrom previouswork [21] havedemonstratedseveralimportantaspectsof thesparse-
field algorithm.First, themanipulationsof theactive setandsurrounding layersallow the
active setto “track” thedeformablesurfaceasit moves. Theactive setalwaysdividesthe
insideandoutsideof theobjectsit describes(i.e., it staysclosed).Empirical resultsshow
significantincreasesin performancerelative to both the computation of full domainand
thenarrow-bandmethod,asproposedin theliterature.Empirical resultsalsoshow thatthe
sparse-fieldmethodis aboutasaccurateasboththefull, discretesolution, andthenarrow-
bandmethod. Finally, becausethe methodpositions level setsto sub-voxel accuracy it
avoidsaliasingproblemsandis moreaccuratethentheseothermethodswhenit comesto
fitting level-setmodelsto othersurfaces.Thissub-voxel accuracy is importantaspectof the
implementation,andwill significantlyimpactthequalityof theresultsfor theapplications
thatfollow.

7 Applications

Thissectiondescribesseveralexamplesof how level-setsurfacemodelscanbeusedto ad-
dressproblemsin graphics,visualization,andcomputervision. Theseexamplesareasmall
selectionof thoseavailablein theliterature.All of theseexampleswhereimplementedus-
ing the sparse-fieldalgorithmandthe VISPack library, which is describedin the section
thatfollows.

7.1 SurfaceMor phing

This sectionsummarizesthe work of [29], which describesthe useof level-setsurface
modelsto perform3D shapemetamorphosis. Themorphingof 3D surfacesis theprocess
of constructingaseriesof 3D modelsthatconstitute asmooth transition from oneshapeto
another(i.e.,ahomotopy). Suchacapabilityis interestingfor creatinganimationsandasa
tool for geometricmodeling. Thereis not yet a single,generalmethodfor generatingsuch
transitional shapes.However, thereareseveral desirableaspectsof morphing algorithms
thatallow usto comparetheadequacy of differentapproachesto surfacemorphing.Several
desirablepropertiesof 3D surfacemorphingare:

1. The transitionprocessshouldbegin with an initial surfaceandendwith a specified
targetsurface.



2. Themorphing algorithmshouldapplyto awide rangeof shapesandtopologies.

3. Intermediatesurfacesshouldundergo continuous3D transitions(ratherthanconti-
nuity only in theimagespace).

4. A 3D morphingalgorithmshouldincorporateuserinput easilybut shoulddegrade
gracefullywithout it.

5. Transitional shapesshoulddependonly on the surfacegeometryof the two input
shapesanduserinput.

Theserequirementsarenot exhaustive, but they capturemany of the practicalaspectsof
3D morphing.

In thissectionweshow how level-setmodelsprovideanalgorithmfor 3D morphingwhich
meetsmostof thesecriteriaandcomparefavorablywith existing algorithms. Furthermore,
this algorithmis a naturalextensionof themathematicalprinciplesdiscussedin previous
sections.Thestrategy is to allow a free-formdeformationof onesurface(calledthe initial
surface)usingthesigneddistancetransformof a secondsurface(the target surface).This
free-formdeformationis combinedwith anunderlyingcoordinatetransformationthatgives
eithera roughglobalalignmentof thetwo surfaces,or one-to-onerelationships betweena
finite setof landmarksonboththeinitial andtargetsurfaces.Thecoordinatetransformation
canbecomputedautomaticallyor usinguserinput (asin [30]).

Much of the previous 3D morphing work hasfocusedon morphingparametricmodels
[31, 32] andappliesto only very limited classesof shapesandtopologies.Severalauthors
havedescribedvolumetrictechniques.Hughes[33] demonstrateshow volumescanprovide
topological flexibili ty in surfacemorphing.Lerioset al. [30] followedup with a volume-
basedschemewhich incorporatesuserinput via underlyingcoordinatetransformations(a
known generalizationtheimagewarpingtechniquethatis oftenusedin imagemorphing).
Neitherof theseapproacheshave dealtwith the deeperissueof deformingthe level sets
of a volume, but ratherrely on the propertiesof the embedding. Payneand Toga [34]
aswell asCohen-Or et al. [35] fix the embeddingproblemby usinga signeddistance
transformto createvolumesfrom surfaces.However, interpolatingdistancetransformscan
introduceartifactsthatviolatethepreviously statedproperties,andbothof thesemethods
useadiscretedistancetransformwhich introducesvolumealiasing.



7.1.1 Free-Form Deformations

The distancetransformgives the nearestEuclideandistanceto a setof points, curve, or
surface.For closedsurfacesin 3D, thesigneddistancetransformgivesa positive distance
for points insideandnegative for pointsoutside (onecanalsochoosethe oppositesign
convention).

If two connectedshapesoverlapthenthe initial surfacecanexpandor contractusingthe
distancetransformof thetarget. Thesteadystateof sucha deformationprocessis a shape
consisting of thezerosetof thedistancetransformof thetarget. That is, the initial object
becomesthetarget.This is thebasisof theproposed3D morphingalgorithm.

Let 9 ! �$# bethesigneddistancetransformof thetargetsurface,Ã , andlet Ä betheinitial
surface.Theevolution processwhich takesamodel   from Ä to Ã is definedby� �� � �|� 9 ! �$# � (34)

where � ! � #.)|��� and ���)Å¸ê6�ÆÄ . The free-formdeformationscanbe combinedwith an
underlyingcoordinatetransformation.The strategy is to usea coordinatetransformation
(for instancea translationandrotation)to position thetwo surfacesneareachother. These
transformationscancapturegrosssimilarities in shapeaswell asuserinput. A coordinate
transformationis given by �ÈÇz� b ! � � / # � (35)

where k Ç / Ç 0 parameterizesa continuousfamily of thesetransformationsthatbegins
with identity, i.e. �I� b ! � � k{# . Theevolution equationfor aparametricsurfaceis� �� � �l� 9 ! b ! � � 02#w# � (36)

andthecorrespondinglevel-setequationis�ÊÉ ! � �w� #� � �á� ; É ! � �w� #2��9 ! b ! � � 07#w# ' (37)

This processproducesa seriesof transitionshapes(parameterizedby � ). The coordinate
transformationcanbe a global rotation,translation,or scaling,or it might be a warping
of theunderlying3D spaceaswasusedby [30]. Incorporatinguserinput is important for
any surfacemorphingtechnique,becausein many casesfinding the bestsetof transition
surfacesdependson context. Only userscanapply semanticconsiderations to the trans-
formationof oneobject to another. However, this underlyingcoordinatetransformation



Figure8: A 3D modelof a jet thatwasbuilt usingClockworks,aCSGmodelingsystem.

can,in general,achieveonly somefinite similarity betweenthe“warped”initial modeland
the target,andeventhis mayrequirea greatdealof userinput. In theevent thata useris
not ableor willin g to defineevery importantcorrespondencebetweentwo objects,some
othermethodmust“fill in” the gapsremainingbetweenthe initial andtarget surface. In
[30] they proposealphablendingto achieve that smoothtransition—really just a fading
from onesurfaceto the other. We areproposingthe useof the free-formdeformations,
implementedwith level-setmodels,to achieve a continuoustransitionbetweentheshapes
thatresultfrom theunderlyingcoordinatetransformation.Wehavealsoexperimentedwith
waysof automaticallyorientingandscalingobjects,using3D moments,in orderto achieve
asignificantcorrespondencebetweentwo objects.

Figure8 showsa3D modelof a jet thatwasbuilt usingClockworks[36], aCSGmodeling
system.Lerioset al. [30] demonstratethe transitionof a jet to a dart,which wasaccom-
plishedusing37user-definedcorrespondences,roughlyahundreduser-definedparameters.
Figure9 shows theuseof level-setmodelsto constructasetof transition surfacesbetween
ajet andadart.Thetrianglemeshis extractedfrom thevolumeusingthemethodof march-
ing cubes[5]. Theseresultsareobtainedwithout any userinput. Distancetransformson
the CSGmodelsarecomputednearthe level surfaceusingan analyticaldescriptionand
extendedinto thevolumeusinga level-setmethod[37].

Theapplicationin this sectionshows how level-setmodelsmoving accordingto thefirst-
ordertermgivenin expression2 in Table1 can“fit” otherobjectsby moving with a speed
thatdependson thesigneddistancetransformof the targetobject. Theapplicationin the
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Figure9: Thedeformationof thejet to a dartusinga level-setmodelmoving with a speed
definedby thesigneddistancetransformof thetargetobject.



next sectionrelieson expression5 of Table1, a second-orderflow that dependson the
principalcurvaturesof thesurfaceitself.

7.2 Filleting and Blending Solid Objects

The construction of blendingsurfacesis an important tool in solid modeling. Geometric
solidprimitivesandtheir intersectionsoftenproducesharpcornersor creasesthatareoften
not consistentwith thereal-world objectsthatthey areintendedto represent.This section
showshow blendingcanbedescribedasadeformationprocess,wheresurfacesmoveunder
ageometricflow thatcanaddor removematerialbasedonlocalcurvatureinformation.The
resultis a methodfor solid objectblendingthatdoesnot dependon any particularmodel
representation.Thusthismethodis notrestrictedto aspecificclassof shapesor topologies.
Additionally, theresultsareinvariant; they donotdependonarbitrarychoicesof coordinate
systemsor bases.Theonly requirementis thattheblendedobjectsmustbeclosedsurfaces
with someknown inside-outsidefunction.

Surfaceblendingtechniquesaretypically tiedverycloselyto thechoiceof geometricprimi-
tives. For instance,MiddleditchandSears[38] proposeaset-theoreticmethodfor blending
solidswhich relieson low-orderalgebraicprimitives. A fillet at the joint of two tori re-
quiresthe solution of a degree32 polynomial. BloomenthalandShoemake [39] propose
a modelingsystembasedon convolutions, which relieson a skeletonizedrepresentation
of objects. In generalthe useof convolution to achieve deformationson implicit shapes
resultsin shapesthatreflect boththeshapeof themodelandtheembedding,

É
.

Theblendingmethodproposedin this sectionimplements aninterativesmoothingscheme
that smoothsonly along the level set; the final result is independentof the embedding.
Considerthecaseof fillets. We proposethata fillet canbeconstructedfrom a processof
“filling in” materialin placesof high curvature.Thecurvatureof a level-setmodelcanbe
calculatedfrom theembedding, andthedeformationof thelevel setis well definedby the
curvaturetermsin Table1.

Thestrategy is to constructa curvatureterm, �ÌË , thatconsists of only positive curvatures.
1 Theprincipalcurvaturesof thelevel setsof

É
arefunctionsof

É
andits derivatives.For

a specific
É

theprincipalcurvaturesarefunctionsof 3-space�z> ! �(# and �CB ! �=# . For adding
materialthejoint betweentwoobjects,weconsideronly thepositivecurvaturecomponents,

1The sign of curvatureis definedby the direction of the normals— in this work normals point into the
volumeenclosedby theobject.



(a) (b)

(c) (d)

Figure10: Two rectangularsolid modelsare joined by a volumetricfillet that is created
from apositivecurvatureflow.



i.e., �ÊÉ� � �á� ; É � �ÍË �£� ; É � � �> m � ; É � � �B � (38)

where � � consistsof only thepositivepartsof � andis definedaszeroelsewhere.Because
theuseof separatecurvaturetermscancauseover-shooting, theup-windscheme(treating�ÎË asaspace-varyingvelocity in thenormaldirection)is usedfor thisevolution.

Figure10showshow thepositive-curvatureflow canbeusedto constructfillets. No knowl-
edgeof the underlyingmodelsis necessary. The fillets grow larger asmoretime passes.
Thephysical extentor positionof thefillet canbecontrolledby eitherspecifyinga region
of actionor by placingasmallblobof deformablematerialin thejoint thatrequiresafillet.
Figure11 shows how sucha blendingcapabilitycanbeusefulin animation. In this casea
pair of superquadricsundergo a rigid transformation thatcontrolstheir relative positions.
Level-setmodelswith a positive-curvatureflow areusedto createa smooth joint between
thesetwo primitives. Notice that the positive curvaturemethoddoesnot suffer from the
growth or expansion artifactsthatareoftenassociatedwith distance-basedblendingmeth-
ods[40].

Thus,a second-orderflow cancreatesmooth blendsbetweenobjectsin a way that does
not requirespecificknowledgeof the shapesor topologies of the object involved. The
applicationin thenext section,3D scenereconstruction,showshow acombinationof first-
orderandsecond-ordertermsfromTable1arecombinedtocreatetechniquethatfitsmodels
to datawhile maintainingcertainsmoothnessconstraintsandtherebyoffsettingtheeffects
of noise.

7.3 3D Reconstructionfr om Multiple RangeMaps

Level-setmodelsareusefulfor problemsrelatedto 3D reconstruction.Previouswork has
presentedlevel-setresultsderived from noisy 3D datasuchasMRI [19] andultrasound
[41]. In [42] we have shown how thereconstructionof objectsfrom multiple rangemaps
canbeformulatedasaproblemof findingthesurfacethatoptimizestheposteriorprobabil-
ity given asetof measurements(noisyrangemaps)andsomeinformation aboutthea-priori
probability of differentkindsof surfaces.Thatoptimizationproblemcanbeexpressedasa
volumeintegral whichcanbesolvedwith level-setmodels.Thissectionpresentsthemath-
ematicalexpressionsthat result from thoseformulationsandpresentssomenew results:
the reconstructionof entirescenesby fitting level-setmodelsto thedatafrom a scanning
LADAR (laserranginganddetection)system.

A range mapis a collectionof rangemeasurementstakenalongdifferentdirections(lines



(a) (b)

(c) (d)

(e) (f)

Figure 11: A short animationis createdby specifyingthe relative motion betweentwo
superquadriccomponentsof anobject.A positive-curvatureflow (appliedframeby frame
to thejoint betweenthetwo 3D models)createsasmooth, flexible object.



of sight)but from asinglepointof view. Rangemapscouldcomefrom any numberof dif-
ferentsourcesincludinglaserscanners,structuredlight depthsystems,shapefrom stereo,
or shapefrom motion.We assumethatsuchrangemapsarenoisyanduncertain.Thegoal
is to combineanumberof rangemapsfrom differentpointsof view to createa3D structure
thatreflects thecollectiveconfidenceanddepthmeasures.

Several examplesin the literaturehave appliedparametricmodelsto this task. Turk and
Levoy [43], for instance,“zip” togethertrianglemeshesin orderto construct3D objects
from sequencesof rangemapsfrom a laserrangefinder. They performminor adjustments
to thesurfacepositionin orderaccountfor ambiguity in the rangemaps.Their approach
assumesvery littl e noisein the input, which is reasonablegiven the high quality of their
rangemaps.ChenandMedioni[44] useaparametric(trianglemesh)modelwhichexpands
insidea sequenceof rangemaps.CurlessandLevoy [45] describea volume-basedtech-
niquefor combiningrangedata.They usethesigneddistancetransformto encodevolume
elementswith datathat representtheaverages(with someallowancefor outliers)of mul-
tiple measurements.Surfacesof objectsarethelevel setsof volumes.Relatedapproaches
aregiven in [46, 47]. Bajaj et. al. [48] usea Delaunaytriangulationto imposea topol-
ogy on a setof unordered3D points andthenfit trivariateBernstein-Bezierpatches—i.e.
a higher-orderimplicit model—to thedata.Muraki [2] usesimplicit or blobbymodelsto
reconstructobjectsfrom rangedata. The individual blobsaresphericallysymmetric 3D
potentialsthat arecombinedlinearly so that they blendtogether. The resultingmodels,
with approximately400primitivesarequitecoarse.

This work differsfrom previouswork in two ways.First, ratherthanheuristics,our recon-
structionstrategy is basedon a strategy thatsolvesfor theoptimal surfaceestimate. This
optimalestimateincludesinformationaboutone’s expectationsof thelikelihood of differ-
entsurfaces.Theresultis nota closed-formsolution,but aniterativeprocessthatseeksto
fit a level-setmodelto thedatawhile enforcinga kind of smoothnesson thedata.

7.3.1 Objective function for multiple range maps

Theevolution equationfor theestimation of optimal surfacesis shown in [42] to consistof
two parts: � �� � ��G8� ! �(#u� mÐÏ ! �Ä# ' (39)

This first part, G8� ! �(#u� , is the dataterm, which is a movementwith variablespeed(as
in expression2 from Table1) that is thecumulative effect from all of theindividualrange
maps.Thesecondpart is theprior, which describesthelikelihood of thesurfaceindepen-



dentof thedata.Thedatatermis� ! �=#à�|½ © Ñ ± © ² ! �$#$9 ± © ² ! �=#ÓÒ ¡ 9 ± - ² ! �(# ¦ÕÔ ± © ² ! �=# � (40)

where 9 © is thesigneddistancealongtheline of sightfrom a rangemeasurementin range
map ¬ associatedpassingthrough � . The function Ò ��� 	á�� � 	

is a windowing function
that limits the penaltyof any onerangemeasurement,and Ñ ! �ñ# is a confidencefunction,
which is inverselyproportional to the level of noisein the rangemeasurementassociated
with thesameline of sight.Theterm

Ô"! �ç# is anintegrationconstantthattakesinto account
thecurvilinearcoordinatesystemof therangescanner.

Thus,asetof rangemapscreatesascalarfunctionof 3D,whichdescribesthemovementof
asurfacemodelasit seekstheoptimalsurfaceposition. In theabsenceof aprior, Ï �lk , the
zerosetof this functionis thefinal position(steadystate)of thatevolving surface.Thus,in
theabsenceof a prior, onecouldsample

Á»! �$# andobtainanapproximationto theoptimal
surfaceestimate.Thisstrategy resultsin analgorithmthatis verymuchlike thatof [45].

Thereareseveral reasonsfor going to an iterative schemefor finding optimal solutions.
First is the useof a prior. In surfacereconstruction,even a very low level of noisecan
degradethe quality of the renderedsurfacesin the final result, and in suchcasesbetter
reconstructionscanbe obtainedby introducinga prior. Secondis aliasing. DiscretizingÁ»! �$# andfinding thezerocrossingswill causealiasingin thoseplaceswherethetransition
from positive to negative is particularlysteep.A deformablemodelcanplacethesurface
muchmoreprecisely. Thethird reasonfor goingto aniterative schemeis thatdespitethe
windowing function Ò ! �$# thereis interferencebetweendifferentrangemapsat placesof
highcurvature.Thisproblemis addressedby introducinganonlinearitywhich is solvedin
aniterativeschemegiven by equation39. In thework describedin [21], thesolutionof the
linearproblem,thezerosetof

Á»! �$# , servesastheinitial estimatefor thenonlinear, iterative
optimizationstrategy that resultsfrom the inclusionof a prior anda nonlinear term that
compensatesfor lackof any explicit modelof self occlusions.

Equation39includesaprior, whichis a likelihoodfunctiononsurfaceshape.A reasonable
choiceof prior is onethatmodelsobjectswith lesssurfaceareaasmorelikely thanobjects
with moresurfacearea. Alternatively, onecould saythat given a setof surfacesthat are
nearthe data, the algorithmshouldchoosea surfacethat haslessarea. Often, but not
always,thiswill bethesmoothersurface.The Ï ! �Ä# thatresultsfrom thisprior is themean
curvature.Thereforetheevolution of thesurface,usingthelevel-set formulation, thatseeks
to maximizetheposteriorprobability (givena setof rangemapsanda prior thatpenalizes



(a) (b)

Figure12: Rangemaps:Syntheticrangedata2005 200 pixelswith 20%Gaussianwhite
noiseof a torusend(a) andside(b).

surfacearea)is�ÊÉ ! � �w� #� � �£� ; É ! �=#2� ½ ©
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(41)
where: ± © ² ! �$# is theline of sightfrom arangefinderto a3D point, � , R is a freeparameter
that controlsthe level of smoothing in the model,and

d
is the expressionfor the mean

curvaturegivenin equation8.

Figure12showsapairof simulatedrangemapsconstructedfrom ananalyticaldescription
of atorus.These2005 200pixel rangemapsarecorruptedwith additiveGaussiannoisethat
hasastandarddeviationof 20%(asafunctionof thesmallerof thetwo radii). Six synthetic
noise-corruptedviewpoints of a torusarecombined to createa level-setreconstructionof
a torus. Figure13(a)shows the initial model(80 5 80 5 40 voxels)usedfor fitting a level-
setmodelsto the rangedata. Figure13(b) shows the resultof the level-setmodelsthat
uses13(a)asan initial stateandhasa valueof R equalto k '×Ö . The resultis a reasonable
reconstructionof thenoiselessmodel(Figure13(c))whichcombinesthesix pointsof view
andthesmoothing function.

Figure14(a)showsarangemaptakenwith thePerceptronmodelP5000,aninfra-red,time-
of-flight laserrangefinderwith a pan-tilt mechanism. Figure14(b)shows theamplitudes
associatedwith thereturnsignal(an intensity), and14(c)showsa surfaceplot of therange



(a) (b) (c)

Figure13: (a) An analytically-definedmodelof a torus. (b) An initial model(80 5 80 5 40
voxels)is constructedby combining six pointsof view of a torusandsolvingfor

Á»! �$#$��k .
(c) The model,which is attractedto the rangedatabut subjectto internalforces,evolves
andsettlesinto asmoothersteadystate.

map to demonstratethe degreeof noise(additive andoutliers). Figure14(d) shows the
confidencevaluesassociatedwith thoserangemeasurements.Theseconfidencevaluesare
derived from empiricaldataaboutthe level of noisein the rangefinder (which depends
on the return amplitude), and someanalysis,from first principles,about the effects of
uncertaintyin the 3D positionsof the scansandthe model— which resultsin the lower
confidenceat edgesasdescribedin [42]. We combinedtwelve suchviews from different
locationsin theroomto generatetheresultsthatfollow.

Figure15(a)showstheinitial estimatebasedonthezerocrossingsof
Á�! �$# , and15(b)shows

theresultof 32iterationswith theprior termandthecorrectionfor thesurfacenormaldirec-
tion. Thesizeof thevolumeis DCk4ka5�0 Ö k�5 023Ck voxels, andtheresolutionis 1.8cm/voxel.
Theseresultsshow theability of thestatistically-basedapproachto overcomethenoisein
thescanner, andthey show thattheinclusion of iterative, model-fittingschemehelpscreate
moreaccuratereconstructions.The resolutionof the modelfalls below thatof thescans,
becauseit waslimited by therandom-access-memoryavailableon our workstation. Some
small features,suchasthe arm restsof the chairs,arelost becauseof the inaccuraciesin
theregistrationof theindividualrangemaps.



(a) (b)

(c) (d)

Figure14: (a) Oneof twelve rangemaps(b) Theassociatedamplitudemap(c) A surface
plot of therangedatato show the level of noise. (d) Theconfidencemeasuresassociated
with thoserangevalues.



Figure15: (top) The 3D reconstructionresultingfrom the zerocrossingsof
Á�! �$# gives

someaveraging,but includesnoprior. (bottom) Theresultof 32iterationswith theiterative
schemeincludestheprior andexcludesinfluencesof dataon surfacesthatfaceaway from
thescanner.



8 VISPACK

8.1 Intr oduction

VISPACK is a setof C++, object-orientedlibrariesfor imageprocessing,volumeprocess-
ing, andlevel-setsurfacemodeling. It consistsof five libraries: Matrix, Image,Volume,
Util, andVoxmodel(level-setmodeling). Theselibrariescanbeusedseparatelyor together
whencreatingapplications.

VISPACK incorporateseightbasicdesignattributes.Theseare

Data Handles/Copyon Write: VISPack is an object-orientedlibrary, andassuchwe
allow the objectsto handlememorymanagement,andrelieve the programmer(in
mostcases)from having to worry pointersand the correspondingmemoryalloca-
tion/deallocationproblems.For this we usethe datahandleswith a copyon write
protocol. Copy constructorsperforma shallow copy with referencecountinguntil a
nonconstoperationon theunderlyingbuffersforcesa deepcopy. Thusdeepcopies
areperformedonly whennecessary, but all memoryis maintainedby theobjectsand
objectsbehaveas“variables”ratherthanpointers.

Modified Data Hiding: Accessto datain objectsis generallythroughaccessmethods,
however, pointersto buffersfor fastimplementationsareavailable.

Templates: VISPackutilizesthetemplatingconstructof C++virtually throughout. Many
of theobjects,including images,volumes,lists, andarrays,areintendedto support
a wide rangeof datatypes.Thus,via templating programmerscandefinethepixels
of differentimagesof differenttypes,suchasfloatingpoint,24-bit color, and16-bit
greyscale.

Useof Standard File Formats: WhenappropriateVISPackusesstandardfile formats.
Wechooseformatsthatarewell known andhavepublicly availablelibrariesthatcan
bedistributedwith our libraries. Thematrix library usesa simpletext format. The
imagelibrary usesTIFF andFITS file formats. Becauseno standardformat exists
for saving volumesof datawedousea rawfile format.

Operator Overloading: Properuseof operatoroverloadinggivesusersa convenient
way to executeoperationson an object. When compinedwith the copy-on-write
convention, operatoroverloading allows programmersto treatmany heavy-weight
objects(e.g. imagesandvolumes)asvariables. For instance,the following code
computesnon-maximal edgesin aonafilteredvolume.



Volume<float> dx, dy, dz;
Volume<float> vol gauss = vol.gauss(0.5);
Volume<float> vol out = (((dx = vol gauss.dx()).power(2)

*vol gauss.dx(2)
+ ((dy = vol gauss.dy()).power(2)*vol gauss.dy(2)
+ ((dz = vol gauss.dz()).power(2)*vol gauss.dz(2)
+ dx*dy*(dx).dy() + dx*dz*(dx).dz())
+ dy*dz*(dy).dz()) )).zeroCrossings()

&& ((dx.power(2) + dy.power(2)) > T*T));

8.2 Level-SetSurface-Modeling Library

The Level-SetSurface-Modeling(LSSM) Library is an implementationof the level-set
technique[10, 13] specificallyfor deformingsurfacemodelsembeddedin volumes.The
implementationusesthesparse-fieldmethoddescribedin [20]. Thelibrary implementsall
of thebasicnumericalalgorithmsandhandlesall of thedatastructuresrequiredto perform
LSSM. The strategy for usingthis library is to subclassthe objectVoxModel, setsome
parameters,definea setof simplevirtual functionsthat control the deformationprocess,
initialize the model, and then direct the model to iteratively deform accordingto those
equations.This sectiondescribesthe relationship betweenthe mathematicsof previous
sectionsandtheVISPack library. Its alsopresentsanexample of usingVISPack libarary
to do3D shapemetamorphosis asdescribedin Section7.1.

8.2.1 SurfaceDeformation

TheLSSM library allows oneto solve for surfacedeformations,asa functionof time, for
generallevel-setsurfacemovementsof theform:� �� � ��/ � ! � � � ! �=#w# m R � ! � � � ! �=#w#w� ! �(# m Ô � ! �$# mÙØÛÚ ! �i> ! �$# �A�CB ! �(#u#w# � (42)

where� is apointonthesurface.Thisequationis solvedby representingthesurfaceasthe� th level setof animplicit function
�"! � �u� # �{� 	 � 5 � 	 � �� � 	

. Thisgives� �� � ��/ � ! � � ; � #w#<� ; � m R � ! � � ; � #7� ; � � m Ô � ; � � mÐØÜÚ ! 9 � ��� B � # � (43)



where � � and � B � are collectionsfirst and secondderivatives of
�
, respectively. This

equationis solvedonadiscretegrid usinganup-windschemegradientcalculations,central
differencesfor thecurvature,andforwardfinite differencesin time. TheLSSMlibrary uses
thesparse-fieldmethoddescribedin Section6.3andin [21].

Thus,theLSSM library offersthefollowing capabilities:

1. Createsaninitial model(with associatedactiveset)from avolume.

2. Calculates® §&�-W¨ ©^¨ ª and ®¯� using virtual functions(definedby subclasses)that de-
scribe � and � , andparameters(valuessetby thesubclass)/ , R ,

Ô
, and Ø .

3. Performsanupdateon thevaluesof §��-X¨ ©^¨ ª .
4. Maintainsthelist of active grid pointsandupdatesthe layers aroundthosepointsin

orderto maintainaneighborhoodfrom which to calculatesubsequentupdates.

5. Providesaccessto the volume that defines §o�-X¨ ©^¨ ª and the linked list of active grid
points.

Giventhevolumedefining§o�-X¨ ©t¨ ª , onecanthenrelyonthefunctionalityof thevolumelibrary
for subsequentprocessing,file I/O, or surfaceextraction.

8.2.2 Structureand Philosophy of the LSSM Library

Thelibrary is organized(mostly for easeof development) into a baseclass,LevelSet-
Model, anda derived class,VoxModel. The baseclassdoesall of the book keeping
associatedwith the active setandsurroundinglayers, the link lists associatedwith those
sets,andinitializing themodel. Thusit addsandremoves voxelsfrom theactive set(and
surroundinglayers)in responseto an updateoperation.The baseclassassumesthat the
subclassesknow how to updateindividual voxels. Applications arebuilt by subclassing
VoxModel andredefiningasmallsetof virtual functionsthatcontrolthemovementof the
model.

Thesubclass,VoxModel, performsupdateon thegrid pointsin theactivesetof theform
givenin Equation18,usingfunctions� and � andparameters/ , R ,

Ô
, and Ø . It alsocalcu-

latesthemaximum ®¯� thatensuresstability. Thusa userwho wishesto performa surface
deformationusingtheLSSM library, would createsubclassof VoxModel anddefinethe
appropriatevirtual functionsandsettheparametersto achieve thedesiredbehavior.



8.2.3 The LevelSetModel Object

The LevelSetModel containsa volume of values,a volume of statusflags,five lists
(oneactive list, two insidelists, andtwo outsidelists), andthreeparametersthatdetermine
theorigin of thecoordinatesystemform which themodelperformsits calculations.

There are two constructors,LevelSetModel() and LevelSetModel( const
VISVolume<float> &). Thefirst simply initializesthedatastructure,andthesecond
alsosetthevaluesof themodelvolume( values) to theinput. Oncethevalueshavebeen
set,onecancreateaninitial volume from thosevaluesby callingconstructLists(),
whichcanalsotakeafloating-pointargumentthatcontrolsthescalingof theinput relative
to a localdistancetransformnearthezeroset.

Thelist thatkeepstrackof theactiveset,called active list, keepstrackof thelocation
of thosegridpointsandasinglefloating-pointvalue,whichstoresthechangein theirvalues
from oneiterationto thenext.

Anotherimportantmethodsfor usersof this objectis update(float), which changes
the grey-scalevaluesof the grid for the active set accordingto the valuesstored in
active list, andupdatesthe statusof elementson the active list aswell asthe val-

uesandstatusof nearbylayers(2 insideand2 outside). The floating point argumentis
the valueof ®f� from Equation18, andthe returnvalueis the maximumchangethat oc-
curredon theactive set. Finally, themethoditerate() calls thevirtual methodcal-
culate change, avirtual functionwhichsetsthevaluesof ® §��-X¨ ©^¨ ª andreturnsthemax-
imum valueof ®f� for stability, andthencallsupdate. For this objectthefunctioncal-
culate change performssometrivial (i.e.,useless)operation.

8.2.4 The VoxModel Object

TheVoxModel objectis a subclassof LevelSetModel, andit addthreethings to the
baseclass.

1. calculate change() is redefinedto implement the surface deformationde-
scribedin Equation43.

2. Thevirtual functionsaredeclaredfor
¹

(calledforce) and � (calledgrow). These
functionsaredefinedto returnzerofor thisobject.



3. Theparametersthatcontroltherelative influenceof thevarioustermsarereadfrom
file by a routineload params.

4. A methodrescale(float) is defined,whichresamplesthevolumeof grid-point
valuesinto anew volumewith differentresolution andredefinesthelists(andthereby
themodel)in this new volume. This methodis for performingcoarse-to-finedefor-
mationprocedures.

8.3 Example: 3D ShapeMetamorphasis

TheMorph objectallowsoneto constructa sequenceof volumesor surfacemeshesusing
the3D shapemetamorphasis techniquedescribedin Section7.1,which wasfirst proposed
by Whitaker andBreen[20]. This techniquereliesdistancetransformsfor boththesource
andtargetobjectsandusesa LSSMsto manipulatetheshapeof thesourcesothat it coin-
cideswith thetarget.Thesurfacedeformationthatdescribesthisbehavior is� �� � ��R � ! b ! �$#w#�� ! �=# � (44)

where � ! �=# is simply thedistancetransform(or somemonotonic functionthereof)of the
target,and

b
is a coordinatetransformationthatalignsthesourceandtargetobjects.The

level-setformulationof this is � �"! � �w� #� � �¥R<� ! b ! �$#u#<� ; � � ' (45)

Themorphing processconsistsof severalsteps:

1. Readin distancetransforms(in theform of volumes)for bothsourceandtarget.

2. Initialize theLSSM by fitting it to thezerosetof thesourcedistancetransform.

3. UpdatetheLSSM accordingto Equation45.

4. Save intermediatevolumes/surfacesat regularintervals.

Theremainderof this sectionlists thecodeandcommentsfor threefiles, morph.h(which
declaresthe Morph object), morph.C(which definesthe methods) and main.C (which
performsall of theI/O andusestheMorph objectto constructasequenceof shapes.



8.4 Mor ph.h

//
// morph.h
//
//

#ifndef iris_morph_h
#define iris_morph_h

#include "voxmodel/voxmodel.h"
#include "matrix/matrix.h"

#define INIT_STATE 0
#define MORPH_STATE 1
//
// This is the morph object. It uses all of the machinery of the base
// class to manipulate level sets. It needs to have an initial volume
// and a final volume (which would typically be the distance transform,
// it might need a 3D transformation, and it needs to redefine the
// virtual function "grow", which takes 6 floats as input, the position
// followed by the normal vectors (all will calculated and passed into
// this method by the base class). It might also have a state, that
// indicates whether or not it’s been initialized.
//
// Functions not defined here should be defined in "morph.C"
//
class Morph: public VoxModel
{

protected:
VISVolume<float> _dist_source;
VISVolume<float> _dist_target;
VISMatrix _transform;

//
// This is the function that is used by the base class to manipulate the
level
// set. You can define it to by anything you want. For this object, it
will
// return a value from the distance transform of the target.
//



virtual float grow(float x, float y, float z,
float nx, float ny, float nz);

// There are two states. In the first state, the model is trying to fit
// to the input data. In this way the models starts by looking just like

// the input data
int _state;

public:

Morph(const Morph& other)
{

_dist_target = other._dist_target;
_initial = other._initial;
_state = MORPH_STATE;
_transform = VISVISMatrix(3, 3);
_transform.identity();

// initialize();
}

Morph(VISVolume<float> init, VISVolume<float> d)
:VoxModel()

{
_dist_target = d;
_initial = init;
_state = MORPH_STATE;
_transform = VISVISMatrix(3, 3);
_transform.identity();

// initialize();
}

void initialize();

// for this object I assume that the transform is just a matrix.
// but it could be anything

void transform(const VISVISMatrix& t)
{ _transform = t;}

const VISVISMatrix& transform()
{ return(_transform);}



void distance(const VISVolume<float> d)
{ _dist_target = d;}
VISVolume<float> distance()
{ return(_dist_target);}

};
#endif

8.5 Mor ph.C

#include "morph.h"
#include "util/geometry.h"
#include "util/mathutil.h"

//
// this is the virtual function, that is the guts of it all.
//

float Morph::grow(float x, float y, float z,
float nx, float ny, float nz)

{

// this says you are in the morph state (things have been initialized)
if (_state == MORPH_STATE)

{
float xx, yy, zz;
VISPoint p(4u);
p.at(0) = x;
p.at(1) = y;
p.at(2) = z;
p.at(3) = 1;
VISPoint p_tmp;

// this is where you could put some other transform.
p_tmp = _transform*p;

xx = p_tmp.x();
yy = p_tmp.y();



zz = p_tmp.z();

// make sure you are not out of the bounds
// of your distance volume.
if (_dist_target.checkBounds(xx, yy, zz))

// if not, get the distance (use trilinear interpolation).
return(_dist_target.interp(xx, yy, zz));

else
return(0.0f);

}
else

{
// if you are still initializing, then move toward the zero set of
// your initial case
if (_initial.checkBounds(x, y, z))

return(_initial.interp(x, y, z));
else

return(0.0f);
}

}

// this makes the model look like the input.
#define INIT_ITERATIONS 5
void Morph::initialize()
{

_values = _initial;
int state_tmp = _state;
_state = INIT_STATE;
construct_lists(DIFFERENCE_FACTOR);

// these couple of iterations are required to make sure that the zero
// sets of the model match the zero sets of the
//

for (int i = 0; i < INIT_ITERATIONS; i++)
{

// limit the dt to 1.0 so that the model settles in to a solution
update(::min(calculate_change(), 1.0f));

}
_state = state_tmp;

}



8.6 Main.C

#include "vol/volume.h"
#include "vol/volumefile.h"
#include "image/imagefile.h"
#include "morph.h"
#include <string.h>

const int V_HEIGHT = (40);
const int V_WIDTH = (40);
const int V_DEPTH = (40);

#define XY_RADIUS (12) // this matches the 2.5D data generated in
torus.C
#define T_RADIUS (4) // this matches the 2.5D data generated in torus.C
#define S_RADIUS (12) // radius of a sphere

#define B_WIDTH (20.0f)
#define B_HEIGHT (60.0f)
#define B_DEPTH (20.0f)

#define B_CENTER_X (12.0f)
#define B_CENTER_Y (32.0f)
#define B_CENTER_Z (12.0f)

float sphere(unsigned x, unsigned y, unsigned z);
float torus(unsigned x, unsigned y, unsigned z);
float cube(unsigned x, unsigned y, unsigned z);

// This is a program that does the morph. If you give it two
// arguments, it reads the initial model and the dist trans for the
// final model from the two file names given, otherwise, it makes a
sphere
// and deforms it into a torus

main(int argc, char** argv)
{



VISVolume<float> vol_source, vol_target;
VISVolumeFile vol_file;
int i;
char fname[80];

vol_source = VISVolume<float>(25,65,25);
vol_source.evaluate(cube);

if (argc > 2)
{

// read in the sourceing model
vol_source = VISVolume<float>(vol_file.read_float(argv[1]));

// read in the dist trans of the final model
vol_target = VISVolume<float>(vol_file.read_float(argv[2]));

}
else
// make up some volumes

{
vol_source = VISVolume<float>(V_WIDTH, V_HEIGHT, V_DEPTH);
vol_source.evaluate(sphere);
vol_target = VISVolume<float>(V_WIDTH, V_HEIGHT, V_DEPTH);
vol_target.evaluate(torus);

}

// create morph object
Morph morph(vol_source, vol_target);
// loads in some parameters (for morphing these are all zero but one)
// i.e.
//
//
//
//
morph.load_parameters("morph_params");
morph.initialize();
vol_file.write_float(morph.values(), "morph0.flt");

float dt;

// do 150 iterations for your model to get from start to finish
// probably don’t need this many iterations



for (i = 0; i < 150; i++)
{

dt = morph.calculate_change();
// limit dt to 0.5 so that model never overshoots goal
dt = min(dt, 0.5f);
morph.update(dt);

printf("iteration %d dt %f\n", i, dt);

if (((i + 1)%10) == 0)
{

// save every tenth volume
sprintf(fname, "morph_out.%d.dat", i + 1);
vol_file.write_float(morph.values(), fname);

}
}

// save a surface model (i.e. marching cubes).
vol_file.march(0.0f, morph.values(), ‘‘morph_final.iv’’);

printf("done\n");

}



References

[1] J. Blinn, “A generalizationof algebraicsurfacedrawing,” ACM Trans.on Graphics,
vol. 1, pp.235–256,March1982.

[2] S. Muraki, “Volumetricshapedescriptionof rangedatausing“blobby model”,” in
SIGGRAPH’91 Proceedings(T. W. Sederberg, ed.),pp.227–235, July1991.

[3] G. Taubin, “An accuratealgorithm for rasterizingalgebraiccurves and surfaces,”
IEEEComputerGraphics & Applications, March1994.

[4] D. Breen,S. Mauch,andR. Whitaker, “3d scanconversionof csgmodelsinto dis-
tance,closest-pointandcolourvolumes,” in VolumeGraphics(M. Chen,A. Kaufman,
andR. Yagel,eds.),pp.135–158, London:Springer, 2000.

[5] W. LorensonandH. Cline, “Marchingcubes:A high resolution 3D surfaceconstruc-
tion algorithm,” ComputerGraphics, vol. 21,no.4, pp.163–169,1982.

[6] M. Levoy, “Display of surfacesfrom volumedata,” IEEE ComputerGraphicsand
Applications, vol. 9, no.3, pp.245–261, 1990.

[7] R. A. Drebin,L. Carpenter, andP. Hanrahan,“Volumerendering,” in SIGGRAPH’88
Proceedings, pp.65–74,August1988.

[8] M. Kass,A. Witkin, andD. Terzopoulos,“Snakes:Active contourmodels,” Interna-
tional Journalof ComputerVision, vol. 1, pp.321–323, 1987.

[9] D. TerzopoulosandK. Fleischer, “Deformablemodels,” TheVisual Computer, vol. 4,
pp.306–331,December1988.

[10] S.OsherandJ.Sethian,“Frontspropagatingwith curvature-dependentspeed:Algo-
rithmsbasedonHamilton-Jacobiformulations,” Jrnl. of Comp.Phys., vol. 79,pp.12–
49,1988.

[11] J. Sethian,Level SetMethodsandFastMarching Methods. Cambridge:Cambridge
University Press,seconded.,1999.

[12] J.A. Sethian,“A fastmarchinglevel setmethodfor monotonically advancingfronts,”
Proc.Nat.Acad.Sci., vol. 93,no.4, pp.1591–1595,1996.

[13] J.A. Sethian,LevelSetMethods:EvolvingInterfacesin Geometry, Fluid Mechanics,
ComputerVision, andMaterial Sciences. CambridgeUniversityPress,1996.

[14] S.OsherandR. Fedkiw, “Level setmethods:An overview andsomerecentresults,”
Tech.Rep.00-08,UCLA Centerfor AppliedMathematics,Departmentof Mathemat-
ics,University of California,LosAngeles,2000.



[15] L. AlvarezandJ.-M.Morel, “A morphological approachto multiscaleanalysis:From
principlesto equations,” in Geometry-DrivenDiffusion in ComputerVision (B. M. ter
HaarRomeny, ed.),pp.4–21,Kluwer AcademicPublishers,1994.

[16] V. Caselles,R. Kimmel, andG. Sapiro,“Geodesicactivecontours,” in Fifth Int. Conf.
onComp.Vision, pp.694–699, IEEE, IEEEComputerSocietyPress,1995.

[17] B. B. Kimia andS. W. Zucker, “Exploring theshapemanifold: therole of conserva-
tion laws.,” in Shapein Picture: the mathematical description of shapein greylevel
images(Y.-L. O, A. Toet, H. Heijmans, D. H. Foster, andP. Meer, eds.),Springer-
Verlag,1992.

[18] R.Malladi, J.A. Sethian,andB. C. Vemuri,“Shapemodelingwith front propagation:
A level setapproach,” IEEE Transactionson Pattern Analysisand Machine Intelli-
gence, vol. 17,no.2, pp.158–175,1995.

[19] R. T. WhitakerandD. T. Chen,“Embeddedactivesurfacesfor volumevisualization,”
in SPIEMedicalImaging1994, (NewportBeach, California),1994.

[20] R. Whitaker andD. Breen,“Level-setmodelsfor the deformationof solid objects,”
in TheThird International Workshopon Implicit Surfaces, pp. 19–35,Eurographics,
1998.

[21] R.T. Whitaker, “A level-setapproachto 3D reconstructionfrom rangedata,” Int. Jrnl.
of Comp.Vision, vol. October, no.3, pp.203–231,1998.

[22] R. T. Whitaker, “Algorithms for implicit deformablemodels,” in Fifth Intern. Conf.
onComp.Vision, IEEE, IEEEComputerSocietyPress,1995.

[23] S.Kichenassamy, A. Kumar, P. Olver, A. Tannenbaum,andA. Yezzi,“Gradientflows
andgeometricactive contourmodels,” in Fifth Int. Conf. on Comp.Vision, pp. 810–
815,IEEE, IEEEComputerSocietyPress,1995.

[24] A. Yezzi,S. Kichenassamy, A. Kumar, P. Olver, andA. Tannenbaum,“A geometric
snake modelfor segmentation of medicalimagery,” IEEE Transactionson Medical
Imaging, vol. 16,pp.199–209, April 1997.

[25] L. Lorigo, O. Faugeraus,W. Grimson, R. Keriven, andR. Kikinis, “Segmentationof
bonein clinical kneeMRI usingtexture-basedgeodesicactive contours,” in Medi-
cal Image ComputingandComputer-AssistedIntervention(MICCAI ’98) (W. Wells,
A. Colchester, andS.Delp,eds.),pp.1195–1204, October1998.

[26] S.OsherandJ.Sethian,“Frontspropagatingwith curvature-dependentspeed:Algo-
rithmsbasedonHamilton-Jacobiformulations,” Jrnl. of Comp.Phys., vol. 79,pp.12–
49,1988.



[27] X. XueandR.Whitaker, “Variable-conductance,level-setcurvaturefor imagedenois-
ing,” in IEEE InternationalConferenceon ImageProcessing, p. To Appear., October
2001.

[28] D. AdalsteinandJ. A. Sethian,“A fastlevel setmethodfor propagatinginterfaces,”
Jrnl. of Comp.Phys., pp.269–277,1995.

[29] D. BreenandR. Whitaker, “A level-setapproachto 3D shapemetamorphosis,” IEEE
TransactionsonVisualizationandComputerGraphics, p. To Appear., 2001.

[30] A. Lerios,C.D. Garfinkle,andM. Levoy, “Feature-Basedvolumemetamorphosis,” in
SIGGRAPH’95 ConferenceProceedings(R. Cook,ed.),AnnualConferenceSeries,
pp.449–456,AddisonWesley, Aug. 1995.

[31] J.Kent,W. Carlson,andR. Parent,“Shapetransformationfor polyhedralobjects,” in
SIGGRAPH’92 Proceedings, pp.47–54,July1992.

[32] J.RossignacandA. Kaul, “AGRELSandBIPs: Metamorphosis asa beziercurve in
thespaceof polyhedra,” ComputerGraphicsForum(Eurographics’94 Proceedings),
vol. 13,pp.C–179–C–184,September1994.

[33] J. F. Hughes,“ScheduledFouriervolume morphing,” in ComputerGraphics(SIG-
GRAPH’92 Proceedings) (E. Catmull,ed.),vol. 26,pp.43–46,July1992.

[34] B. PayneandA. Toga,“Distancefield manipulationof surfacemodels,” IEEE Com-
puterGraphicsandApplications, vol. 12,no.1, pp.65–71,1992.

[35] D. Cohen-Or, D. Levin, andA. Solomivici, “Three-dimensionaldistancefield meta-
morphosis,” ACM TransactionsonGraphics, vol. 17,no.2, pp.116–141,1998.

[36] P. Getto and D. Breen, “An object-orientedarchitecturefor a computeranimation
system,” TheVisualComputer, vol. 6, pp.79–92,March1990.

[37] D. Breen,S. Mauch, and R. Whitaker, “3D scanconversionof CSG modelsinto
distancevolumes,” in Proceedingsof the1998Symposiumon VolumeVisualization,
pp.7–14,ACM SIGGRAPH,October1998.

[38] A. MiddleditchandK. Sears,“Blend surfacesfor settheoreticvolume modeling sys-
tems,” in SIGGRAPH’85 Proceedings, pp.161–170,July1985.

[39] J. BloomenthalandK. Shoemake, “Convolution surfaces,” in SIGGRAPH’91 Pro-
ceedings(T. W. Sederberg, ed.),pp.251–257, July1991.

[40] M. DesbrunandM.-P. Gascuel,“Animatingsoft substanceswith implicit surfaces,”
in SIGGRAPH’95 Proceedings, pp.287–290,August1995.



[41] R. T. Whitaker, “Volumetricdeformablemodels:Active blobs,” in Visualization In
BiomedicalComputing1994(R.A. Robb,ed.),(MayoClinic, Rochester, Minnesota),
pp.122–134,SPIE,1994.

[42] R.T. Whitaker, “A level-setapproachto 3D reconstructionfrom rangedata,” Int. Jrnl.
of Comp.Vision, vol. October, no.3, pp.203–231,1998.

[43] G. Turk andM. Levoy, “Zipperedpolygonmeshesfrom rangeimages,” in Proc. of
SIGGRAPH’94, pp.311–318,ACM SIGGRAPH, August1994.

[44] Y. Chenand G. Médioni, “Fitting a surface to 3-D points using an inflating bal-
lon model,” in SecondCAD-BasedVision Workshop(A. Kak andK. Ikeuchi,eds.),
vol. 13,pp.266–273, IEEE,1994.

[45] B. CurlessandM. Levoy, “A volumetric methodfor building complex modelsfrom
rangeimages,” in Proc.of SIGGRAPH’96, pp.303–312,ACM SIGGRAPH,August
1996.

[46] H. Hoppe,T. DeRose,T. Duchamp,J. McDonald,andW. Stuetzle,“Surfacerecon-
structionfrom unorganizedpoints,” ComputerGraphics, vol. 26, no. 2, pp. 71–78,
1992.

[47] A. Hilton, A. J. Stoddart,J. Illingworth, andT. Windeatt,“Reliable surfacerecon-
structionfrom multiple rangeimages,” in Euro. Conf. on Comp.Vision, Springer-
Verlag,1996.

[48] C. Bajaj, F. Bernardini,andG. Xu, “Automaticreconstructionof surfacesandscalar
fieldsfrom 3D scans,” in SIGGRAPH’95 Proceedings, pp.109–118,August1995.


