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Abstract

The generalizatiorof signalandimageprocessingo surfacesentailsfiltering the normals
of the surface,ratherthanfiltering the positionsof pointson a mesh. Using a variational
framavork, smoothsuriacesminimize the normof the dervative of the surfacenormals—
i.e. total curvature.Penaltyfunctionsonthesurfacenormalsarecomputedisinggeometry-
basedshapemetricsandminimizedusinggradientdescent.This producesa setof partial
differentialequationgPDE).In this paperwe introducea novel framework for implement-
ing geometricprocessingools for surfacesusinga two stepalgorithm: (i) operatingon
thenormalmapof asurface,and(ii) manipulatingthe surfaceto fit the processediormals.
The computationabpproachuseslevel setsurfacemodels;therefore the processingloes
notdependn arny underlyingparameterizationteratingthis two-stepprocessye canim-
plementgeometricfourth-orderflows efficiently by solving a setof coupledsecond-order
PDEs. This paperwill demonstratehatthe framevork providesfor a wide rangeof sur
faceprocessingperationsincluding edge-preservingmoothingandhigh-boosffiltering.
Furthermorethe generalityof the implementatiormakesit appropriatefor very complex
surfacemodels.e.g.thoseconstructedlirectly from measurediata.



Chapter 1

Intr oduction

Thefundamentaprinciplesof signalprocessingjiveriseto awide rangeof usefultoolsfor

manipulatingandtransformingsignalsandimages.The generalizatiorof theseprinciples
to the processingf 3D surfaceshasbecomeanimportantproblemin computergraphics,
visualization,andvision. For instance 3D rangesensingechnologiegproducehigh reso-
lution description®of objects but they oftensuffer from noise.Medicalimagingmodalities
suchasMRI andCT scansproducelarge volumesof scalaror tensormeasurementdut

surfacesof interestimustbe extractedthroughsomesegmentatiorprocesr fitted directly
to themeasurements.

The stateof the art in surfaceprocessingncludesa numberof very usefultools for pro-

cessingmeshes.However, to datethereis no general framework for geometric surface

processing. By general we meantwo things. First, the framavork shouldprovide a broad
variety of capabilities,including surfaceprocessingoolsthatresemblehe stateof the art

in image processingalgorithms. Secondthe framewnork shouldapply to a generalclass
of surfaces. Usersshouldbe ableto processcomplex surfacesof arbitrarytopology and
obtainmeaningfulresultswith very little a priori knowledgeaboutthe shapesBy geomet-

ric we meanthatoutputof surfaceprocessinglgorithmsshoulddependon surfaceshape
andresolution but shouldbeindependentf arbitrarydecisionsabouttherepresentatioor

parameterization.

This paperpresentsa framavork thatis basedon the propositionthatthe naturalgeneral-
ization of imageprocessingo surfacesis via the surface normal vectors. Thus,a smooth
surfaceis onethat hassmoothlyvarying normals. In this light, the differencesetween
surfaceprocessingandimage processingare threefold. Normalslive on a manifold (the
surface)andcannotnecessarilyoe processedisinga flat metric, asis typically donewith
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Original Model Isotropic Smoothing Edge-Preserving Smoothing High-Boost Filtering

Figurel.1: Surfaceprocessingxamples.

images.Normalsarevectorvaluedandconstrainedo be unit length;the processindgech-
niquesmustaccommodatéhis. Normalsare coupledwith the surfaceshapeandthusthe
normalsshoulddragthe surfacealongastheir valuesaremodifiedduring processing.

This papempresentanimplementatiorthatrepresentsurfacesasthelevel setsof volumes
andcomputesheprocessingf thenormalsandthedeformatiorof thesurfacesassolutions
to a setof partial differential equations(PDE). This stratgy enablesus to achieve the
“black box” behaior, which s reflectedin the natureof the results. Resultsin this paper
will shav a level of compleity in the modelsandthe processingalgorithmsthat hasnot
yet beendemonstratedn the literature. This generalitycomesat the costof significant
computatiortime. However, the methodis practicalwith state-of-the-artomputersandis
well-poisedto benefitfrom parallelcomputingarchitecturesgdueto its relianceon local,
iteratve computations.

Figurel shaws severalresultsof processing 3D surfacemodelwith differentalgorithms.
Thesealgorithmsconsistof smoothing,feature-preservingmoothing,and surface en-
hancementAll threeprocesseareconsistentnathematicafjeneralizationsf theirimage-
processingounterpartsNotethatall of thesurfacesn this paperarerepresentesiolumet-
rically andrenderediusingthe marchingcubesalgorithm[1].

In someapplicationssuchasanimation,modelsaremanuallygeneratedy a designeiand
the parameterizatiors not arbitrarybut is animportantaspecof the geometricmodel. In
thesecaseanesh-base@rocessingnethodsoffer a powerful setof tools, suchashierar
chical editing [2], which arenot yet possiblewith the proposedepresentationHowever,
in otherapplicationssuchas3D segmentatiorand surfacereconstructior3, 4], the pro-



cessings datadriven,andsurfacescandeformquitefar from their initial shapesndeven
changetopology Furthermorewhen consideringorocessestherthanisotropicsmooth-
ing, suchasnonlinearsmoothingor high-boosfiltering, thecreationor sharpeningf small
featurescanexhibit noticeablesffectsof themeshtopology—featureghatarealignedwith
themesharetreateddifferentlythanthosethatarenot. Thetechniquepresentedh this pa-
peroffer anew setof capabilitiesghatareespeciallyinterestingvhenprocessingneasured
data—asareall of theexamplesshaw in this paper

The specificcontributionsof this paperare:

e anovel frameavork for geometricprocessingf surfacesthatrelieson surfacenor-
mals;

e anumericalmethodfor solvingfourth-orderevel setequationsn two simplersteps,
therebyavoiding the explicit computatiorof unstablehigh-orderderiatives;and

e examplesof threegeometrigorocessingilgorithmswith applicationgo datasetsthat
aremorecomple thanthosepreviously demonstrateh theliterature.



Chapter 2

Related Work

Themajority of surfaceprocessingesearcthasbeenin the context of surface fairing with
the motivationof smoothingsurfacemodelsto createaestheticallypleasingsurfacesusing
triangulatedmeshed>5, 6, 7, 8]. Surfacefairing typically operateby minimizing a fair-
nessor penaltyfunction that favors smoothsurfaces[9, 10, 11, 5]. Fairnessfunctionals
candependon the geometryof the surfaceor the parameterizationGeometridunctionals
make useof invariantssuchas principal curvatures,which are parameterizatioindepen-
dent,intrinsic propertiesof the surface. Therefore,geometricapproachegroduceresults
thatarenot affectedby arbitrarydecisionsaboutthe parameterizatiorhowever, geometric
invariantsarenonlinearfunctionsof surfacederivativesthatarecomputationallyexpensve
to evaluate. Simpler parameterizatiomlependenfunctionalsare linear approximationgo
geometridnvariants.Suchfunctionalscanbe equivalentto geometricnvariantswhenthe
surface parameterizatiors isometric) or they canbe poor approximationsvhenthe pa-
rameterizations irregular and non-differentiable. An isometric surfaceparameterization
requiresthe two parametecoordinateaxisto be orthogonalandarc-lengthparameterized.
In the context of surfacefairing with meshegheseconceptsarealsoreferredto asgeomet-
ric andparameterizatiosmoothnes§r] or outerandinnerfairnesgq12].

One way to smootha surfaceis to incrementallyreduceits surfacearea. This canbe
accomplishedby meancurvatureflow (MCF) atevery pointS:

s .
5 =HN (2.1)

whereH is the meancunvatureof the surface, N is the surfacenormal,andt is the time
evolution of the surfaceshape For parameterizedurfaceshe surfaceareatranslateso the
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membranenegy functional
/x3+xv2 du dv 2.2)
Q

whereX(u,v) andQ arethe surfaceparameterizatioandits domain,respectrely. For an
isometricparameterizatioX? + X2 = 1; therefore(2.2) reduceso surfacearea.However,
for largerandsmallerX? 4- X2, theapproximatiorto surfaceareais distortedproportionally
Thevariationalderivative of (2.2)is theLaplacian,

AX = Xuu =+ Xw; (2.3)

which is equialentto meancurvaturein theisometriccase.Laplacian,or meancurvature
flow, is closelytiedto Gaussiariiltering—astandardnethodof smoothingmages.Clarenz
et al. [13] proposeameshed-basedtrinsicflow thatincorporatesweightedsumprinciple
cunvatureghatdepend®n thelocal surfaceshape.

A second-ordepenaltyfunctionis total curvature
/K12+K22 ds (2.4)
S

which hasbeenshowvn to deformsurfacesinto sphereg$14]. Total curvatureis a geometric
(invariant)propertyof thesurface. Themeshfairing approacthof [5] whichminimizes(2.4)
involvesfitting local polynomialbasisfunctionsto local neighborhoodfor thecomputation
of total curvature.Thesepolynomialbasisfunctionsrangefrom full quadratigpolynomials
to constrainedjuadraticeandplanarapproximationsDependingon the compleity of the
local neighborhoodthe algorithmmustchoose at eachlocation, which basisto employ.
Ambiguitiesresultat locationswheremultiple basisprovide equallygoodrepresentations.
In [8] the authorssearchdirectly for anintrinsic PDE that producedair surfacesinstead
of derving the PDEsfrom a variationalframewnork. They proposethe Laplacianof mean
cunatureAgH = 0 for meshesvhereA; is theLaplace-Beltramoperatoyi.e. theLaplacian
for parameterizedurfaces.Theirapproachs not sufiiciently generato satisfythegoalsof
this paper but is closelyrelatedto the proposednethod.We will discusst furtherin Sec.
3.

If we penalizethe parameterizatioii.e. non-geometric)equation(2.4) becomeghe thin
plateenegy functional

/Qxiﬁzx&wrx&v du dv (2.5)

whereX andQ areasdefinedfor (2.2). Thin plate enegy wasusedin [10] for surface
fairing. Thevariationalderivative of (2.5) is the biharmonicoperatoywhichis linear:

AZX = quuu + 2><uuw + vaw- (2-6)



Theselinear enegy functionalsunderlythe signalprocessingapproacho surfacefairing
pioneeredn [6], who derivedthenaturalvibrationfrequencie®f asurfacefrom theLapla-
cian operator Taubin obsenresthat Gaussiarfiltering causesshrinkage. He eliminates
this problemby designinga low passfilter usinga weightedaverageof the Laplacianand
the biharmonicoperator The weightshave to be fine-tunedto obtainthe non-shrinking
property Analyzedin thefrequeng domain,this low-pasdilter canbe seenasa Gaussian
smoothingshrinkingstepfollowedby anunshrinkingstep.Indeed ary polynomialtransfer
functionin thefrequengy domaincanbeimplementedvith this method[15]. [16] describe
arelatedapproachn which surfacearesmoothedy simultaneouslgolvingthemembrane
(2.2) andthin plate(2.5) enegy functionals.

Thesignalprocessin@pproachtusesthe umbrellaoperatomwhich is a discretizatiorof the
Laplacian. The edgelengthsconnectingthe nodesof the meshandthe anglesbetween
adjacentedgesarounda node,alsoknown asfaceangles,introduceparameterizationle-
pendenciesBY settingthe edgeweightsin the umbrellaoperatorto the reciprocalof the
edgelength,the dependeng on edgelengthcanbe removed [6], but the dependengon
the faceanglesremain. A scaledependentntrinsic umbrellaoperatoris definedin [7]
thatremovesbothdependencieslhetime stepsin explicitly integratinga scaledependent
umbrellaoperatorare proportionalto the squareof the shortestedgelength. Desbrun et
al. overcomethis limitation by introducinganimplicit integrationscheme.Nevertheless,
the weightsfor the umbrellaoperatormustbe recomputedat eachiterationto maintainits
intrinsic property A non-uniformrelaxationoperatoris introducedin [2] to minimize a
locally weightedquadraticenegy of secondrderdifferences.

Moretonand Sequin[9] proposea geometricfairnessfunctionalthat penalizeghe varia-
tion of principle curvatures—ahird-order geometrigpenaltyfunction (correspondingo a
sixth-order variationalderivative), which requiresvery large computatiortimes. Theanal-
ysisandimplementatiorof generalpenaltyfunctionsabove secondrderremainsanopen
problem,which is beyond the scopeof this paper Evidencein this paperandelsavhere
[7, 8] suggestshatfourth-ordergeometridlows form a sufficientfoundationfor ageneral,
geometricsurfaceprocessingystem.

This work in this paperis alsorelatedto that of Chopp& Sethian[17], who derive the
intrinsic Laplacianof curvaturefor animplicit curve, andsolve the resultingfourth-order
nonlinearPDE.However, they aguethatthenumericaimethodsuisedto solve secondrder
flows are not practical,becausehey lack long term stability. They proposeseveral new
numericalschemesput noneare found to be completelysatistctory due to their slow
computatiorandinability to handlesingularities.Oneof theresultsof this paperis to solve
this equationmoreeffectively andto demonstratehatthis is only oneexampleof a more
generalclassof usefulsurfaceprocessingechniques.Jointinterpolationof vectorfields
andgraylevel functionswasusedfor succesfullyfilling-in missingpartsof imagesn [18].



Chapter 3

Geometric Surface Processing

Oneof theunderlyingstratejiesof this paperis to usegeometric surface processing, where
the output of the processdependonly on the shapeof the input surface,and doesnot
containartifactsfrom the underlyingparameterizationThe motivationfor this stratey is
discussedn detailin [12], wherethe influenceof the meshparameterizatiomn surface
fairing resultsis clearly shavn, and higherorder geometricflows, suchas the intrinsic
Laplacianof curvature areproposedasthe solution.

As anillustration of the importanceof higherorder geometricprocessing considerthe
resultsin Fig. 3.1, which demonstratethe differencesetweenprocessingurfaceswith
meancurvatureflow (MCF) andintrinsic Laplacianof meancurvatureflow (ILMCF). The
amountof smoothingfor MCF and ILMCF was chosento be qualitatively similar, and
yet importantdifferencescan be obsered on the smallerfeaturesof the original model.
MCF hasshortenedhe hornsof the original model, and yet they remain sharp—nota
desirablebehaior for a “smoothing” process.This behaior for MCF is well documented
asa pinchingoff of cylindrical objectsandis expectedfrom the variationalpoint of view:
MCF minimizessurfaceareaandthereforewill quickly eliminatesmallerpartsof amodel.
Someauthorq19] have proposedrolumepreservingormsof second-ordeftows, but these
processesompensatéy enlaging the object as a whole, which exhibits, qualitatively, the
samebehaior on small features.Intrinsic Laplacianof meancurvatureflow, in Fig. 3.1,
preseresthestructureof thesefeatureamuchbetterwhile smoothingthem.

An alternatve to solving a fourth-orderequationdirectly is to decoupleit into a pair of
second-ordeequationsFor instanceatwo-stepsolutionto ILMCF for meshess proposed
in [8]. However, this approachworksonly for meshesandrelieson analyticpropertiesof
the steady-statsolutions,AH = 0, by fitting surfaceprimitivesthat have thoseproperties.
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Figure 3.1: Second-and fourth-ordersurface smoothing. From left to right: Original
model,meancunatureflow, andintrinsic Laplacianof meancurvatureflow.
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Figure3.2: Shavn herein 2D, theprocesdeginswith ashapeandconstructanormalmap
from the distancetransform(left), modifiesthe normalmap accordingto a PDE derived
from a penaltyfunction(center) andre-fitsthe shapeo the normalmap(right).

Thus,the formalismdoesnot generalizevell to applicationssuchassurfacereconstruc-
tion, wherethe solutionis a combinationof measurediataanda fourth-ordersmoothing

term. Also, it doesnot apply to othertypesof smoothingprocessessuchasthosethat
minimize nonlinearfeature-preservingenalties.

In [18], the authorspenalizethe smoothnes®sf a vectorfield while simultaneouslyforc-
ing the gradientdirectionsof a gray scaleimageto closely matchthe vectorfield. The
penaltyfunction on the normalfield is proportionalto the divergenceof the normalvec-
tors. Thisformsahigh-orderinterpolationfunction,whichis shavn to beusefulfor image
inpainting—receoeringmissingpatcheof datain 2D images.This stratgy of simultane-
ously penalizingthe divergenceof a normalfield andthe mismatchof this field with the
imagegradientis closely relatedto the total curvature penaltyfunction usedin this pa-
per. The formulationproposedn this paperemphasizeshe processingf normalson an
arbitrarysurfacemanifold (ratherthanthe flat geometryof animage),with anexplicit re-
lationshipto fourth-ordersurfaceflows. Furthermorethis paperestablishesew directions
for surfaceflows— toward edge-preservingurfacesmoothingandfeatureenhancement.
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In thissectionwe will generalizg17] to theintrinsic Laplacianof meancurvaturefor level
setsurfaces,andintroducea methodfor breakingit into two simplerPDEs. This pair of
eqguationss solvedby allowing the surfaceshapeo lag the normalsasthey arefilteredand
thencatchup by a separatgrocessFigure 3.2 shavs thesethreestepprocessyraphically
in 2D—shapegive rise to normalmaps,which, whenfiltered, give riseto new shapesin
thelimit, this approachs equialentto solvingthe full-blown, intrinsic fourth-orderflow,
but it generalizeso awide rangeof processeandmakesno assumptiongboutthe shapes
of the solutions. In Sec. 4, we show resultsfor several differentkinds of surfacefilters.
Theappendixdescribes numericallystablediscretesolver for the systemof equations.

3.1 Levelsetmethods

Theremainderof this paperaddressethe higherordergeometryof implicit surfaces,.e.
level sets.Eventhoughvery goodsurfacefairing resultshave beenobtainedwith meshes,
therearesomedravbacksto usingmeshesndotherparametrianodelsfor purpose®ther
thansimplesmoothing(i.e. low passfiltering). We believe thatlevel setmethodq20, 21]
arebettersuitedfor awide rangeof surface-processinfpr the following reasons.

1. Somesurfaceprocessessuchasanisotropicdiffusionandhigh-boosffiltering, have
the capabilityof introducingnew features—dundamentatifferencefrom smooth-
ing. Meshesdo not form discontinuitieswell unlessthe edgesof the facetriangles
coincidewith theedgesof the surface.



2. Anythingmorethana modestamountof smoothings lik ely to evolve the surfacefar
from its original shape This requiresthe creationanddeletionof facesin mesheso
maintainthe original resolution.Implicit surfacesdo not exhibit this problem.

3. For surfacereconstructionsuchas from rangeimagery or tomographicdata, the
evolving surface can undego topologicalchangeq3, 4]. Surface meshesdo not
(readily)allow topologicalchangeswhereadevel setsurfacesdo.

To facilitatethe discussionywe usethe Einsteinnotationcorvention,wherethe subscripts
indicatetensorindices, and repeatedsubscriptswithin a productrepresena summation
over theindex (acrosshe dimensionf the underlyingspace).Furthermorewe usethe

cornvention that subscriptson quantitiesrepresenterivatives, except wherethey arein

parenthesisin which casethey referto a vectorvaluedvariable. Thus, ¢ is the gradient
vectorof ascalamquantityg: IR" — IR. TheHessiaris ¢, andtheLaplacianis ¢;. A vector
field is Vi wherev : IR" — IR", andthe divergenceof thatfield is Vi Scalaroperators,

suchasdifferentialsbehaein theusualway. Thus,gradientmagnitudes |@| = /@@ and
thedifferentialfor acoordinatesystemis dx ;) = dx;dx, ... dx.

Level setsurfacemodelsrely onthenotionof aregularsurface whichis acollectionof 3D
points,.#, with atopologythatallows eachpoint to be modelediocally asa function of
two variables.We candescribethe deformationof sucha surfaceusingthe 3D velocity of
eachof its constituenipoints,i.e., 0s(i)(t)/0t for all Sy € <. If we representhesurface

implicitly ateachtimet, then
S = {s(i)(t) | (p(s(i)(t),t) :o}. (3.1)

Noticethatsurfacesdefinedin this way divide a volumeinto two parts:inside(¢ > 0) and
outside(@ < 0). It is commonto choosep to bethe signeddistancearansformof ., or an
approximatiorthereof.

The surfaceremainsa level setof ¢ over time, andthustaking the total derivative with
respecto time (usingthe chainrule) gives

% _ %%
ot I ot
Noticethatgoj is proportionafto thesurfacenormal,andthusds(j)/dt affects@ only in the
directionof the surfacenormal—surfacemotionin ary otherdirectionis merelya change
in the parameterizationUsing this framework, the PDE on ¢ thatdescribeghe motion of
asurfaceby meancurvature,asin (2.1),is

Jo 449
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(3.3)




Thefollowing sectiongjivethemathematicatlescriptiorof theproces®utlinedin Fig. 3.3.

First we will derive the enegy functionalfor minimizing the total curvatureof a normal

map. Thefirst variationof thetotal curvatureresultsin asecond-ordePDEonthenormals.
This processs denotedn Fig. 3.3asthed¥ /dN loop. Next, in Sec.3.3,we shav another
enegy functionalfor fitting a surfaceto an evolved normal map, resultingin a second-
orderPDEon ¢. Thisisthed% /d¢ loopin Fig. 3.3. Finally, we will show thattheoverall

processof simultaneouslysolving thesetwo PDEsas shavn in Fig. 3.3 is equialentto

ILMCEF. This establisheshe mathematicaloundationof the proposednethod.

3.2 Intrinsic Laplacian of meancurvatureflow for normal
maps

Whenusingimplicit representationenemustaccountfor the factderiativesof functions
definedon the surfaceare computedby projectingtheir 3D derivativesonto the tangent
planeof the surface. Let N(i) . IR® — S® be the normalmap, which is a field of normals
thatareeverywhereperpendiculato thefamily of embeddedsosurticesof go—thusN(i) =
(R/\/m. The 3 x 3 projectionmatrix for the implicit surfacenormalis P(ij) = N(i) ()’
and P(ij)v(i) returnsthe projectionof V(i) onto N(i). Let I(ij) be the identity matrix. Then
the projectiononto the planethatis perpendiculato the vectorfield N(i) is the tangent
projection operator, T(ij) = I(ij) — P(ij). Undernormalcircumstanceghe normalmap N(i)
is derived from the gradientof ¢, andT(ij) projectsvectorsonto the tangentplanesof the

level setsof ¢. However, the computationaktratey we areproposingallows ¢ to lag the

normalmap. Therefore the tangentprojectionoperatordiffer, andwe useT(?’j) to denote

projectionsontothetangenplanesof thelevel setsof ¢ andT(’i\‘j ) to denoteprojectionsonto
planesperpendiculato the normalmap.

Theshapematrix[22] of a surfacedescribests curvatureindependentf the parameteriza-
tion. Theshapematrix of animplicit surfaceis obtainedby differentiatingthe normalmap

andprojectingthatderivative ontothetangentplaneof thesurface.The Euclideamnormof
theshapematrixis thetotal cunature,k. Thus

K= HNa)JT((fk)HZ' (3.4)

If N(i) is deriveddirectly from ¢, this gives

K2 = HT?P gq-T‘f’)Hz. (3.5)



Thestratayy is to treattheseexpressionaspenaltyfunctions,anddevelopsurfaceprocess-
ing methodsby solving the PDEsthat resultfrom the first variation of surfaceintegrals
over thesepenaltyfunctions. Notice, thatif we take the first variationof (3.5) we obtain
a fourth-orderPDE on ¢, but if we take the first variationof (3.4), with respecto N(i),

allowing @ to remainfixed,we obtainasecond-ordePDEon N( i) To seethefirst variation

of (3.4) we re-expressthe norm, usingtheidentity ||A||? = TracdATA]. This gives

HN(i)iq’iH

=Nl | g (36
andthusthe penaltyfunctionfor thetotal surfacecurvatureis
A L P

As we procesghe normalmap N(i) , letting @ lag, we mustensurethatit maintainsthe unit
length constraint,N(i)N(i) = 1. This is expressedn the penaltyfunction using Lagrange
multipliers. The constrainegenaltyis

N )) +//‘ (%)) (N(k)N(k) _ 1) dx. (3.8)

whereA (X(|)) is the Lagrangemultiplier at X(1)- Using the first variationand solving for

A introducesa projectionoperatorT(’i\}) on the first variationof ¢, which keepsN(i) unit
length. Thusthefirst variationof (3.8) with respecto N(i) is

d Njy A%
N _ _ TN O
“liban = !N(nk G L' (3:9)
A gradientdescenbnthis metrlcé'N(i)/c?t = —dg/dN(i), resultsin aPDEthatasmoothes
thenormalmapby minimizing total curvaturewhile maintainingthe unit normalconstraint.
Noticethatthisis preciselythe sameassolvingthe constrainedliffusion equationon N(i)

usingthe methodof solving PDEson implicit manifoldsdescribedn [23]. This derivation
is whatwe considerthe base case—subsequergectionsof this paperwill introduceother
processesnthenormalmaps.

3.3 Surfaceevolution via normal maps

We have showvn how to evolve the normalsto minimize total squaredcurvature;however,
thefinal goalis thereconstructiorof the surfacewhich requiresevolving ¢, ratherthanthe



normalmap. Hence,the next stepis to relatethe evolution of ¢ to the evolution of N(i).
Supposghatwe aregiventhenormalmapN;, to somesetof surfacesbut notnecessarily
level setsof g—asis the caseif we filter N(i) andlet ¢ lag. We canmanipulatep sothat
it catchesupto N(i) by minimizing a penaltyfunctionthatquantifiesthe discrepang. This
penaltyfunctionis

@((p):/u [‘H‘R“RNU)} dx(j), (3.10)
whereU c IR? is the domainof ¢. A gradientdescenbn @ that minimizesthis penalty
functionis

a(p dz ©_ N
S —lla [(%%) N, ] Opl[He—HY @i

whereH? is the meancurvatureof thelevel setsurfaceandHN is theinducedcurvatureof
thenormalmap. Thus,the surfacemovesasthe differencebetweents own curvatureand
that of the normalfield. The factorof |dJg|, which is typical with level setformulations,
comedrom thefactthatwe aremanipulatinghe shapeof thelevel set,whichis embedded
in @, asin (3.2).

We proposeo solve fourth-orderflows onthelevel setsof ¢ by a splitting strateyy, which
entailsprocessinghe normalsandallowing ¢ to lag andthencatchup later, in a separate
processThisis only correctif we know thatin thelimit, asthelagbecomewsery small,we
aresolving the full fourth-orderPDE. To show this we analyzeoneiterationof the main
loop in Fig. 3.3. Before processinghe normals,they arederived from ¢", andwe have
N(r;) =q"/ /(pj“(pj”. Ewvolving the normalmaponceaccordingto (3.9) for a smallamount

of time dt gives

d¥
n+1 _ pn N
Ny ™ =Ni) = Tihgn
(1)
If weimmediatelyapply(3.11)to fit ¢ to this new normalmap

P N
‘p_|| @ | ( lN’(‘) T[“)dN(])dt] ) (3.13)
|

Becausd\l(r}) is derived directly from ¢", we have N(r;)i = H?, which givesthe expression
for changesn @ in orderto make up this infinitesimallag:

20 49
= | @ | [T(’i\lj)dN—(j)] R (3.14)
|

dt. (3.12)



We canexpresghepenaltyfunction? in termsof eitherN(i) or @, andtakethefirstvariation
with respecto eitherof thesequantities.Therelationshipbetweend¥ /dN(i) andd¥ /de
is establishedby integrating(by parts)—itis

49 49
T | T .
de [T” dN(J)]i’ 349

whereT‘P TN asdt — 0. Thustheupdateon @ afterit IagsN() by somesmallamountis
actually

2l S (3.16)

whichis agradientdescentof thelevel setsof ¢, on 54— thetotal curvatureof thesurface.

This analysisshaws that the stratgy depictedin Figs. 3.2 and 3.3 is a valid mechanism
for implementingthe base-caseyhichis ILMCF onimplicit, level setsurfaces.However,

this stratgy hasbroadeiimplications.Sec.4.2will show thatotherchoicesof ¢ (thereare
mary optionsfrom the imageprocessinditerature)will producedifferentkinds of PDE-
basedsurface processingalgorithms. Furthermore Sec.4.2.1will demonstratehat the
generalstratgy of processingnormalsseparatelyfrom surfaces,in a two phaseprocess,
offersasetof usefultoolsthatgo beyondthe strict variationalframework.



Chapter 4

Applications

4.1 Isotropic Diffusion

We have discussedLMCF in detailin Sec.3. Herewe will presentsomeresultsof this

diffusionprocessFigure4.1 shonvs modelat variousstagef the diffusion process.Two

iterationsof the main processindoop in Fig. 3.3 areenoughto remove the smallestscale
featuresfrom the model. Later iterationsstartsmoothingthe global shapeof the model.
Themodelshavn in this exampleconsistf a356x 161x 251volume. The computation
time requiredfor one iteration of the main processingoop for this modelis around30

minuteson a 1.7 Ghz Intel processor. The modelsusedin the examplesin therestof this

paperapproximatelyhave the sameevel of compleity.

4.2 Anisotropic Diffusion

Minimizing thetotal squarecturvatureof a surfaceworkswell for smoothingsurfacesand
eliminatingnoise,but it alsodeformsor removesimportantfeatures.This type of smooth-
ing is calledisotropicbecausat corresponds$o solving the heatequationon the normal
mapwith a constantscalarconductioncoeficient. Thisis equivalentto a convolution of
thesurfacenormalswith a Gaussiarkernelthatis isotropic(usinga metricthatis flat onthe
surface).Isotropicdiffusionis not particularlyeffective if the goalis to de-noisea surface
that hasan underlyingstructurewith fine features. This scenariois commonwhen ex-
tractingsurfacesrom 3D imagingmodalities suchasmagnetiacesonancémaging(MRI),
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Figure4.1: Variousstagef isotropicdiffusion: (a) original model, (b) after2 iterations,
(c) after8 iterations,and(d) after25 iterations.



in which the measurementareinherentlynoisy. Figure4.2(a)is an exampleof the skin
surface whichwasextractedyviaisosurecing,from anMRI dataset.Noticethattherough-
nessof the skin is noise,an artifact of the measuremerprocess.This modelis alsoquite
complex becausegespiteour bestefforts to avoid it, the isosuricesinclude mary cornvo-
luted passagesp in the sinusesandaroundthe neck. As anindicationof this compleity,
considerthatmarchingcubesproduce$43,000rianglesfrom thisvolume. Thisis over 10
timesthe numberof facesin mary of the “standard”’modelsusedto demonstratesurface
processin@lgorithms[2, 7]. Thestratg)y in this paperis to treatsuchsurfacesasthey are
measuredin their volumetricrepresentatiorratherthan procesghis dataindirectly via a
simplified, fitted surfacemesh[24].

Isotropic diffusion, shawvn in Fig. 4.2(b), is mawginally effective for de-noisingthe head
surface. Notice that the sharpedgesaroundthe eyes, nose,lips and earsarelost in this

processTheproblemof preservingeaturesvhile smoothingaway noisehasbeenstudied
extensiely in computevision. Anisotropicdiffusionintroducedn [25] hasbeenvery suc-
cessfulin dealingwith this problemin a wide rangeof images.Perona& Malik proposed
to replaceLaplaciansmoothing,which is equivalentto the heatequationdl /dt = [0 - I,

with anonlinearPDE:a

ol/ot="1-[g(|| 01 [)) 0N, (4.1)

wherel is generallythe grey-level image,andg(-) is the edgestoppingfunction, which

shouldbeadecreasingigmoidalfunction. Perona& Malik suggestedsingg(x) = eIt |2/2“,
whereu is a positive, free parametethat controlsthe level of contrastof edgesthat can
affectthe smoothingorocessNoticethatg(|| Ol ||) approache4 for || Ol ||< pu andO for

|| OI ||> u. Edgesaregenerallyassociatedvith large imagegradientsandthusdiffusion
acrossedgess stoppedwhile regionsthatarerelatively flat undego smoothing.A mathe-
maticalanalysisshavs thatsolutionsto (4.1) canactuallyexhibit aninversediffusionnear
edgesandcanenhancer sharpersmoothedgeghathave gradientgreaterthan i [19].

Using anisotropicdiffusion for surfaceprocessingvith meshesvasproposedn [13]. In
that work, the authorsmove the surface accordingto a weightedsum of principle cur
vatures,wherethe weighting dependsn the surfacegeometry This is not a variational
formulation, andis therebynot a generalizatiorof (4.1). Becauséat performsa cornvex
re-weightingof principle curvatures,jt canreducesmoothing but cannotexhibit sharpen-
ing of features.Furthermorethe level setimplementatiorwe are proposingallows us to
produceresultson significantlymorecomplex surfaceshapes.

The generalizatiorof anisotropicdiffusionasin (4.1) to surfacesis achievzed from varia-
tional principlesby minimizing the penaltyfunction

pa
G = /y e‘ﬁdx(i), (4.2)
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Figure4.2: ProcessingesultsontheMRI headmodel: (a) originalisosurtice (b)) isotropic
diffusion of surfacenormals,and(c) anisotropicdiffusion of surfacenormals. The small
protrusionunderthe noseis a physicalmarker usedfor registration.



wherek? is computedrom N(i) accordingto (3.4). Thefirst variationwith respecto the
surfacenormalsgivesgivesavectorvaluedanisotropiadiffusiononthelevel setsurface—
a straightforvard generalizatiorof (4.1). If we take the first variationwith respectto ¢,
we obtaina fourth-orderPDE, which is a modified versionof ILMCF that preseresor
enhancearea®f high curvature whichwe will call creases. Creasearethegeneralization
of edgesto surfaces. We will solve this variationalproblemby solving the second-order
PDE onthe normalsusingthe framewvork introducedn Sec.3. Thestrategy is thesameas
thatin Fig. 3.3, wherewe replaced? /dN with the first variationof the penaltyfunction
from (4.2). Thisgives

d¥ Njy A%
TN =2 — TN [g(K) (N . k—L)] (4.3)
('J)dN(j) (ij) (i) O )
wherek is thetotal curvatureasin (3.4),andthe edge-stoppingunctionbecomes

K

gk)=e 22, (4.4)

Therestof the processhavnin Fig. 3.3remainsunchanged.

De-noisingof measuremerdatais one of the mostimportantapplicationsof anisotropic
diffusion. Thedifferencedetweeranisotropiaiffusionandisotropicdiffusioncanclearly
be obsered in Fig. 4.2(c). Around the smoothareasof the original model suchasthe
foreheadandthe cheeks thereis no noticeabledifferencein the resultsof the two pro-
cesses. However, very significantdifferencesexist aroundthe lips and the eyes. The
creasesn theseareas,which have beeneliminatedby isotropic diffusion, are presered
by theanisotropigrocess.

Runninganisotropicdiffusion for moretime stepsproducessurfacesthat have pieceavise
smoothnormals(analogougo the behaior of the PeronaandMalik equationfor images),
which correspondg¢o smooth,almostplanar surface patchesboundedby sharpcreases.
Figure 4.3 shows the evolution of the dragonmodel with anisotropicdiffusion. After a
few iterationsof the overallloop in Fig. 3.3 the smallestdetails,suchasthe scalesof the
dragons skin, disappearasin Fig. 4.3(b). After somemoreiterationsin Fig. 4.3(c), the
finestdetailsof the faceand the spikes on the ridge of the back have beensuppressed.
Goingevenfurther, obsenre thatthe surfaceis startingto becomepolyhedralin Fig. 4.3(d).

Thenon-lineamprogressiorf eliminationof detailsfrom thesmallestscaleto thelargestin
Fig. 4.3 suggesta possibility for improved surfacecompressiorstratgjies, wheredetails
above adesiredscalearekepteffectively unchangedThis is in sharpcontrasto isotropic
diffusionandmeancurvatureflow, which distortsall featuresandgeneratesharpdiscon-
tinuitiesasfeaturedisappear
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Figure4.3: Variousstage®f anisotropidiffusion: (a) originalmodel,(b) after2 iterations,
(c) after6 iterations,and(d) after 26 iterations.



(a) (b)
Figure4.4: Enhancedurface(a) after1, and(b) 2 iterationsof high-boosfiltering.

Theseresultssupportour propositionthat processinghe normalsof a surfaceis the nat-
ural generalizatiorof image processing.Processinghormalson the surfaceis the same
asprocessinga vectorvaluedimage (suchas a color image)with a distancemetric that
variesover the domain. This is in contrastto processinghe pointson a surfacedirectly
with lower-order flows, which offers no clear analogyto methodsestablishedn image
processing.

4.2.1 High-boostfiltering

The surfaceprocessingramenork introducedin Sec.3 is flexible andallows for the im-
plementationof even more generalimage processingnethods. We demonstratehis by
describinghow to generalizémageenhancemernty high-boosffiltering to surfaces.

A high-boosfilter hasafrequeng transformthatamplifieshigh frequeng componentsin
imageprocessinghis canbe achiezed by unsharp masking [26]. Let thelow-passfiltered
versionof animagel bei. Thehigh-frequenyg componentsrel = | — . Thehigh-boost
outputis sumof theinputimageandsomefractionof its high-frequeng components:

lo=1+al=(1+a)l —al, (4.5)

whered is a positive constanthatcontrolsthe amountof high-boosfiltering.



This samealgorithmappliesto surfacenormalsby a simplemodificationto the flow chart
in Fig. 3.3. Recallthatthed¥ /dN loop producest\l(r;)“. Defineanew setof normalvectors
by

(1+a)Nf) — orN(r?)+1

(4.6)

1@+ a)Ny, = aNe |

This new normalmapis theninput to the d%/d¢g catch-uploop. The effect of (4.6) is
to extrapolatefrom the previous setof normalsin the directionoppositeto the setof nor-
malsobtainedby isotropicdiffusion. Recallthatisotropicdiffusionwill smoothareaswith
high curvatureandnot significantlyaffect alreadysmoothareas.Processinghe loop with
the modificationof (4.6) will have the effect of increasingthe curvaturein areasof high
cunvature,while leaving smoothareasrelatively unchanged.Thuswe are ableto obtain
high quality surfaceenhancementn fairly complec surfacesof arbitrarytopology asin
Figs.4.4 and4.5. The effectsof high-boostfiltering canbe obsered by comparingthe
originaldragonmodelin Fig. 4.3with the high-boosfilteredmodelin Fig. 4.4. Thescales
ontheskinandtheridge backareenhancedAlso, notethatdifferentamountsof enhance-
mentcanbe achiezedby controllingthe numberof iterationsof themainloop. Thedegree
of low-pasdiltering usedto obtainN(r;)+1 controlsthesizeof thefeatureghatareenhanced.

Figure4.5 shavs anotherexampleof high-boosffiltering; noticethe enhancementf fea-
turesparticularlyonthewings.

I
Neiy =
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Figure4.5: High-boostffiltering: (a) original model,(b) afterfiltering, (c) close-upof orig-
inal, and(d) filteredmodel.



Chapter 5

Conclusion

Thenatural generalizatiorof imageprocessingo surfacesis via the normals.Variational
processe®n the surfacehave correspondingariationalformulationson the surfacenor-

mals. The generalizatiorof image-processingp surfacenormals,however, requiresthat
we procesghe normalsusinga metric on the surfacemanifold, ratherthana simple, flat

metric,aswe do with images.In this framework, the diffusion of the surfacenormals(and
correspondingnotionsof the surface)is equialentto particularfourth-orderflow, thein-

trinsic Laplacianof meancurvature. By processinghe normalsseparatelywe cansolve
a pair of coupledsecond-ordeequationgansteadof a four-orderequation. Typically, we

allow oneequation(thesurface)to lag the other but asthelag getsvery small,it shouldnot
matter We solve theseequationsusingimplicit surfacesyepresentingheimplicit function
on a discretegrid, modelingthe deformationwith the methodof level sets. This level set
implementatiorallows usto separateéhe shapeof the modelfrom the processingnecha-
nism.

The methodgeneralizedecausdecauseave cando virtually anything we wish with the
normalmap.A generalizatiorof anisotropiaiffusionto aconstrainedyectorvaluedfunc-
tion, definedona manifold,givesusa smoothingorocesshatpreserescreaseslf we want
to enhancehe surface,we canenhancehe normalsandallow the surfaceto catchup. Be-
causeof the implementationthe methodappliesequallywell to arny surfacethat canbe
representedh avolume.Consequentlyour resultsshav a level of surfacecompleity that
goesbeyondthatof previous methods.

Futurework will studytheusefulnessf otherinterestingmageprocessingechniquesuch
astotal variation [27] andlocal contrastenhancementTo date,we have dealtwith post
processingurfaces but future work will combinethis methodwith segmentatiorandre-
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constructiortechniquesThe currentshortcomingof this methodis the computatiortime,

which is significant. However, the procesdendsitself to parallelism,andthe adwent of

cheap,specializedyectorprocessinghardware promisessignificantly fasterimplementa-
tions.
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Appendix A

Numerical Implementation

By embeddingurfacemodelsin volumes,we have cornvertedequationghat describethe
movementof surface pointsto nonlinear PDEsdefinedon a volume. The next stepis
to discretizethesePDEsin spaceandtime. In this paper the embeddingfunction ¢ is
definedonthevolumedomainU andtime. The PDEsaresolvedusinga discretesampling
with forward differencesalong the time axis. Thereare two issueswith discretization:
(i) theaccurag andstability of the numericalsolutions,(ii) theincreasén computational
compl«ity introducedby the dimensionalityof thedomain.

A.1 Notation

For brevity, we will discussthe numericalimplementationn 2D— the extensionto 3D
is straightforvard. The function ¢ : U — IR hasa discretesampling@[p, q], where[p, q]
is agrid locationand @[p,q] = @(Xp,Yq). We will referto a specifictime instanceof this
function with superscriptsi.e. @"[p,q] = @(Xp,Yq,tn) . For avectorin 2-spacev, we use
Vi) andv(y to referto its componentgsonsistentvith the notationof Sec.3. In our calcula-
tions,we needthreedifferentapproximationgo first-orderderivatives: forward, backward
andcentraldifferences.We denotethe type of discretedifferenceusingsuperscript®n a
differenceoperatori.e., 3(*) for forward differencesd(~) for backward differencesand
o0 for centraldifferencesFor instancethe differencesn the x directionon a discretegrid
with unit spacingare

JAN
5Pelp,d = @lp+1,9—¢pd,
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5 ¢[p,q
x[p, ]

@[p,a] —¢[p—1,q], and (A1)
@lp+1,0—¢p-1,]
2 )

wherethetime superscriphasbeenleft off for concisenessThe applicationof thesedif-
ferenceoperatorgo vectorvaluedfunctionsdenotessomponentwiselifferentiation.

>

A.2 Numerical solutionto ILMCF

In describingthe numericalsolutionto ILMCF, we will referto the flow chartin Fig. 3.3
for onetime stepof themainloop. Hence thefirst stepin our numericalimplementations
the calculationof the surfacenormalvectorsfrom ¢". Recallthatthe surfaceis alevel set
of @" asdefinedin (3.1). Hence,the surfacenormalvectorscanbe computedasthe unit
vectorin the directionof the gradientof ¢". The gradientof ¢" is computedwith central
differencesas

n
Wmmz(%$£§>; (A2)
andthenormalvectorsareinitialized as

NETOlp, ) = @'lp.al/ || e, |l - (A.3)

Becauseap" is fixed andallowed to lag behindthe evolution of N(i), the time stepsin the
evolution of N(i) aredenotedwith a differentsuperscriptu. For this evolution, dN(i)/dt =
—dg/dN(i) is implementedwith smallestsupportareaoperators.For ILMCF dg/dN(i)
is givenby (3.9) which we will rewrite herecomponenby component.The Laplacianof
a function canbe appliedin two stepsfirst the gradientandthenthe divergence.In 2D,
the gradientof the normalsproducesa 2 x 2 matrix, andthe divergenceoperatorin (3.9)
collapseghisto a 2 x 1 vector The diffusion of the normalvectorsin the tangentplane
of the level-setsof ¢, requiresusto computethe flux in the x andy directions,which we
denoteM!., = MY ..M . The“columns” of theflux matrix arecomputedndependently

(ij) (ix)* " (iy)
as
Q" 5>E+)(pn
u ~ SHEINU _ u |
Yim > & (N“”ncapn) Ik -
u ~ (H)nu u J
My~ &N (N@i ||cnp||) A A9)

wherethetime index n remainsfixedaswe incrementu. Derivativesof thenormalvectors
arecomputedwith forward differencesthereforethey arestaggeredocatedon a grid that
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FigureA.1: Computatiorgrid

is offset from the grid where ¢ and N(i) aredefined,asshowvn Fig. A.1 for the 2D case.
Furthermore notice that sincethe offset is half pixel only in the direction of the differ-

entiation, the locationsof &(*)N, and&[*/N, aredifferent, but are the samelocations
as MEJX) andand MEJy) respectrely. To evaluate(A.4) and(A.5), qoj” N(r;)j mustcomputed
at[p+1/2,q] and[p,q+ 1/2], respectiely. Thesecomputationsare alsodonewith the
smallestsupportareaoperatorsusing the symmetric2 x 3 grid of samplesaroundeach
staggeregboint,asshavn in Fig. A.1 with the heary rectangle For instance,

oo Lo 5 g[p,q]

olpt5.d ~ ( 5 (&y@[p,q] + &@[p+1,0]) ) - and
1
2

n L. ([P, dl+ &e[p,q+1])
alpargl = ( 3 glp,d )

Backwardsdifferencesof the flux matrix areusedto computethe divergenceoperationin
(3.9

(A.6)

u
d¥ _ _

[dT(I)] ~ =3 Ml + &M, (A.7)
Notice thatbackwardsdifferenceof ng), is definedat the original @ grid location[p,q],
andthe sameholds for Mﬁy). Thusall the componentof dg/dN(i) arelocatedon the

original grid for ¢. Usingthetangentialprojectionoperatorin (3.9),the new setof normal
vectorsarecomputedas

Nt = N T

u
d¥ ]
dN)




dz | dg |
R Ea (A AT T
) (3)

Startingwith the initialization in (A.3) for u = 0, we iterate(A.8) for a fixed numberof

steps.In otherwords,we do notaim atminimizing theenegy givenin (3.8)in thed¥ /dN

loop of Fig. 3.3;we only reducet. Theminimizationof total meancurvatureasafunction
of ¢ is achieved by iterating the main loop in (A.3). In Sec.3.3, it was shavn that to

minimize total meancurvature, the d¢ /dN loop shouldbe processedor only onetime
stepbeforeprocessinghe dZ/deg loopin every iterationof the mainloop. However, the
dZ/dg loopis themostcomputationallyexpensve partof thealgorithmandrun-timescan
bereducedy runningthe mainloop asfew timesaspossible.To this effect, we foundthat
the d¥ /dN loop canbe processedor multiple time stepsbeforemoving ontothed% /d¢

loop. Moreover, the numberof iterationsof the main loop necessaryo obtainthe same
resultis reducedwith this approach25 iterationsor lesspermainloop for the examplesn

this paper).

Oncetheevolutionof N is concludedg is evolvedto catchup with thenen normalvectors
accordingto (3.11). We denotethe evolved normalsby N(ri‘;rl. To solve (3.11) we must
calculateH? andH HN™ is the inducedmeancurvature of the normal map; in

otherwords, it is the curvatureof the hypotheticaltarget surfacethatfits the normalmap.

Calculationof curvaturefrom afield of normalsis

Nn+l

HN™  SNIFL 4+ NI, (A.9)

wherewe have usedcentraldifferenceson the component®f the normalvectors.H N
needsto be computedonceat initialization asthe normalvectorsremainfixed during the
cathcup phaselLet v bethetime stepindex in thedZ /d¢ loop. H ¢" is themeancurvature
of the moving level setsurfaceat time stepv andis calculatedfrom ¢ with the smallest
areaof support:

) §e'p.q
I @/lp.a+3] |

3+ ¢'[p,q]
| @[p+3,9]

H? ~ () (A.10)

i

wheretheoff-grid gradientof ¢ in thedenominatoarecalculatedusingthe2x 3 staggered
neighborhoodsin (A.6).

The PDEIin (3.11) solved with afinite forward differencesput with the up-wind scheme
for thegradientmagnitudg20], to avoid overshootingandmaintainstability. The up-wind
methodcomputesa one-sidedderivative thatlooksin the up-wind directionof the moving
wave front, andtherebyavoids overshooting Moreover, becauseave areinterestedn only
asinglelevel setof @, solving(3.11)overall of U is notnecessaryBecausalifferentlevel



setsevolveindependentlywe cancomputetheevolutionof @ only in anarrov bandaround
thelevel setof interestandre-initialize this bandasnecessary28, 29]. See[21] for more
detailson numericalschemesndefficient solutionsfor level setmethods.

Usingthe upwindschemendnarrov bandmethods '+ is computedrom ¢ according
to (3.11)usingthe curvaturescomputedn (A.9) and(A.10). Thisloopis iterateduntil the
enegy in (3.10) ceasego decreasefet vii™ denotethefinal iterationof this loop. Then
we set@ for the next iterationof the mainloop (seeFig. 3.3)as @' = (p"f'naJ andrepeat
the entire procedure.The numberof iterationsof the main loop is a free parametethat
generallydetermineshe extentof processingi.e. theamountof smoothingfor ILMCF.



