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Abstract

This paperis a setof notesthat presentthe basicgeometryof isosufacesandthe basic
methoddor usinglevel setsto modeldeformablesurfaces.It beginswith a shortintroduc-
tion to isosufacegeometryincluding curvature. It continueswith a shortexplanationof

the level-setpartial differentialequations.It alsopresentsomepracticaldetailsfor how

to solve theseequationsisingup-windschemendsparsecalculationmethods.This paper
presentsa seriesof examplesof how level-setsurlacemodelsare usedto solve problems
in graphicsandvision. Finally, it presentsomeexampksof implementabnsusing VIS-

Pack an objectoriented,C++ library for doing volume processingand level-setsurface
modeling



1 Intr oduction

1.1 Motivation

Thesenotesaddressnechanismafor analyzingandprocessingolumesin away thatdeals
specificallywith isosufaces The underlyingphilosoply is to useisosuraicesasa mod-
eling technologythat cansene asan alternatve to parameterizednodelsfor a variety of
importantapplicatiors in visualizationand computergraphics. This paperpresentghe
mathematicandnumericaltechniquegor describingthe geometryof isosufacesandma-
nipulating their shapesn prescribedways. We startwith a basicintroducton into the
notationandfundamentatonceptsandthenpresentshe geometryof isosurbices.We de-
scribethe methodof level sets,i.e., moving isosurfices andpresenthe mathematicahnd
numericalmethodghey entail. This paperconcludeswith someapplicationexamplesand
describesVISFACK, a C++ object-orientedibrary the performsvolume processingand
level-setmodeling.

1.2 Isowurfaces
1.2.1 Modeling SurfacesWith Volumes

Whenconsideringsurfacemodelsfor graphicsandvisualization,oneis facedwith a stag-
gering variety of optionsincluding meshesspline-basegatchesconstructve solid ge-
ometry implicit blobs,and particlesystens. Theseoptionscanbe dividedinto two basic
classes— explicit (parameterizedinodelsandimplicit models. With animplicit model,
onespecifieshemodelasa level setof a scalarfunction,
¢-x,g,z}_)ﬂk{’ (1)

whereU c IR? is the domainof the volume (andthe range of the surfacemodel). Thus,a
surfaceS is

S = {z|p(x) = k}. )
Thechoiceof £ is arbitrary and¢ is sometinescalledtheembeddingNoticethatsurfaces
definedin this way divide U into a clear inside and outsde—suchsurfacesare always
closedwherererthey do notintersecthe boundaryof thedomain

Choosingthis implicit stratey begsthe questionof how to represents. Historically, im-
plicit modelsarerepresentedsinglinearcombinatiams of basisfunctions. Thesebasisor



potentialfunctionsusually have several degreesof freedomincluding 3D position, size,
andorientation By combinirg thesefunctions one cancreatecomplex objects. Typical
modelsmight containseveralhundredto severalthousand®f suchprimitives. Thisis the
stratgy behindthe“blobby” modelsproposeddy Blinn [1].

While suchan implicit modelng stratey offers a variety of new modelingtools, it has
somelimitations.In particular the globalnatureof the potentialfunctionslimits onesabil-

ity to modellocal surfacedeformations. Considera pointxz € S whereS is the level
surfaceassociateavith amodel¢ = Y, o;, ande; is oneof theindividual potentialfunc-
tionsthatcomprisethat model. Supposenewishesto move the surfaceat the point z in

away thatmaintans continuty with the surroundng neighborhod. With multiple, global
basisfunctionsonemustdecidewhich basisfunctionor combinaton of basisfunctionsto

alterandat the sametime controlthe effectson otherpartsof the surface. The problemis
generallyill posed— therearemary waysto adjustthe basisfunctionssothatz will move
in thedesireddirectionandyetit maybeimpossibleto eliminatethe effectsof thosemove-
mentson otherdisjoint partsof the surface. Theseproblemscan be overcome however
they usuallyentail heuristcsthattie the behaior of the surfacedeformationto the choice
of representatiof?].

An alternatve to usinga smallnumberof global basisfunctionsis to usearelatively large
numberof local basisfunctions.Thisis the principle behindusinga volume asanimplicit
model. A volume is a discretesamplng of the embeddingp. It is alsoanimplicit model
with averylargenumberof basisfunctions asshavnin Figurel. Thetotalnumberof basis
functionsis fixed,asaretheir posiions (grid points)andextent. Onecanchangeonly the
magnitue of eachbasisfunction,i.e., eachbasisfunctionhasonly onedegreeof freedom.
A typicalvolumeof size128 x 128 x 128 containsoveramillion suchbasisfunctions.The
shapeof eachbasisfunctionis opento interpretation— it depend®nhow oneinterpolates
the valuesbetweenthe grid points A trilinear interpolaton, for instancejmpliesa basis
functionthatis a piece-wisecubic polynomal with a value of oneat the grid point and
zeroat neighborimg grid points Anotheradwantageof usingvolumesasimplicit models,
is thatfor the purpose®f analysiswe cantreatthevolumeasa continuausfunctionwhose
valuescanbe setat eachpoint accordingto the application.Oncethe continuousanalysis
is completewe can mapthe algorithminto the discretedomainusing standardmethods
of numericalanalysis. The sectionsthat follow discusshow to computethe geometryof
surfaceghatarerepresentedsvolumesandhow to manipubtetheshape®f thosesurfaces
by changinghegray-scalevaluesin the volume.
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Figurel: A volumecanbe consideredasanimplicit modelwith a large numberof local
basisfunctions.



1.2.2 IsosurfaceExtraction and Visualization

This paperaddressethe questionof how to usevolumesas surfacemodels Depending
ontheapplication, however, a 3D grid of data(i.e. avolume)maynot be a suitablemodel
representationfor instance,f the goalis make measurementsf an objector visualize
its shape an explicit modelmight be necessaryIn suchcasest is beneficialto corvert
betweenvolumesandothermodelirg technologies.

For instancetheliteratureproposeseveralmethodgor scancorvertingpolygonalmeshes
or solidmodelq3, 4]. Likewise avarietyof methodsexist for extractingparametrianodels
of isosuraicesfrom volumes. The mostprevalentmethodis to locateisosurficecrossings
alonggrid linesin a volume (betweernvoxels alongthe 3 cardinaldirections)andthento
link thesepoints togetherto form trianglesandmeshes.This is the stratgy of “marching
cubes’[5] andotherrelatedapproachesHowever, extractinga parametricsurfaceis not
essentiafor visualzation,anda variety of directmethodg6, 7] arenow computationdy
feasibleandarguablysuperiorin quality. Thesenotesdo notaddressheissueof extracting
or renderingisosurfices put ratherstudesthe geometryof isosurbicesandhow to manip-
ulatethemdirectly by changingthe grey-scalevaluesin the underlyingvolume. Thus,we
proposevolumesas a mechanisnfor studying and deformingsurfaces,regardlesof the
ultimateform of theoutput Theiraremary waysof renderingor visualzing themandand
thesetechniquesrebeyondthe scopeof this discussia.

2 SurfaceNormals

The surfacenormalof anisosurficeis givenby the normalizedgradientvector Typically,
we identify a surfacenormalwith a pointin thevolume domainD. Thatis

R £:(C)
V()|
The corvention regardingthe directionof this vectoris arbitrary;the negaive of the nor
malizedgradientmagnitudeis alsonormalto the isosurfice. The gradientvector points
towardthatsideof theisosufacewhich hasgreatewalues(i.e. brighter). Whenrendering,
thecorventionis to useoutwaid poining normals andthesignof thegradientmustbe ad-
justedaccordingly However, for mostapplicatimms ary consiséntchoiceof normalvector
will suffice. Onadiscretegrid, onemustalsodecidehow to approximatehegradientvec-
tor (i.e., first partial derivatives). In mary casesentraldifferenceswill sufice. However,
in thepresencef noise especiallywhenvolumerenderingjt is sometmeshelpfulto com-
putefirst derivatvesusingsomesmoothngfilter (e.g.,corvolution with aGaussian)When

where x € D. 3)



usingthe normalvectorto solve certainkinds of partial differentialequationsit is some-
timesnecessaryo approximatethe gradientvectorwith discrete pne-sidedlifferencesas
discussedh successie sections.

Notethata singlevolumecontainsfamiliesnestedsosurtices arrangedik e the layersof
anonion. We specificthe normalto anisosurbiceasa function of the positionwithin the
volume.Thatis, n(x) is thenormalof the(single)isosurhcethatpasseshroughthe point
x. Thek valueassociateavith thatisosurfceis ¢(x).

3 SecondOrder Structure

In differentialgeometricterms,the second-ordestructureof a surfaceis characterizedy
a quadraticpatchthat sharedfirst- and second-ordecontactwith the surfaceat a point
(i.e.,tangenplaneandosculatingcircles). Theprincipal directionsof the surfacearethose
associateavith the quadraticapproxination, andthe principal curvatues k1, ks, arethe
cunaturesn thosedirections.

The second-structuref the isosurficecan be compued from the first- and second-order
structureof theembeddingg. All of theisosurficeshapanformationis containedield of
normalsgiven by n(x). The3 x 3 matrix of derivativesof this vector

N=—[n,; n, n,| (4)

The projectionof this derivatve onto the tangentplaneof the isosurficegivesthe shape
matrix, 5. Let P denotenormalprojectionoperatoywhichis definedas

L B buby bub
P=n®n= W PyPa </5§ oy | - (5)

Thetangentiabrojectionoperatotis I — P, andthusthe shapematrixis
B = NT =TH,T, (6)
whereHy is the Hessiarof ¢. Theshapematrix 5 has3, real, eigervalueswhich are
e1 = ki,e9 = ko,e3 = 0. (7)

The corresondingeigervectorsare the principle directions(in the tangentplane)andthe
normal,respectiely.



The meancurvatue is the meanof the two principal curvatures which is one half of the
traceof /3, whichis equalto thetraceof /V:

H = kl;“’” = %Tr(N)
Qsi(qsyy + (bzz) + ¢32,(¢:cw + ¢zz) + ¢g(¢ww + ¢yy) - 2¢w¢y¢wy - 2¢w¢z¢zz - 2¢y¢z¢{%

= (S)
2(¢2 + @2 + ¢2)3/2

The Gaussia curvatue is the productof the principal curvatures:

1
K = kiky = eiey +eres + eges = 2Tr(N)? — §HN|\ (9)

+ 2(¢x¢y(¢$z¢yz - ¢my¢zz) + ¢m¢z(¢my¢yz - Cbngbyy) + ¢y¢z(¢zy¢xz - ¢yz¢mm))

(93 + &5 + ¢2)? '
Thetotal curvature,alsocalledthedeviationfrom flatness D, is theroot sumof square®f
thetwo principalcurvatureswhichis the Euclideanmormof the matrix 5.

Notice,thesemeasuresxist atevery pointin U, andateachpointthey describehegeome-
try of the particularisosurbicethatpasseshroughthatpoint. All of thesequantitiescanbe
computednadiscretevolumeusingfinite differencesasdescribedn successie sections.

4 Deformable Surfaces

This sectionbegins with mathematicgor describingsurface deformationson parametric
models. Theresultis an evolution equationfor a surface. Eachof the termsin this evo-
lution equationcanbe re-expressedn a way thatis independenof the parameterization.
Finally, the evolution equationfor a parametricsurfacegives rise to anevolution equation
(differentialequation)on a volume,which encodeshe shapeof thatsurfaceasalevel set.

4.1 SurfaceDeformation

A regularsurfaceS C IR? is acollectionof pointsin 3D thatcanbeberepresentetbcally
asa continuousfunction. In geometricmodelirg a surfaceis typically representeds a
two-parameteobjectin athree-dimensioal spacej.e.,asurfaceis localamappingS:

) 3
S'yx‘s/}_)x,]%,z’ (10)



whereV x VIR?, and the bold notation refers specificallyto a parameterizedurface
(vectorvaluedfunction). A deformablesurface exhibits somemotion over time. Thus
S = S(r,s,t), wheret € R". We assumesecond-ordecontinuais, orientablesurfaces;
thereforeatevery pointonthesurface(andin time)thereis surfacenormalN = N (r, s, ).
We uses,; to referto theentiresetof pointson the surface.

Localdeformation®f S canbedescribedy anevolutionequationj.e.,adifferentialequa-
tion on S thatincorporateghe posiion of the surface,local andglobal shapeproperties,
andresponseo otherforcing functions Thatis,

aa—f :G(S, ST"S’SJ‘S’TTJ‘S’TS)‘Sssa"')? (11)
wherethe subscriptsrepresenpartial derivatives with respectto thoseparameters.The
evolutionof S canbedescribedy a sumof termsthatdepend®n boththegeometryof S

andtheinfluenceof otherfunctionsor data.

Thereare a variety of differential expressios that can be combinedfor differentappli-
cations. For instance,the model could move in responsdo somedirectional“forcing”
function[8, 9], F : U — IR?, thatis

S
= = F(9). (12)

Alternatively, the surfacecould expandand contractwith a spatiallyvarying speed. For

instance, o8
i N 13
5 = G(9) (13)
whereG : R? — TR is a signedspeedunction. The evolution might alsodependon the

surfacegeometnyitself. For instance,

88—?’ = Srr + Sss (14)
describes surfacethatmoves in way thatis becomesnoresmoothwith respecto its own
parameterizationThis motioncanbe combinedwith themotion of Equationl2to produce
amodelthatis pushedy aforcing functionbut maintainsa certainsmoothressin its shape
andparameterizationl herearemyriadtermsthatdependn boththedifferentialgeometry
of the surfaceandoutsice forcesor functionsto controlthe evolution of a surface.



Figure2: Level-setmodelsrepresenturvesandsurfacesmplicitly usinggreyscaleimages:
a) anellipse is representedsthe level setof animage,b) to changethe shapewe modify
thegreyscalevaluesof theimage.

5 Deformation: The Level SetApproach

Themethodof level-sets proposedy OsherandSethian10] anddescribedextensiely in

[11], providesthe mathematicahnd numericalmechanismg$or computingsurfacedefor

mationsastime-varyingiso-valuesof ¢ by solvinga partialdifferentialequationon the 3D

grid. Thatis, the level-set formulationprovidesa setof numericalmethod thatdescribe
how to manipubtethe greyscalevaluesin avolume, sothattheisosurficesof ¢ movein a
prescribednanner(shavnin Figure2).

We denotethe movementof a point on a surfaceasit deformsasdz/d¢, andwe assume
thatthis motion canbe expressedn termsof the posiion of x € U andthe geometryof
thesurfaceatthatpoint. In this case therearegenerallytwo optionsfor representinguch
surlacemovementsmplicitly:

Static: A single,statico(x) containsafamily of level setscorrespondingo surfacesas
differenttimest. Thatis,

sz) = k1) = Vo) 22 = FW. (15)



To solwve this staticmethodrequiresconstructng a ¢ thatsatisfiesequationl5. This
is aboundaryvalueproblem,which canbe solved somavhatefficiently startingwith
asinglesurfaceusingthe fastmarchingmethodof Sethian12]. This representation
hassomesignificantlimitations,however, becausgby definition) a surfacecannot
passhackoveritself overtime,i.e., motiors mustbe strictly monotamic — inwardor
outward.

Dynamic: The approachs to usea one-parametefamily of embeddingsi.e., ¢(x, t)
changesover time,  remainson the k& level setof ¢ asit moves, and & remains
constantThebehaior of ¢ is obtainedby settingthetotal derivative of ¢(x(t),t) =
k to zero.Thus,

b)) =k = aa—f - V4. i—f. (16)
This approacttanaccommodatenodelsthatmove forward andbackwardandcross
backover their own paths(over time). However, to solve this requiressolving the
initial value problem (usingfinite forward differences)n ¢(x,t) — a potentialy
largecomputatbnalburden.Theremaindenf thisdiscussiorfocuseonthedynamic
case pecausef its superiorflexibili ty.

All surface movementsdependon positicn and geometry and the level-set geometryis
expressedn termsof the differential structureof ¢. Thereforethe dynamicformulation
from equationl6 givesa generaform of the partialdifferentialequationon ¢:

0¢ da 9

whereD"¢ is the setof ordern dervativesof ¢ evaluatedat . Becausehis relationsip
appliesto every level-setof ¢, i.e. all valuesof £, this equationcanbe appliedto all of U,
andthereforethe movenmentsof all the level-set surfacesembeddedn ¢ canbe calculated

from Equationl?.

Thelevel-setrepresentatiohasa numberof practicalandtheoreticabdvantage®ver con-
ventioral surfacemodels especiallyin the context of deformationrandsegmentaton. First,
level-setmodelsare topologrally flexible, they caneasilyrepresentomplicatedsurface
shapeghatcan,in turn,form holes,split to form multiple objects,or meigewith otherob-
jectstoform asingle structure. Thesemodelscanincorporatanary (milli ons)of degreesof
freedom,andthereforethey canaccommodateomplex shapesindeed theshapegormed
by thelevel setsof ¢ arerestrictedonly by theresolutionof thesampling Thus,thereis no
needto reparameterizéhe modelasit undegoessignificantdeformations

Suchlevel-set methodsarewell documentedh theliterature[10, 13] for applicationsuch
ascomputatioal phystcs[14], imageprocessingl5, 16], computervision[17, 18], medi-
calimageanalysiq19, 18], and3D reconstructiorn20, 21]. For instancejn computatonal



physts level-setmethodsare a a powerful tool for modelirg moving interfacesbetween
differentmaterials(seeOsherand Fedkiw [14] for a nice overview of recentresults).Ex-
amplesarewaterair andwateroil. In suchcaseslevel-setmethod canbeusedio compute
deformationghat minimize surfaceareawhile preservingvolumesfor materialsthat split
and memge in arbitraryways. The methodcan be extendedto multiple, non-overlappng
objects.

Level-setmethodshave also beenshown to be effective in extracting surface structures
from biological and medicaldata. For instanceMalladi etal. [18] proposea methodin
which the level-setsform an expandingor contractingcontourwhich tendsto “cling” to
interestingfeaturesn 2D angiogramsAt the sametime the contouris alsoinfluencedby
its own cunvature andthereforeremainssmooth.Whitaker etal. [19, 22] have shavn that
level setscanbe usedto simulate corventional deformablesuriace models,and demon-
stratedthis by extractingskin andtumorsfrom thick-sliced(e.g. clinical) MR data,andby
reconstructinga fetal facefrom 3D ultrasound.A variety of authors[23, 24, 16, 25] have
presentedariationson the methodandpresentedesultsfor 2D and3D data.Sethian11]
givesseveralexamplesof level-st curvesandsurfacefor sggmentng CT andMR data.

5.1 Deformation Modes

In the caseof parametricsurfaces,onecanchoosefrom a variety of differentexpressios
to constructan evolution equatiornthatis appropriateor a particularapplication.For each
of thoseparametriexpressionsthereis a correspondingxpressiorthatcanbeformulated
on ¢, thevolumein which the level-setmodelsareembeddedIn constructiig evolutions
on levelssetstherecanbe no referencdo the underlyingsurfaceparameterizatioterms
dependingn r ands in EquationslO through14). This hastwo importantimplications:
1) only thosesurfacemaovenentsthatarenormalto the surfacearerepresented—arother
movementis equivaent to a reparameterizatio®) all of the derivatives with respectto
surfaceparameters ands mustbe expressedn termsof invariantsurfacepropertieshat
canbederivedwithouta parameterization.

Considerttheterm S, + S, from equationl4. If r, s is anorthonormalparameterization,
the effect of thattermis basedourely on surfaceshapenot on the parameterizationrand
theexpressionS.,.. + S is twice themeancurvature, H, of thesurface.Thecorresponding
level-setformulationis givenby Equation8.

Table 1 shows a list of expressionausedin the evolution of parameterizegurfacesand
their equivalens for level-setrepresentationsAlso given are the assumpbns aboutthe
parameterizatiothatgive riseto thelevel-setexpressions.



Level-Set Parameter

Effect Parametric Evolution . .
Evolution Assumptions
1 | Externalforce F F-Vo¢ None
Expansio/
2 contraction G(x)N G(x)|Vo(z,t)| None
3 Mean Syrr 4+ Sss H|\V| Orthonormal
curvature
4 Gauss Spr X Sss K|V Orthonormal
cunature
Principal
2 _
5| Secondrder S.. or S,, (Hi\/H K) V| cUnALLIeS

Tablel: A list of evolution termsfor parametrianodelshasa correspondingxpressonon
theembedding¢, associateavith thelevel-setmodels.

6 Numerical Methods

By takingthe stratey of embeddingurfacemodelsin volumes,we have corvertedequa-
tions that describethe movementof surfacepointsto nonlinear partial differentialequa-
tionsdefinedonavolume,whichis generallyarectilineargrid. Theexpressio u7’, , refers
to thenth time stepatpositioni, j, £, whichhasanassociatedaluein the3D domainof the
continuousrolumeg(z;, y;, 2 ). Thegoalis to solve thedifferentialequationconsistiry of
termsfrom Table5.1onthediscretegrid uy; ..
The discretization of theseequationgaisestwo impartantissues.First is the availability
of accuratestablenumericalschemedgor solving theseequations.Seconds the problem
of computaibnal compleity andthe fact that we have converteda surfaceproblemto a
volumeproblem,increasingthe dimensonality of the domainover which the evolution
equationsnustbe solved.

Thelevel-settermsin Table1 arecombined basedon the needsof the application to cre-
ateapartialdifferentialequatioron ¢(z, t). Thesoluionsto theseequationsarecomputed
usingfinite differencesAlong thetime axissolutionsareobtainedusingfinite forward dif-
ferencespegginning with aninitial model(i.e., volume) andsteppingsequentiallythrough
a seriesof discretetimessteps(which aredenotedassuperscript®n «). Thusthe update
equations:

n+l _ n n
Ui = Ui+ AtAUT; (18)

Theterm Au7; , is adiscreteapproximatiorto d¢/0t, which consistsof a weightedsum



of termssuchasthosein Table5.1. Thosetermsmust,in turn, beapproximatedisingfinite
differencesonthevolumegrid.

6.1 Up-wind Schemes

Thetermsin Tablel fall into two basiccateyories: the first-orderterms(items1 and2 in
Table 1) andthe second-ordeterms(items3 through5). Thefirst-ordertermsdescribea
moving wave front with a space-arying velocity (expressionl) or speed(expression?).
Equationsof this form cannotbe solved with a simplefinite forward differencescheme.
Suchschemedendto overshoot andthey are unstable.To addresghis issueOsherand
Sethian26] have proposednup-windschemeTheup-windmethodreliesonaone-sided
dervative thatlooksin the up-winddirectionof themoving wave front, andtherebyavoids
the over-shootingassociatedvith finite forwarddifferences.

We denotethe type of discretedifferenceusingsuperscript®n a differenceoperatori.e.,

5t for forward differencesy(—) for backward differencesands for centraldifferences.
For instance differencedn the z directionon a discretegrid, u; ;,, with domainX and

uniform spacingh aredefinedas

8 uige = (wirrgr — wige) /by (19)
(54(;)ui,j,k é (ui’j,k—ui,l,j,k)/h, and (20)
Sotiigr = (Wirrgp — Uii1z)/(2h), (21)
(22)

wherewe have left off thetime superscripfor concisenessSecond-ordetermsarecom-
putedusingthetightest-fittingcentraldifferenceoperatorsFor example,

A

Spatlije = (Uirijr+ Ui 1k — 2uijx) /h2 (23)
A

(5zzuz-,j,k = (ui,j,k—i-l + Us 5 k—1 — 2Ui,j,k) /hz, and (24)
A

OzyUije = OplyUijk (25)

The discreteapproximatbn to the first-ordertermsof in Table 5.1 are computedusing
the up-wind proposedoy Osherand Sethian[10]. This strategy avoids overshoding by
approximatng the gradientof ¢ usinga one-sidedlifferencesn the directionthatis up-
wind of the moving level-settherebyensuringthat no new contoursare createdin the
procesf updatingu;; , (asdepictedin Figure3). The schemes separablelongeach
axis(i.e.,z, y, andz).



Overshoot creates
“new” level sets

g

AtAy, limited by
up-wind differenc

Figure3: The up-windnumericalschemeausesone-sidedierivatvesto preventovershmt-
ing andthe creationof new level sets.

ConsiderTerm1in Table5.1. If we usesuperscript$o denotethe vectorcomponents,e.,
F(z,y,2) = (F9(z,y,2), F¥(2,y, 2), F? (,y, 2)), (26)

theup-windcalculationfor agrid pointu? ., is

1,5,k

5+ ’fl F(q) Ty Yiy 24 >0
F(ﬂ:i,yi,zi) : V(ls(xivyjazkat) ~ Z F(q)(sz,yz,z'a) { St njk F(Q)EJI y. z; <0
q€{z,y,2} q Z,]k i» Yiy Zi
(27)

Thetime stepsarelimited—thefastesmoving wave front canmove only onegrid unit per
iteration. Thatis

1
Alp < . (28)
F Y geimme) SUPj kex 1V E@ (x5, y;, )| }

For Term 2 in Table 5.1 the direction of the moving surfacedependsn the normal,and
thereforethe sameup-windstrateyy is appliedin a slightly differentform.

G(xiayjazk)|v¢(xiayjazka )‘ ~
max (5+ ij,O) + min (5 uzg kao) G(xzayzazz
2 G(xi’yi’zi){ min (5+u 0) + max*(0, uf; 1, 0)  G(q)(ws, ¥, 2) <(& )

qe{z,y,2} L5k

Thetime stepsare,again limited by thefastesmoving wave front:

A
tG > VG >
SSuszkEXﬂ (ll’yj’ k)|}

(30)



To computeapproximatbn the updateto the second-ordetermsin Table5.1requiresonly
centraldifferences Thus,themeancurvatureis approximateds:

Hly = 5 ((etrs)” =+ () + (620 ) B ()" + (3202,) ) auf)
+ ((52“%02 + (5$“2j,k)2> OyyUs,j + ((5$“Zj,k)2 + (5y“2j,k)2) 022 Ui j

n n
‘5w“z‘,j,k5zw“i,j,k]

n

n n n n n n
— 2005 j KOy Ui j kOay Ui j k. — 20y j k02U Oyslij f — 2050 ;1

Suchcurvaturetermscanbe computing by usinga combinatiom of forward andbackward
differencesasdescribedn [27]. In somecaseghis is advantageous-but the detailsare
beyondthescopeof this paper

Thetime stepsarelimited, for stabilty, to
1
Aty < . (32)

Whencombiningterms,the maxinum time stepsfor eachtermsis scaledby oneover the
weightingcoeficientfor thatterm.

6.2 Narrow-Band Methods

If oneis interestedn only a singlelevel set the formulationdescribedoreviously is not
efficient. Thisis becausesolutionsareusuallycomputedover the entiredomainof ¢. The
solutions,é(z, y, z, t) describeheevolution of anembeddediamily of contours While this
densefamily of solutionsmight be advantageoudor certainapplicationsthereare other
applicationghatrequireonly a singlesurfacemodel. In suchapplicationghe calculation
of solutionsover adensdield is anunnecessargomputationaburden,andthe presencef
contourfamiliescanbe a nuisanceébecausdurtherprocessingnightberequiredto extract
thelevel setthatis of interest.

Fortunatelythe evolution of asinglelevel set,¢(x, t) = k, is notaffectedby the choiceof
embeddingTheevolution of thelevel setss suchthatthey evolve independentlyto within

theerrorintroducedby thediscretegrid). Furthermoretheevolution of ¢ isimportantonly
in thevicinity of thatlevel set. Thus,oneshouldperformcalculationdor the evolution of

¢ only in aneighborhoof the surfaceS = {x|¢(x) = k}. In thediscretesetting,there
is a particularsubsenf grid pointswhosevaluescontrola particularlevel set(seeFigure
4). Of course asthe surfacemoves, thatsubsef grid pointsmustchangeto accountfor

its new position.



Figure4: A level curve of a 2D scalarfield passeshrougha finite setof cells. Only those
grid pointsnearesto thelevel curve arerelevantto the evolution of thatcurve.

Adalsteinsa and Sethian28] proposea narrow-bandapproactwhich follows this line of
reasoning.The narrav-bandtechniqueconstructsan embeddingpf the evolving curve or
surfacevia a signeddistanceransform.The distanceransformis truncatedj.e, computed
over afinite width of only m pointsthatlie within a specifieddistanceo thelevel set. The
remainingpointsaresetto constantaluesto indicatethatthey do notlie within thenarrav
band,or tubeasthey call it. The evolution of the surface(they demonstateit for curves
in the plane)is computedby calculatingthe evolution of » only on the setof grid points
thatarewithin a fixed distanceto theinitial level set,i.e. within the narrav band. When
the evolving level setapproachethe edgeof theband(seeFigure5), they calculatea new
distancdransformandanen embeddingandthey repeatheprocessThisalgorithmrelies
onthefactthatthe embeddings nota critical aspecbf theevolution of thelevel set. That
is, the embeddig canbe transformecdbr recomputedat any pointin time, solong assuch
atransformatiordoesnotchangehe positionof the kth level set,andthe evolution will be
unafectedby this changan theembedding.

Despitethe improvementsin computatbn time, the narrav-bandapproachis not optimal
for severalreasonskFirstit requiresabandof significantwidth (m = 12 in theexamplesof
[28]) whereonewouldlik e to have a bandthatis only aswide asnecessaryo calculatethe
derivativesof u nearthelevel set(e.g. m = 2). Thewider bandis necessarpecausehe
narrov-bandalgorithmtradesoff two competingcomputatimal costs. Oneis the costof
stoppirg the evolution andcomputing the posiion of the curve anddistancetransform(to
sub-cellaccurag) anddeterminingthe domainof the band. The otheris the costof com-
puting the evolution processover the entireband. The narrav-bandmethodalsorequires
additionaltechniquessuchassmoothing, to maintainthe stabiliy atthe boundarie®f the
band wheresomegrid pointsareundegoingtheevolution andnearbyneighborsarestatic.
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Figure5: Thenarrov bandschemdimits computatiorto the vicinity of the specificlevel
set. As the level-setmovesnearthe edgeof the bandthe processs stoppedandthe band
recomputed.



6.3 The Sparse-FieldMethod

The basicpremiseof the narrav bandalgorithmis that computingthe distancetransform
is socostlythatit cannotbe doneat every iterationof the evolution process.The stratgy
proposechereis to usean approximatbn to the distancetransformthat makesit feasible
to recomputehe neighborhoodf the level-setmodelat eachtime step. Computatio of
the evolution equationis computedon a bandof grid pointsthatis only on point wide.
The embeddings extendedfrom the active pointsto a neighborhod aroundthosepoints
thatis preciselythe width needecdat eachtime. This extensionis donevia a fastdistance
transformapproximation

This approachhasseveral advantages.First, the algorithm doespreciselythe numberof
calculationsneededo compue the next posiion of the level curve. It doesnot require
explicitly recalculatingthe positionsof level setsandtheir distancetransforms.Because
the numberof pointsbeingcomputeds sosmall, it is feasibleto usea linked-ist to keep
track of them. Thus, at eachiterationthe algorithmvisits only thosepoints adjacentto
the k-level curve. For large 3D datasets,the very processof incrementinga counterand
checkingthe statusof all of thegrid pointsis prohibitive.

Thespairse-fieldalgorithmis analogouso alocomotie enginethatlaysdown tracksbefore
it andpicksthemup from behind.In this way the numberof computatimsincreasesvith
thesurfaceareaof themodelratherthantheresolutionof theembeddingAlso, the sparse-
field approachdentifiesa singlelevel setwith a specificsetof pointswhosevaluescontrol
theposition of thatlevel set. This allows oneto computeexternalforcesto anaccurag that
is betterthanthe grid spacingof the model, resultingin a modelingsystemthatis more
accuratdor variouskindsof “modelfitting” applicatiors.

Thesparse-fieldlgorithmtakesadvantageof thefactthata k-level surface,S, of adiscrete
imageu (of any dimenson) hasa setof cellsthroughwhich it passesasshavn in Figure
4. Thesetof grid pointsadjacento thelevel setis calledthe activeset andtheindividual
elementsf this setare calledactive points As a first-orderapproximationthe distance
of thelevel setfrom the centerof any active pointis proportioral to the valueof « divided
the gradientmagnitudeat that point Becauseall of the derivatives (up to secondorder)
in this approachare compued using nearesheighbordifferencesonly the active points
andtheir neighborsarerelevantto the evolution of the level-setat any particulartime in
the evolution process.The stratgy is to computethe evolution given by equationl7 on
the active setand then updateneighborhoodaroundthe active set using a fast distance
transform.Becausective pointsmustbeadjacento thelevel-setmodel,their positiors lie
within afixed distanceto the model. Thereforethe valuesof « for locationsin the active
setmustlie within a certainrange.Whenactive-poirt valuesmove out of thisactiverange



they arenolongeradjacento themodel. They mustberemovedfrom thesetandothergrid

points,thosewhosevaluesare moving into the active range,mustbe addedto take their

place.The preciseorderingandexecutionof theseoperationss importantto the operation
of thealgorithm.

The valuesof the pointsin the active setcan be updatedusing the up-wind schemefor
first-ordertermsand centraldifferencedor the mean-curatureflow, asdescribedn the
previous sections. In orderto maintainstability, one mustupdatethe neighborhood®f
active grid pointsin away thatallows grid pointsto enterandleave the active setwithout
thosechangedn statusaffecting their values. Grid points shoutl be removed from the
active setwhenthey arenolongerthenearesgrid pointto the zerocrossing.If we assume
thatthe embeddingu is a discreteapproxination to the distancetransformof the model,
thenthe distanceof a particulargrid point, z,,, = (3, j, k), to thelevel setis given by the
valueof « atthatgrid point. If thedistancebetweergrid pointsis definedto be unity, then
we shouldremove apointfrom theactive setwhenthevalueof v atthatpointnolongerlies

in theintenval [-1, 1] (seeFigure6). If the neighborsof thatpoint maintaintheir distance
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of 1, thenthoseneighborswill move into theactive rangejust z,,, is readyto beremaoved.

Thereare two operationghat are significantto the evolution of the active set. First, the
valuesof u at active pointschangefrom oneiterationto the next. Secondasthe valuesof
active pointspassout of the active rangethey areremoved from the active setandother
neighboringgrid pointsare addedto the active setto take their place. In [21] the author
givessomeformal definitionsof active setsandtheoperationghataffectthem,which show
thatactive setswill alwaysform a boundarybetweenpositive andnegative regionsin the
image,evenascontrolof thelevel setpasse$rom onesetoff active pointsto another

Becausayrid pointsthatarenearthe actve setarekeptat afixedvaluedifferencefrom the
active points, active pointssene to controlthe behaior of non-actve grid pointsto which
they areadjacent.The neighborhoodsf the active setaredefinedin layers, L1,... L,y
andL_q,...L_y,wherethei indicatesthe distanceg(city block distancefrom the nearest
active grid point, and negatve numbersare usedfor the outsidelayers. For notatonal
corvenienceheactie setis denotedL.

The numberof layersshouldcoincidewith the size of the footprint or neighborhoodised
to calculatederivatives. In thisway, theinside andoutsidegrid pointsundego no changes
in their valuesthataffect or distortthe evolution of the zeroset. Most of the level-setwork
relieson surfacenormalsandcurvature,which requireonly second-ordederiativesof ¢.
Second-ordederivativesare calculatedusinga 3 x 3 x 3 kernel(city-block distance2 to
thecorners).Thereforeonly five layersarenecessary? inside layers,2 outsidelayers,and
theactive set). ThesdlayersaredenotedL, Lo, L_, L_5, and L.
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Figure6: Thestatusof grid pointsandtheirvaluesattwo differentpointsin time shav that
asthezerocrossingmoves, activity is passeanegrid pointto another

The active sethasgrid point valuesin the range[—%, %]. The valuesof the grid pointsin

eachneighborhoodayerarekept 1 unit from the next layer closestto the active set(asin

Figure6). Thusthevaluesof layer ; fall in theintenal [ — 1, + 1]. For 2N + 1 layers,
the valuesof the grid points thataretotally insideandoutsdeare N + ; and—N — 1,

respectrely. The procedurefor updatingthe imageandthe active setbasedon surface
movementsis asfollows:

1. For eachactive grid point, z,,, = (4, j, k), do thefollowing:

(a) Calculatethelocal geometryof thelevel set.

(b) Computethenetchangeof u,,, , basedntheinternalandexternalforces,using
somestable(e.g.,up-wind) numericalschemevherenecessary

2. For eachactve grid pointz; addthe changeto thegrid pointvalueanddecideif the
new valueu™'! falls outsidethe[—3, 1] interval. If so,putz,, onlists of grid points
thatarechangingstatuscalledthestatislist; S; or S_y, for ut! > 1 oru? ! < —1,

respectely.

3. Visit thegrid pointsin thelayersL; in theorder; = +1, ...+ N, andupdatethegrid
pointvaluesbasedn thevalues(by addingor subtractingoneunit) of thenext inner
layer, L;-;. If morethanonel;,; neighborexiststhenusetheneighborthatindicates
alevel curve closestto thatgrid point, i.e., usethe maximumfor the outsice layers
andminimumfor theinside layers.If agrid pointin layer L, hasno L;; neighbors,
thenit getsdemotedo L, , thenext level avay from the active set.

4. For eachstatudist S41, Sio, ..., S+y dothefollowing:
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Figure7: Linked-listdatastructuregprovide efficientaccess$o thosegrid pointswith values
andstatughatmustbe updated.

(a) For eachelementzr; onthestatudist S;, remove z; from thelist L,-,, andadd
it tothe L; list, or, in thecaseof i = £(N + 1), removeit from all lists.

(b) Addall L;; neighbordo the S, list.

This algorithmcanbe implementedefficiently usinglinked-list datastructurescombined
with arraysto storethe valuesof the grid points and their statesas shavn in Figure 7.

Thisrequiresonly thosegrid pointswhosevaluesarechangingthe active points andtheir
neighborsto bevisitedateachtime step. Thecomputatiotimegrowsasm™ !, wherem is
thenumberof grid pointsalongonedimenson of « (sometmescalledtheresolution of the
discretesamplirg). Computatbn time for dense-fieldapproachncreasessm™. Them™ !

growth in computaibn time for the sparse-fieldnodelsis consistentwith corventional

(parameterizedinodels,for which computatio timesincreasewith the resolutian of the
domain,ratherthantherange.

Anotherimportantaspecof the performancef thesparse-fielaglgorithmis thelargertime
stepghatarepossible.Thetime stepsarelimited by thespeedf the“f astest'moving level
curwe, i.e.,themaximumof theforce function. Becausehe sparse-fieldnethodcalculates
the movementof level setsover a subsebf theimage time stepsareboundedrom belov
by thoseof thedense-fieldcasej.e.,

sup (g(z)) < sup(g(x)), (33)
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whereg(x) is thespacevaryingspeedunctionand A is theactive set.

Resultfrom previouswork [21] have demongratedseveralimportantaspect®f thesparse-
field algorithm. First, the manipulatonsof the active setandsurroundiig layersallow the
active setto “track” the deformablesurfaceasit moves Theactive setalwaysdividesthe
insideandoutsideof the objectsit describegi.e., it staysclosed).Emprical resultsshov
significantincreasesn performanceaelative to both the computaibn of full domainand
thenarrav-bandmethodasproposedn theliterature.Empirical resultsalsoshawv thatthe
sparse-fieldnethodis aboutasaccurateasboththefull, discretesolution andthenarrov-
bandmethod. Finally, becausdhe methodpositiors level setsto sub-voxel accurag it
avoidsaliasingproblemsandis moreaccuratehentheseothermethodsvhenit comesto
fitting level-setmodelsto othersurfaces.This sub-voxel accurag is importantaspecbof the
implenmentation,andwill significantlyimpactthe quality of theresultsfor the applications
thatfollow.

7 Applications

This sectiondescribeseveralexampksof how level-setsurfacemodelscanbeusedto ad-
dresgproblemsn graphicsyisualization, andcomputewision. Theseexamplesareasmall
selectionof thoseavailablein theliterature.All of theseexampleswhereimplementedis-
ing the sparse-fieldalgorithmandthe VISPack library, which is describedn the section
thatfollows.

7.1 SurfaceMor phing

This sectionsumnarizesthe work of [29], which describeghe useof level-setsurface
modelsto perform3D shapemetamorphosi. The morphingof 3D surfacesis the process
of constructng a seriesof 3D modelsthatconstitue a smooh transiton from oneshapeo
another(i.e.,ahomot@y). Sucha capabilityis interestingor creatinganimatimsandasa
tool for geometriaonodelirg. Thereis notyeta single, generaimethodfor generatingsuch
transitioral shapes.However, thereare several desirableaspectf morphing algorithns
thatallow usto comparegheadequayg of differentapproachew surfacemorphing.Several
desirablepropertiesof 3D surfacemorphingare:

1. Thetransitionprocessshouldbegin with aninitial suriaceandendwith a specified
targetsurface.



2. Themorphirg algorithmshouldapplyto a wide rangeof shapesandtopolagies.

3. Intermediatesurfacesshouldundego continuous3D transitbons (ratherthan conti-
nuity only in theimagespace).

4. A 3D morphingalgorithmshouldincorporateuserinput easily but shoulddegrade
gracefullywithout it.

5. Transitbnal shapesshoulddependonly on the surface geometryof the two input
shapesnduserinput.

Theserequirementsre not exhaustve, but they capturemary of the practicalaspectof
3D morphing.

In this sectionwe shav how level-setmodelsprovide analgorithmfor 3D morphingwhich
meetsmostof thesecriteriaandcompareavorablywith existing algorithms Furthermore,
this algorithmis a naturalextensionof the mathematicaprinciplesdiscussedn previous
sections.Thestratay is to allow a free-formdeformationof onesurface(calledtheinitial
surface)usingthe signeddistanceransformof a secondsurface(the target surface). This
free-formdeformations combinedwith anunderlyingcoordinatdransformatiorthatgives
eitheraroughglobalalignmentof the two surfaces,or one-to-onaelationslips betweera
finite setof landmarksnboththeinitial andtargetsurfaces.Thecoordinateransformation
canbe computedautomaticallyor usinguserinput (asin [30]).

Much of the previous 3D morphing work hasfocusedon morphingparametricmodels
[31, 32] andappliesto only very limited classe®f shapesandtopologes. Severalauthors
have described/olumetrictechniqguesHugheq33] demonstateshow volumescanprovide
topologcal flexibility in surfacemorphing. Lerios et al. [30] followed up with a volume-
basedschemewnhich incorporatesiserinput via underlyingcoordinatetransformationga
known generalizatiortheimagewarpingtechniquehatis oftenusedin imagemorphing).
Neitherof theseapproachefiave dealtwith the deeperissueof deformingthe level sets
of a volume, but ratherrely on the propertiesof the embedding Payne and Toga [34]
aswell asCohen-Or et al. [35] fix the embeddingoroblemby usinga signeddistance
transformto createvolumesfrom surfaces.However, interpolatng distanceransformsan
introduceatrtifactsthatviolate the previously statedpropertiesandboth of thesemethods
useadiscretedistancearansformwhich introduwcesvolume aliasing.



7.1.1 Free-Form Deformations

The distancetransformgives the nearestEuclideandistanceto a setof points, curve, or
surface.For closedsurfacesin 3D, the signeddistanceransformgivesa positive distance
for pointsinside and negative for points outsde (one can also choosethe oppositesign
conventian).

If two connectedshapesverlapthentheinitial surfacecanexpandor contractusingthe
distancdransformof thetarget. The steadystateof sucha deformationprocesss a shape
consisting of the zerosetof the distancetransformof the target. Thatis, theinitial object
becomegshetarget. Thisis the basisof the proposedBD morphing algorithm

Let D(x) bethesigneddistanceransformof thetargetsurface,B, andlet A betheinitial
surface.Theevolution processvhich takesamodelS from A to B is definedby

ox

T N D(x), (34)
wherez(t) € S; andS;—y = A. The free-form deformationscan be combinedwith an
underlyingcoordinatetransformation.The stratgy is to usea coordinatetransformation
(for instancea translationandrotation)to position thetwo surfacesneareachother These
transformationgancapturegrosssimilaritiesin shapeaswell asuserinput. A coordinate
transformations given by

=T (x, ), (35)

where(0 < a < 1 parameterizea continuoudamily of thesetransformationshatbegins
with identity, i.e. ¢ = T'(z, 0). Theevolution equatiorfor a parametricsurfaceis

ox

andthecorrespondindevel-setequations

0 (x, t)

5 = |Ve(2,0) D(I(z,1). (37)

This procesgproducesa seriesof transitionshapegparameterizedby t). The coordinate
transformatiorcan be a global rotation, translation,or scaling,or it might be a warping
of the underlying3D spaceaswasusedby [30]. Incorporatinguserinputis importantfor
ary surfacemorphingtechnique pbecausen mary casedinding the bestsetof transiton
surfacesdependson context. Only userscanapply semanticconsideratiosto the trans-
formation of one objectto another However, this underlyingcoordinatetransformation



Figure8: A 3D modelof ajet thatwashbuilt usingClockworks,a CSGmodelingsystem.

can,in generalachieve only somefinite similarity betweerthe“warped”initial modeland
thetarget,andeventhis mayrequirea greatdeal of userinput. In the eventthata useris
not able or willin g to defineevery importantcorrespondencbetweentwo objects,some
othermethodmust*“fill in” the gapsremainingbetweenthe initial andtarget surface. In
[30] they proposealphablendingto achiese that smoothtransiton—reallyjust a fading
from one surfaceto the other We are proposingthe useof the free-form deformations,
implementedwith level-setmodels,to achieve a continuaistransitionbetweerthe shapes
thatresultfrom theunderlyingcoordinatdransformationWe have alsoexperimenteadvith
waysof automaticallyorientingandscalingobjects using3D momentsin orderto achieve
asignificantcorrespondencleetweerntwo objects.

Figure8 shavs a 3D modelof ajet thatwashbuilt usingClockworks[36], aCSGmodeling
system.Lerioset al. [30] demonstratehe transitionof a jet to a dart, which wasaccom-
plishedusing37 userdefinedcorrespondencesmughlyahundreduserdefinedparameters.
Figure9 shavs theuseof level-setmodelsto construcia setof transition surfacesbetween
ajetandadart. Thetrianglemeshis extractedfrom thevolume usingthemethodof march-
ing cubes[5]. Theseresultsareobtainedwithout any userinput. Distancetransformson
the CSG modelsare computednearthe level surfaceusingan analyticaldescriptionand
extendednto thevolume usingalevel-setmethod[37].

The applicationin this sectionshavs how level-setmodelsmoving accordingto the first-
ordertermgivenin expressior? in Table1 can“fit” otherobjectsby moving with a speed
thatdependsn the signeddistancetransformof the target object. The applicationin the
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Figure9: Thedeformationof thejet to a dartusinga level-setmodelmoving with a speed
definedby the signeddistanceransformof thetargetobject.



next sectionrelies on expression5 of Table 1, a second-ordeflow that dependson the
principal curvaturesof the surfaceitself.

7.2 Filleting and Blending Solid Objects

The constructio of blendingsurfacesis animportanttool in solid modeling Geometric
solid primitivesandtheir intersection®ftenproducesharpcornersor creaseshatareoften

not consistentvith the real-world objectsthatthey areintendedto representThis section
shavshow blendingcanbedescribedcisadeformatiorprocessywheresurfacesmove under
ageometridlow thatcanaddor remove materialbasednlocal curvatureinformation.The

resultis a methodfor solid objectblendingthat doesnot dependon ary particularmodel

representationl husthis methods notrestrictedo aspecificclassof shape®r topologes.

Additionally, theresultsareinvariant they donotdependnarbitrarychoicesof coordinate
systemsr basesTheonly requirements thatthe blendedobjectsmustbe closedsurfaces
with someknown inside-ousidefunction.

Surfaceblendingtechniquesiretypically tied very closelyto thechoiceof geometrigorimi-
tives. For instanceMiddleditchandSeard38] proposea set-theoretienethodfor blending
solidswhich relieson low-orderalgebraicprimitives. A fillet at the joint of two tori re-
guiresthe solution of a degree32 polynomal. Bloomenthaland Shoemak [39] propose
a modelingsystembasedon corvolutions, which relieson a skeletonizedrepresentation
of objects. In generalthe useof convolution to achieve deformationson implicit shapes
resultsin shapeshatrefled boththe shapeof the modelandtheembeddig, ®.

Theblendingmethodproposedn this sectionimplemens aninteratve smoothng scheme
that smoothsonly alongthe level set; the final resultis independenbdf the embedding.
Considerthe caseof fillets. We proposethata fillet canbe constructedrom a processof

“filling in” materialin placesof high curvature. The curvatureof a level-setmodelcanbe

calculatedrom the embeddingandthe deformationof the level setis well definedby the

cunaturetermsin Table1l.

The stratgy is to constructa curvatureterm, k,,, thatconsiss$ of only positive curvatures.
! The principal curvaturesof the level setsof ® arefunctionsof ® andits derivatives. For
aspecific® the principal cunaturesarefunctionsof 3-spacekt; () andk.(x). For adding
materialthejoint betweertwo objectswe consideonly thepositive curvaturecomponers,

The sign of cunatureis definedby the direction of the normals— in this work normds point into the
volumeenclosedy theobject.
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Figure 10: Two rectangularsolid modelsarejoined by a volumetricfillet thatis created
from a posiive curvatureflow.
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5 \V®|k, = |V®|k{ + |VD|k], (38)
wherek™ consistof only the positive partsof k£ andis definedaszeroelsavhere.Because
the useof separateurvaturetermscancauseover-shooing, the up-windschemetreating

k, asaspace-aryingvelocity in thenormaldirection)is usedfor this evolution.

Figure10shovshow thepositve-cunatureflow canbeusedo construcfillets. No knowl-
edgeof the underlyingmodelsis necessaryThe fillets grow larger asmoretime passes.
The physcal extentor positionof thefillet canbe controlledby eitherspecifyinga region
of actionor by placinga smallblob of deformablematerialin thejoint thatrequiresafillet.
Figure1l shavs how suchablendingcapabilitycanbe usefulin animaton. In this casea
pair of superquadricsindego arigid transformatio thatcontrolstheir relative positiors.
Level-setmodelswith a positive-cunatureflow areusedto createa smooh joint between
thesetwo primitives. Notice that the positive curvaturemethoddoesnot suffer from the
growth or expanson artifactsthatareoftenassociateavith distance-baseblendingmeth-
ods[40].

Thus, a second-ordeflow cancreatesmooh blendsbetweenobjectsin a way that does
not require specificknowledge of the shapesor topologes of the objectinvolved The
applicationin the next section, 3D sceneareconstructionshavs how a combinatiorof first-

orderandsecond-ordetermsfrom Tablel arecombinedo createechniquehatfits models
to datawhile maintainingcertainsmoothnessonstraintandtherebyoffsettingthe effects
of noise.

7.3 3D Reconstructionfrom Multiple RangeMaps

Level-setmodelsare usefulfor problemsrelatedto 3D reconstructionPreviouswork has
presentedevel-setresultsderived from noisy 3D datasuchas MRI [19] and ultrasound
[41]. In [42] we have shavn how the reconstructiorof objectsfrom multiple rangemaps
canbeformulatedasa problemof finding the surfacethatoptimizesthe posteriorprobabil-
ity given asetof measuremen{®oisyrangemaps)andsomeinformatian aboutthea-priori

probabilily of differentkindsof surfaces.Thatoptimizationproblemcanbeexpressedsa

volumeintegral which canbesolvedwith level-setmodels.This sectionpresentshe math-
ematicalexpressionghat resultfrom thoseformulations and presentssomenew results:
the reconstructiorof entirescenedy fitting level-setmodelsto the datafrom a scanning
LADAR (laserranginganddetection)system

A range mapis a collectionof rangemeasurementsken alongdifferentdirections(lines
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Figure 11: A shortanimationis createdby specifyingthe relative motion betweentwo
superquadricomponent®f anobject. A positve-cunatureflow (appliedframeby frame
to thejoint betweerthetwo 3D models)createsa smooh, flexible object.



of sight) but from asinglepointof view. Rangemapscouldcomefrom any numberof dif-
ferentsourcesncluding laserscannersstructuredight depthsystemsshaperom stereo,
or shapdrom motion. We assumehatsuchrangemapsarenoisyanduncertain.Thegoal
is to combineanumberof rangemapsfrom differentpointsof view to createa 3D structure
thatrefledsthe collective confidenceanddepthmeasures.

Several examplesin the literaturehave appliedparametricnodelsto this task. Turk and
Levoy [43], for instance,’zip” togethertriangle meshesn orderto construct3D objects
from sequencesf rangemapsfrom alaserrangefinder. They performminor adjustmerg
to the surfacepositionin orderaccountfor ambiguty in the rangemaps. Their approach
assumegery little noisein the input, which is reasonablgiven the high quality of their
rangemaps.ChenandMedioni[44] useaparametridtrianglemesh)modelwhich expands
insidea sequencef rangemaps. CurlessandLevoy [45] describea volume-basedech-
niquefor combiningrangedata.They usethe signeddistanceransformto encodevolume
elementswith datathatrepresenthe averageqwith someallowancefor outliers)of mul-
tiple measurementsSurfacesof objectsarethe level setsof volumes.Relatedapproaches
aregivenin [46, 47]. Bajaj et. al. [48] usea Delaunaytriangulationto imposea topol-
ogy on a setof unordered3D points andthenfit trivariateBernstein-Beziepatches—i.e.
a higherorderimplicit model—b the data. Muraki [2] usesimplicit or blobby modelsto
reconstrucbbjectsfrom rangedata. The individual blobsare sphericallysymmetric 3D
potentialsthat are combinedlinearly so that they blendtogether The resultingmodels,
with approximately300 primitivesarequite coarse.

This work differsfrom previouswork in two ways. First, ratherthanheuristics pour recon-
structionstratgy is basedon a strateyy that solvesfor the optimal surfaceestimate. This
optimalestimatencludesinformationaboutone’s expectationf thelikelihood of differ-

entsurfaces.Theresultis not a closed-formsolution,but aniterative processhatseekgo

fit alevel-setmodelto the datawhile enforcinga kind of smodhnessonthedata.

7.3.1 Objective function for multiple range maps

Theevolution equatiorfor the estimaion of optimal surfacess shovn in [42] to consistof
two parts:

ox

i —G(x)N + p(S). (39)
This first part, —G(x) N, is the dataterm, which is a movementwith variablespeed(as
in expressior? from Table 1) thatis the cumulatie effect from all of theindividualrange
maps.The secondpartis the prior, which describeghelik elihood of the surfaceindepen-



dentof thedata. Thedatatermis
G(@) = 3 (@) DV(@) w (DD (2)) 79(@), (40)
j

whereD); is the signeddistancealongtheline of sightfrom arangemeasuremern range
mapj associateghassinghroughz. Thefunctionw : IR — IR is awindowing function
that limits the penaltyof ary onerangemeasuremengndc(-) is a confidencefunction,
which is inverselyproportianal to the level of noisein the rangemeasuremerdassociated
with thesaméine of sight. Theterm~(-) is anintegrationconstanthattakesinto account
the curvilinearcoordinatesystenof therangescanner

Thus,asetof rangemapscreates scalarfunctionof 3D, which describeshe movenentof
asurfacemodelasit seekgheoptimalsurfaceposiion. In theabsencef aprior, p = 0, the
zerosetof thisfunctionis thefinal position(steadystate)of thatevolving surface.Thus,in
the absencef a prior, onecould sampleg(x) andobtainanapproximatiorto the optimal
surfaceestimate. This strategy resultsin analgorithmthatis very muchlik e thatof [45].

Thereare several reasondor going to an iteratve schemefor finding optimal solutiors.
Firstis the useof a prior. In surfacereconstructiongven a very low level of noisecan
degradethe quality of the renderedsurfacesin the final result,andin suchcasesbetter
reconstructiongan be obtainedby introducinga prior. Secondis aliasing. Discretizing
g(x) andfinding the zerocrossingswill causealiasingin thoseplaceswherethetransiton
from positive to negative is particularlysteep.A deformablemodelcanplacethe surface
muchmoreprecisely Thethird reasorfor goingto aniteratve schemds thatdespitethe
windowing functionw(x) thereis interferencebetweendifferentrangemapsat placesof
high cunature.This problemis addressedly introducing a nonlinearitywhichis solvedin

aniteratve schemegiven by equation39. In thework describedn [21], the solution of the
linearproblem thezerosetof g(x), senesastheinitial estimatefor thenonlineariterative
optimization stratey that resultsfrom the inclusionof a prior anda nonlinearterm that
compensatefor lack of any explicit modelof self occlusions.

Equation39includesaprior, whichis alikelihood functionon surfaceshape A reasonable
choiceof prior is onethatmodelsobjectswith lesssurfaceareaasmorelik ely thanobjects
with more surfacearea. Alternatively, one could saythat given a setof surfacesthatare
nearthe data, the algorithm shouldchoosea surface that haslessarea. Often, but not
always,thiswill bethesmoothersurface.The p(S) thatresultsfrom this prior is themean
curvature.Thereforetheevolution of the surface, usingthelevel-stformulation, thatseeks
to maximize the posteriorprobabilty (givena setof rangemapsanda prior thatpenalizes
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Figure12: Rangemaps: Syntheticrangedata200x 200 pixels with 20% Gaussiarwhite
noiseof atorusend(a) andside(b).

surfacearea)is
| | | (Ve -nO(2)T
200 _ ot 52 91 (090 x 10160 ) Lo )
(41)

wheren?) () is theline of sightfrom arangefinderto a 3D point, z, 3 is afree parameter
that controlsthe level of smoohing in the model,and H is the expressionfor the mean
curnvaturegivenin equatiors.

Figurel2 shawvs a pair of simulatdrangemapsconstructedrom ananalyticaldescription
of atorus. These200x 200pixel rangemapsarecorruptedwvith additve Gaussiamoisethat
hasastandardieviation of 20% (asafunctionof thesmallerof thetwo radii). Six synthetic
noise-corruptediewpaints of a torusarecombiredto createa level-setreconstructiorof
atorus. Figure 13(a)shaws theinitial model(80x 80x 40 voxels) usedfor fitting a level-
setmodelsto the rangedata. Figure 13(b) shaws the resultof the level-setmodelsthat
usesl3(a)asaninitial stateandhasa valueof 5 equalto 0.5. Theresultis areasonable
reconstructiorof the noiselessnodel(Figure13(c))which combineghesix pointsof view
andthe smoothimg function.

Figurel4(a)shavsarangemaptakenwith thePerceptrormodelP5000 aninfra-red,time-
of-flight laserrangefinderwith a pan-tilt mechanism Figure 14(b) shavs the amplitudes
associateavith thereturnsignal(anintensty), and14(c)showvs a surfaceplot of therange
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Figure13: (a) An analytically-definednodelof atorus. (b) An initial model(80x80x40
voxels)is constructedy combinirg six pointsof view of atorusandsolvingfor g(x) = 0.
(c) The model,which is attractedo the rangedatabut subjectto internalforces,evolves
andsettlesnto a smooher steadystate.

map to demonstratehe degree of noise (additve and outliers). Figure 14(d) shavs the
confidenceraluesassociateavith thoserangemeasurementd heseconfidencevaluesare
derived from empirical dataaboutthe level of noisein the rangefinder (which depends
on the return amplitude), and someanalysis,from first principles, aboutthe effects of
uncertaintyin the 3D positionsof the scansandthe model— which resultsin the lower
confidenceat edgesasdescribedn [42]. We combinedtwelve suchviews from different
locationsin theroomto generateheresultsthatfollow.

Figurel5(a)shawvstheinitial estimatébasednthezerocrossing®f g(x), and15(b)shovs
theresultof 32iterationswith theprior termandthecorrectionfor thesurfacenormaldirec-
tion. Thesizeof thevolumeis 300 x 150 x 180 voxels andtheresolutionis 1.8 cm/voxe.
Theseresultsshawv the ability of the statistcally-basedapproacto overcomethe noisein
thescannerandthey show thattheinclusian of iterative, model-fittingscheméhelpscreate
moreaccuratereconstructionsThe resolutionof the modelfalls belown that of the scans,
becauseat waslimited by therandom-access-memoayailableon our workstation Some
small features suchasthe armrestsof the chairs,arelost becausef the inaccuraciesn
theregistraton of theindividualrangemaps.
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Figure14: (a) Oneof twelve rangemaps(b) The associate@mpliudemap(c) A surface
plot of therangedatato shawv the level of noise. (d) The confidencaneasuresssociated
with thoserangevalues.



Figure 15: (top) The 3D reconstructiorresultingfrom the zero crossingsof g(x) gives
someaveraging putincludesnoprior. (botton) Theresultof 32iterationswith theiterative
schemaeancludesthe prior andexcludesinfluencesof dataon surfacesthatfaceaway from

thescanner



8 VISPACK

8.1 Intr oduction

VISPACK is asetof C++, object-orientedibrariesfor imageprocessingyolumeprocess-
ing, andlevel-setsurlacemodeling. It consistsof five libraries: Matrix, Image,Volume,
Util, andVoxmodel(level-setmodeling). Thesdibrariescanbeusedseparatelyr together
whencreatingapplications.

VISPACK incorporate®ightbasicdesignattributes. Theseare

Data Handles/Copyon Write:  VISPack is an object-orientedibrary, andassuchwe
allow the objectsto handlememorymanagementandrelieve the programmei(in
mostcases)rom having to worry pointersandthe correspondingnemoryalloca-
tion/deallocationproblems. For this we usethe datahandleswith a copyon write
protocol. Copy constructorgperforma shallav copy with referencecountinguntil a
nonconstoperationon the underlyingbuffersforcesa deepcopy. Thusdeepcopies
areperformedonly whennecessarybut all memoryis maintainedoy the objectsand
objectsbehae as“variables’ratherthanpointers.

Modified Data Hiding: Accessto datain objectsis generallythroughaccessnethods,
however, pointersto buffersfor fastimplementationsareavailable.

Templates: VISPackutilizesthetemplatingconstrucof C++virtually throughot. Many
of the objects,including images,\volumes,lists, andarrays,areintendedto support
awide rangeof datatypes. Thus,via templatirg programmergandefinethe pixels
of differentimagesof differenttypes,suchasfloating point, 24-bit color, and16-bit
greyscale.

Useof Standard File Formats: Whenappropriate/ISPack usesstandardile formats.
We choosdormatsthatarewell known andhave publicly availablelibrariesthatcan
be distributedwith our libraries. The matrix library usesa simpletext format. The
imagelibrary usesTIFF andFITS file formats. Becauseno standardormat exists
for saving volumesof datawe do usearaw file format.

Operator Overloading: Properuseof operatoroverloadinggives usersa corvenient
way to executeoperationson an object. When compinedwith the copy-on-write
corventian, operatoroverloadirg allows programmergo treatmary heary-weight
objects(e.g. imagesand volumes)as variables. For instance the following code
computesion-maxinal edgesn aon afilteredvolume.



Vol une<f| oat > dx, dy, dz;

Vol unme<f | oat > vol gauss = vol . gauss(0.5);

Vol unme<f| oat > vol out = (((dx = vol gauss. dx()). power(2)
*vol _gauss. dx(2)

((dy = vol _gauss. dy()). power(2)*vol gauss. dy(2)
((dz = vol gauss. dz()).power(2)*vol gauss. dz(2)
dx*dy*(dx).dy() + dx*dz*(dx).dz())
dy*dz*(dy).dz()) )).zeroCrossings()

&& ((dx.power(2) + dy.power(2)) > T*T));

+ + + +

8.2 Level-SetSurface-Modeling Library

The Level-SetSurface-Modeling(LSSM) Library is an implementationof the level-set
techniqug[10, 13] specificallyfor deformingsurfacemodelsembeddedn volumes. The
implenmentationusesthe sparse-fieldnethoddescribedn [20]. Thelibrary implenmentsall
of thebasicnumericalalgorithmsandhandlesall of thedatastructuresequiredto perform
LSSM. The strategyy for usingthis library is to subclasghe objectVoxMbdel , setsome
parametersgefinea setof simplevirtual functionsthat control the deformationprocess,
initialize the model, and then direct the modelto iteratvely deformaccordingto those
equations. This sectiondescribeghe relationshp betweenthe mathematicof previous
sectionsandthe VISPack library. Its alsopresentsan exampk of usingVISPack libarary
to do 3D shapemetamorphosiasdescribedn Section7.1.

8.2.1 SurfaceDeformation

The LSSM library allows oneto solve for surfacedeformationsasa functionof time, for
generalevel-setsurfacemovementsof theform:

ox

5 = oF (@, N(@)) + fG(z, N(@))N(2) + N (@) + nE (k(2), k2(2))),  (42)
wherez is apointonthesurface.This equations solvedby representinghesurfaceasthe
kth level setof animplicit functioné(z, ¢) : R* x R* — IR. Thisgives

9¢

5 = oF(@,V9)) - Vo + G(2, V)|V +7|Ve| +nE(D, D*¢),  (43)



whereD¢ and D?¢ are collectionsfirst and secondderivatives of ¢, respectiely. This
equations solvedonadiscretegrid usinganup-windschemegradientcalculationscentral
differencedor thecurvature andforwardfinite differencesn time. TheLSSMlibrary uses
the sparse-fieldmethoddescribedn Section6.3andin [21].

Thus,theLSSM library offersthe following capabilites:

1. Createsaninitial model(with associatedctive set)from avolume.

2. CalculatesAwg; . and At usingvirtual functions(definedby subclassesphat de-
scribeF andG andparameter$valuessetbythesubclass)x B, v, andn.

3. Performsanupdateonthevaluesof u7; ;.

4. Maintainsthelist of active grid pointsandupdateghe layers aroundthosepointsin
orderto maintaina neighborhoodrom whichto calculatesubsequenipdates.

5. Provides accesgo the volume that definesu?’; . andthe linked list of actve grid
points

Giventhevolumedefiningu?; ., onecanthenrely onthefunctionalityof thevolumelibrary
for subsequerrocessingfiile I/O, or surfaceextraction.

8.2.2 Structure and Philosophy of the LSSM Library

Thelibrary is organized(mostlyfor easeof developmnent)into a baseclass,Level Set -
Model , anda derived class,VoxModel . The baseclassdoesall of the book keeping
associatedvith the active setand surroundingayers, the link lists associatedvith those
sets,andinitializing the model. Thusit addsandremoves voxelsfrom the active set(and
surroundingayers)in responsdo an updateoperation. The baseclassassumeshatthe
subclasse&now how to updateindividual voxels Applications are built by subclassig
VoxModel andredefiningasmallsetof virtual functionsthatcontrolthe movementof the
model.

ThesubclassyYoxModel , performsupdateon the grid pointsin the active setof the form
givenin Equationl8, usingfunctionsF' andG andparameters., 3, v, andy. It alsocalcu-
latesthe maximumA¢ thatensurestability. Thusa userwho wishesto performa surface
deformationusingthe LSSM library, would createsubclasof VoxMbdel anddefinethe
appropriatevirtual functionsandsetthe parameterso achiare the desiredoehaior.



8.2.3 ThelLevel Set Mbdel Object

The Level Set Model containsa volume of values,a volume of statusflags, five lists
(oneactwelist, two insidelists, andtwo outsidelists), andthreeparametershatdetermine
theorigin of the coordinatesystenform which the modelperformsits calculations.

There are two constructors,Level Set Model () and Level Set Model ( const
VI SVol unme<f | oat > &) . Thefirst simply initializesthe datastructure andthe second
alsosetthevaluesof themodelvolume (_val ues) totheinput. Oncethevalueshave been
set,onecancreateaninitial volume from thosevaluesby callingconst ruct Li st s(),
which canalsotake a floating-pointargumentthatcontrolsthe scalingof theinput relative
to alocal distanceransformnearthe zeroset.

Thelist thatkeepdrackof theactiveset,called_act i vel i st , keepdrackof thelocation
of thosegrid pointsandasingle floating-pointvalue , which storeshechangen theirvalues
from oneiterationto the next.

Anotherimportantmethoddor usersof this objectis updat e(f | oat ) , which changes
the grey-scale valuesof the grid for the active set accordingto the valuesstoredin
_activeli st, andupdateghe statusof elementson the active list aswell asthe val-
uesand statusof nearbylayers(2 inside and 2 outside). The floating point agumentis
the value of At from Equationl18, andthe returnvalueis the maximumchangethat oc-
curredon the active set. Finally, themethodi t er at e() callsthevirtual methodcal -
cul at e change, avirtual functionwhich setsthevaluesof Au7, , andreturnsthe max-
imum valueof At for stability, andthencallsupdat e. For thisobjectthefunctioncal -
cul at e_change performssometrivial (i.e., uselesspperation.

8.2.4 The VoxModel Object

TheVoxModel objectis asubclas®f Level Set Model , andit addthreethings to the
baseclass.

1. cal cul at e_change() is redefinedto implement the surface deformationde-
scribedin Equatior43.

2. Thevirtual functionsaredeclaredor F' (calledf or ce) andG (calledgr ow). These
functionsaredefinedto returnzerofor this object.



3. Theparametershatcontroltherelative influenceof the varioustermsarereadfrom
file by aroutinel oad_par amns.

4. A methodr escal e(f | oat) isdefinedwhichresampleshevolumeof grid-point
valuesinto anew volume with differentresolutior andredefineshelists (andthereby
themodel)in this new volume. This methodis for performingcoarse-to-finelefor
mationprocedures.

8.3 Example: 3D ShapeMetamorphasis

TheMor ph objectallows oneto constructa sequencef volumesor surfacemeshesising

the 3D shapemetamorphas techniquedescribedn Section7.1, which wasfirst proposed
by Whitaker andBreen[20]. Thistechniquereliesdistanceransformdor boththe source
andtargetobjectsandusesa LSSMsto manipulatethe shapeof the sourcesothatit coin-

cideswith thetarget. The surfacedeformatiorthatdescribeshis behaior is

ox

S = 86 (I(2)) N(a), (44)
whereG(x) is simply the distancetransform(or somemonotaic functionthereof)of the
tamget,andT is a coordinatetransformatiorthatalignsthe sourceandtargetobjects. The
level-setformulationof thisis

99 (x, 1)
ot

= PG (T(2)) V|- (45)

Themorphirg processconsistof severalsteps:

1. Readin distancdransformgin theform of volumes)for bothsourceandtarget.
2. Initialize the LSSM by fitting it to the zerosetof the sourcedistanceransform.
3. Updatethe LSSM accordingto Equation45.

4. Save intermediaterolumessurfacesatregularintenals.

Theremaindeiof this sectionlists the codeandcommentdor threefiles, morph.h(which
declaresthe Mor ph object), morph.C(which definesthe method$ and main.C (which
performsall of thel/O andusesthe Mor ph objectto constructa sequencef shapes.



8.4 Morph.h

I
[l morph.h
/1
/1

#i fndef iris_norph_h
#define iris_norph_h

#i ncl ude "voxnodel / voxnodel . h"
#include "matri x/ matri x. h"

#define I NI T_STATE O
#defi ne MORPH_STATE 1

/1
/1l This is the norph object. It uses all of the machinery of the base
/1l class to manipul ate | evel sets. It needs to have an initial vol une

/1l and a final volunme (which would typically be the distance transform
/1 it mght need a 3D transformation, and it needs to redefine the
/1 virtual function "grow', which takes 6 floats as input, the position

/1 followed by the normal vectors (all will calculated and passed into
/1 this nmethod by the base class). It mght also have a state, that
/1 indicates whether or not it’s been initialized.

I

/'l Functions not defined here should be defined in "norph.C
/1
cl ass Morph: public VoxMde

{
pr ot ect ed:
VI SVol une<f | oat > _di st _source;
VI SVol une<f | oat > _di st _target;
VISMatrix _transform
I

/1 This is the function that is used by the base class to mani pulate the
| evel

/1l set. You can define it to by anything you want. For this object, it
wil |

/[l return a value fromthe di stance transform of the target.

I



virtual float growm(float x, float y, float z,
float nx, float ny, float nz);

/'l There are two states. In the first state, the nodel is trying to fit
/1l to the input data. In this way the nodels starts by |ooking just like

/1l the input data
int _state;

public:

Mor ph(const ©Mor ph& ot her)

{
_dist_target = other. _dist_target;
_initial = other. initial;
_state = MORPH _STATE;
_transform = VISVISMatrix(3, 3);
_transformidentity();
[l initialize();

}

Mor ph( VI SVol une<fl oat> init, VISVol une<fl oat> d)
: VoxModel ()

{
_dist_target = d;
_initial =init;

_State = MORPH_STATE;
_transform = VISVISMatrix(3, 3);
_transformidentity();

[l initialize();

}
void initialize();

/1l for this object | assume that the transformis just a matri x.
/1 but it could be anything

void transforn(const VISVISMatrix& t)

{ _transform=1;}

const VISVISMatri x& transform))
{ return(_transform;}



voi d di stance(const VI SVol une<f| oat> d)
{ _dist _target = d;}

VI SVol une<f | oat > di st ance()

{ return(_dist _target);}

}
#endi f
8.5 Morph.C

#i ncl ude "norph. h"
#i nclude "util/geonetry. h"
#i nclude "util/mathutil.h"

Il

/1l this is the virtual function, that is the guts of it all
/1

fl oat Morph::grow(float x, float y, float z,
float nx, float ny, float nz)
{
/1l this says you are in the norph state (things have been initialized)
i f (_state == MORPH_STATE)
{

float xx, yy, zz;
VI SPoi nt p(4u);

p.at(0) = Xx;
p.at(1l) =vy;
p.at(2) = z;
p.at(3) = 1;

VI SPoi nt p_tnp;
/1l this is where you could put some other transform
p_tnp = _transforntp;

XX 0);
yy _tm.y();



zz = p_tnp.z(),

/1 make sure you are not out of the bounds
/1 of your distance vol une.
if (_dist_target.checkBounds(xx, yy, zz))
/1 if not, get the distance (use trilinear interpolation).
return(_dist_target.interp(xx, yy, zz));
el se
return(0.0f);
}

el se
{
/[l if you are still initializing, then nove toward the zero set of
/1l your initial case
if (_initial.checkBounds(x, vy, 2z))
return(_initial.interp(x, vy, 2));
el se
return(0.0Of);

}
}

/1 this makes the nodel |ook |ike the input.
#define I NI T_I TERATIONS 5
void Mrph::initialize()
{
_values = _initial;
int state tnp = _state;
_state = | NI T_STATE;
construct _I|ists(D FFERENCE_FACTOR)
/'l these couple of iterations are required to nmake sure that the zero
/'l sets of the nodel match the zero sets of the
Il
for (int i =0; i < INT_ITERATIONS; i ++)
{
/1 1Timt the dt to 1.0 so that the nodel settles in to a solution
updat e(:: m n(cal cul ate_change(), 1.0f));
}

_state = state_tnp;



8.6 Main.C

#1 ncl ude
#1 ncl ude
#i ncl ude
#i ncl ude
#i ncl ude

const in
const in
const in

#def i ne
torus. C
#defi ne
#defi ne

#defi ne
#defi ne
#def i ne

#defi ne
#defi ne
#defi ne

float sp

float to
float cu

/'l This

"vol / vol une. h"

"vol /vol unefile.h”
"i mage/ i magefile. h"
" mor ph. h"
<string. h>

t V_HElI GHT = (40);
t V.WDTH = (40);
t V_DEPTH = (40);
XY_RADIUS (12) // this matches the 2.5D data generated in

T RADIUS (4) // this matches the 2.5D data generated in torus.C
S RADIUS (12) // radius of a sphere

B_W DTH ( 20. Of)
B_HEI GHT (60. 0f)
B_DEPTH ( 20. Of)

B_CENTER X (12.0f)
B_CENTER Y (32.0f)
B_CENTER Z (12. 0f)

her e(unsi gned x, unsigned y, unsigned z);

rus(unsi gned x, unsigned y, unsigned z);
be(unsi gned x, unsigned y, unsigned z);

is a programthat does the norph. |If you give it two

/1l argunents, it reads the initial nodel and the dist trans for the

/1 final
sphere
/1l and d

mai n(i nt

{

nodel fromthe two file nanes given, otherwi se, it nmakes a
eforms it into a torus

argc, char** argv)



VI SVol unme<f | oat > vol _source, vol _target;
VI SVol uneFile vol file;

int i;

char fname[ 80];

vol source = VI SVol une<f | oat >( 25, 65, 25) ;
vol source. eval uat e(cube);

if (argc > 2)
{
/'l read in the sourcei ng node
vol _source = VI SVol une<f| oat>(vol _file.read _float(argv[1]));
/1l read in the dist trans of the final nodel
vol target = VI SVol une<fl oat >(vol _file.read float(argv[2]));

}

el se

/1 make up sone vol unes
{

vol _source = VI SVol une<fl oat>(V_WDTH, V_HEI GHT, V_DEPTH)
vol _sour ce. eval uat e( sphere);
vol target = VI SVol une<float>(V_WDTH, V_HEI GHT, V_DEPTH)
vol _target.eval uate(torus);

}

/'l create norph object

Mor ph nor ph(vol _source, vol target);

/1l loads in sonme paraneters (for norphing these are all zero but one)
Il i.e.

/1

I

I

I

nor ph. | oad_par anet er s( " nor ph_par ans”) ;
nmorph.initialize();

vol _file.wite_ float(norph.values(), "nmorphO.flt");

fl oat dt;

/1l do 150 iterations for your nodel to get fromstart to finish
/1l probably don’'t need this nmany iterations



for (i = 0; i < 150; i ++)
{
dt = norph.cal cul ate_change();
/[l limt dt to 0.5 so that node
dt = mn(dt, 0.5f);
nmor ph. updat e(dt) ;

printf("iteration % dt %\n", i, dt);
if (((1 + 1)%0) == 0)
{
/'l save every tenth vol une
sprintf(fname, "norph_out.%.dat", i + 1);
vol _file.wite float(norph.values(), fnanme);
}
}
/'l save a surface nodel (i.e. marching cubes).
vol _file.march(0.0f, norph.values(), ‘‘norph_final.iv'’

printf("done\n");

}

never overshoots goa
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