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Fig. 1. Puffer balls in the pumpkin.We propose JGS2-GQ, a GPU-based high-performance algorithm for simulating high-resolution deformable models.
JGS2-GQ inherits the principles of JGS2 by incorporating global information into local Newton subproblems at mesh nodes. The core innovation is a new
modality for evaluating reduced gradients and Hessians: instead of data-driven training, JGS2-GQ exploits the local polynomiality of low-dimensional
subspace integration and employs a Gaussian quadrature scheme. This approach obviates data preparation and training by approximating the integrand rather
than the integral. Consequently, JGS2-GQ achieves superior robustness, particularly for novel and high-frequency deformations. It maintains the massive
parallelizability of the Jacobi method while converging nearly as fast as Newton’s method. The teaser figure showcases these advantages: ten high-resolution
puffer balls falling into a pumpkin, where dense hairs undergo highly curved local deformations upon contact. The orange balls are 20× stiffer than the green
ones. We use IPC barriers [Li et al. 2020] coupled with CCD-based line search filtering to ensure that all the primitives are free of interpenetration. Such
stiffness disparity between colliding models with IPC is particularly challenging for GPU-based solvers. JGS2-GQ robustly handles this complex scene of
5.4M DOFs at 742 ms per time step (Δ𝑡 = 0.01 𝑠𝑒𝑐). It is 74.9× faster than the existing GPU-based IPC method e.g., [Guo et al. 2024]. Compared with vanilla
JGS2 [Lan et al. 2025], our method converges 40% faster if the Cubature training is carried out with low-frequency eigen modes.

JGS2 is a Jacobi-like GPU simulation algorithm. It avoids the overshooting
issue by augmenting each subproblem with a perturbation subspace that
predicts the global influence of the local solve. The efficiency of JGS2 is due
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to Cubature-based subspace integration at each subproblem. Being a data-
driven method, Cubature requires a set of representative deformed poses
that cover deformations likely to occur in the simulation. This requirement
is unlikely for high-resolution deformation with rich local details. Therefore,
simulation performance and convergence degenerate when Cubature extrap-
olates. This paper proposes a training-free subspace integration algorithm
based on classic Gaussian quadrature (GQ). We leverage the fact that the
subproblem’s subspace bases can be well-approximated by a low-degree
multivariable polynomial, which suggests GQ an excellent candidate for Cu-
bature substitute. To this end, we introduce a novel algorithm that adaptively
generates the integration region for each subproblem. As a result, GQ inte-
gration can be analytically retrieved without cumbersome data generation
and training. We also show how to handle frictional contact by modifying
the pre-computed perturbation subspace. The resulting JGS2-GQ framework
is more versatile than the vanilla JGS2 method. It is more stable for large and
novel deformations, and is free of data generation and expensive training,
while maintaining a near second-order convergence that is comparable to
Newton. Performance-wise, JGS2-GQ is as efficient as JGS2, which is three

ACM Trans. Graph., Vol. 45, No. 4, Article 123. Publication date: July 2026.

https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3811274


123:2 • Guo et al.

orders faster than classic CPU methods and up to two orders faster than clas-
sic GPU algorithms. When novel deformation occurs, JGS2-GQ outperforms
JGS2 over 50%.

CCS Concepts: • Computing methodologies→ Physical simulation.

Additional Key Words and Phrases: GPU algorithm, Deformable model,
Numerical integration, Parallel optimaization
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1 Introduction
Graphics processing units (GPUs) serve as a primary catalyst for
modern computer graphics. With the advancement of GPGPU tech-
niques, high-resolution physical simulations increasingly turn to
high throughput from hardware parallelization. Departing from
traditional CPU solvers, GPU-based schemes often favor parallel
iterative methods, trading convergence for a (much) lighter per-
iteration cost. A popular category of GPU-driven simulation frame-
works relies on block-coordinate-descent-like variants. The core
strategy is to decompose the global system into decoupled subprob-
lems defined over individual domains, elements, or nodes. Because
each subproblem involves a limited number of degrees of freedom
(DOFs), its reduced complexity enables massive parallel solves. Both
linear and non-linear Gauss-Seidel (GS) and Jacobi methods are
classic representatives of this approach. Over the past decade, many
seminal works have followed this overarching idea and delivered
impressive results.
A dilemma of GPU simulation is the incompatibility between

convergence and parallelism. Subproblems are typically kept small
for better utilization of GPU architecture and maximized hardware
concurrency. On the other hand, such fine-grained decomposition
comes at the cost of convergence, especially for high-resolution
models or stiff simulations. The underlying reason is subproblem
overshoot i.e., a locally optimal update within a subproblem almost
always conflicts with the global equilibrium. Recently, Lan et al.
[2025] presented an effective remedy to overshoot by constructing a
low-dimensional perturbation subspace. This subspace characterizes
how local displacement changes propagate to other DOFs, which
prevents local updates from adversely undermining global conver-
gence. As a result, Jacobi or GS iterations achieve convergence
comparable to Newton’s method, and this framework is therefore
named as JGS2.
The key enabler of the combined convergence and efficiency in

JGS2 is Cubature sampling [An et al. 2008]. In JGS2, each subproblem
is essentially a customized reduced model rather than an isolated
node or element. It is well-known that the runtime performance bot-
tleneck of such reduced simulations lies in the subspace integration
of the gradient and Hessian. Cubature represents the state-of-the-art
sparse sampling technique, which has been the standard acceler-
ation solution for reduced integration. However, as a data-driven
sampling scheme, Cubature inevitably inherits the limitations of
learning-based methods. It is data-dependent, necessitating a set

of representative deformation poses. Unlike general reduced sim-
ulations, subproblems in JGS2 capture local and high-frequency
deformations, making the integration accuracy more sensitive to
the training samples. While Cubature yields high-quality results
when the current deformation resembles the training set, it can
become inaccurate or even cause the simulation to diverge when
encountering unseen poses. Another issue is the training overhead.
Because Cubature must simultaneously optimize sampling points
and weights, each iteration involves estimating multiple sampling
candidates via a non-negative least-square (NNLS) fitting. This train-
ing must be performed for every subproblem, which could scale to
hundreds of thousands or even millions in complex models, making
the pre-computation phase excessively heavy.

In this paper, we propose a training-free reduced integration strat-
egy tailored for JGS2. Instead of resorting to data-driven training,
we leverage the fact that the perturbation subspace at each subprob-
lem is smooth and can be locally well approximated by low-degree
multivariable polynomials. Hence, we can use discontinuous and
piecewise polynomial fields to efficiently estimate the reduced gra-
dient/Hessian. We follow the Gaussian quadrature (GQ) scheme by
setting the sampling points at the roots of Legendre polynomials,
and name this new algorithm JGS2-GQ. Based on the distribution of
the subspace at each subproblem, we adaptively partition the inte-
gration domain i.e., a 3D deformable model into multiple rectangular
regions, named cuboids, to facilitate 3D Gaussian integration. Intu-
itively, our method evaluates reduced integration via a dedicated
set of hexahedral elements of different orders for each subproblem.
As the positions and weights of GQ sampling points are analytically
available, our sparse integration does not need the support of train-
ing deformations from nonlinear modal analysis or pre-simulation,
and it offers muchmore robust performance than Cubature for novel
deformations.
In addition to the GQ-based subspace integration method, we

also present a new algorithm for JGS2-GQ to adjust the perturbation
subspace under frictional contacts. In particular, we model the body-
level strain propagation via collision as a two-stage coupling: the
coupling through the colliding primitives (e.g., node-triangle or
edge-edge pairs), and the coupling on the body via elasticity. The
original collision-free perturbation subspace can then be adjusted
accordingly to account for such interactions.

We have tested our method in a wide range of complex, collision-
intensive, and large-scale simulations. JGS2-GQ offers valuable im-
provements over the vanilla JGS2 framework. It is as parallelizable
as Jacobi or JGS2 and possesses a strong, near-second-order con-
vergence rate similar to Newton’s method. Meanwhile, it is free of
any data generation and training, and it exhibits better convergence
(up to 84×) under frictional contacts than JGS2. Compared with
other state-of-the-art GPU-based simulation algorithms, JGS2-GQ
remains orders of magnitude faster.

2 Related Work

2.1 Deformable body simulation
Stable simulation of high-resolution deformable bodies commonly
relies on implicit Euler time integration with Newton’s method
applied at each timestep. Whether formulated directly in terms of
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forces [Baraff and Witkin 1998] or as an optimization problem de-
rived from elastic potentials [Martin et al. 2011], this approach leads
to solving a large, globally coupled yet sparse linear system whose
size is proportional to the number of DOFs at each iteration. For
large-scale simulations, repeated linear solves dominate the compu-
tational cost and become the primary performance bottleneck.
The most straightforward category of improvements optimize

within the framework of Newton’s method, either by accelerating
linear solves or by estimating effective search directions without
solving the full linear system. Observing that local relaxations effi-
ciently eliminate high-frequency error, and the low-frequency error
becomes high-frequency when viewed on a coarser grid, Bolz et al.
[2003] proposed a multi-grid solver achieving faster convergence
for linear solves without altering the underlying physical model.
Multiple elasticity-aware multigrid transfer operators have been
studied later for accommodation of larger simulation scale and codi-
mensional geometry [Tamstorf et al. 2015; Xian et al. 2019; Zhang
et al. 2024; Zhu et al. 2010]. Alternatively, Hecht et al. [2012] reuses
previous factorization results to reduce amortized per-iteration cost
of linear solving. Other methods reduce per-iteration cost by reusing
information across Newton steps, exploiting elastic energy struc-
ture or recent gradient history to form efficient descent directions
and, in some cases, avoid explicit linear solves altogether [Li et al.
2019; Liu et al. 2017]. Beyond optimization of linear solvers, Chen
et al. [2024a] seek improvements on convergence of projected New-
ton’s method by spectral filtering, suppressing ill-conditioned eigen-
modes. Longva et al. [2020] enables accurate, high-order finite ele-
ment embedding via quadrature. This work introduces a general-
purpose framework for high-order finite element embedding by
combining a geometry-independent quadrature generation method
with an adapted Additive-Schwarz preconditioner to ensure both
integration accuracy and numerical stability.

2.2 Constraint-based formulation
Other prior works approach the linear solving bottleneck differently,
by simplifying the underlying elasticity model by reformulating
dynamics in terms of constraints, resulting in time-invariant sys-
tem matrix or avoiding linear solving altogether. Position-based
dynamics (PBD) [Müller et al. 2007] advances simulation through
explicit position prediction followed by iterative constraint projec-
tions, avoiding force integration and global linear solves, which
yields high stability and efficiency for real-time applications but
results in heuristic, iteration-dependent stiffness. Extended PBD
(XPBD) [Macklin et al. 2016] introduces compliance parameters that
restore physical meaning and eliminate iteration dependence, with
further extensions incorporating plasticity and multi-grid acceler-
ation to improve expressiveness and convergence [Li et al. 2025;
Yu et al. 2024]. Rather than explicitly enforcing constraints, Pro-
jective dynamics (PD) [Bouaziz et al. 2014] formulates simulation
as an optimization problem solved by alternating local projections
and global quadratic minimization, enabling highly parallel local
updates and efficient global solves via constant-Hessian prefactor-
ization or PCG. Subsequent work has expanded PD with improved
parallel solvers, richer energy models, model reduction, and domain
decomposition [Brandt et al. 2018; Fratarcangeli et al. 2016; Lu et al.

2025; Narain et al. 2017; Wang 2015], as well as robust collision
and contact handling through barrier-based formulations and spe-
cialized preconditioning [Lan et al. 2022a; Li et al. 2023; Ly et al.
2020].

2.3 Subspace simulation
In parallel to model simplification via constraint reformulation, an-
other line of work seeks to reduce the cost of implicit simulation by
lowering the effective dimension of the linear systems to be solved.
Instead of operating directly in full simulation DOFs, these methods
project simulation onto a low-dimensional subspace. An algebraic
way of reducing system dimension is viamodel reduction, where the
low-dimensional subspace is determined through analysis of system
matrix, which captures the dominant deformation nodes [Barbič
and James 2005; Choi and Ko 2005; Pentland and Williams 1989].
Several improvements on the choice of subspace have been devel-
oped to avoid artificial stiffening due to reduced deformation space,
such as modal derivatives [Barbič and James 2005], geometric modal
derivatives [von Tycowicz et al. 2013], or dynamic subspace adapta-
tion [Teng et al. 2015]. Projection cost can be further reduced using
cubature sampling, which approximates subspace integration with
a small set of weighted elements [An et al. 2008].
Alternatively, system size can be reduced explicitly by intro-

ducing a low-dimensional geometric control space. Sederberg and
Parry [1986] embeds detailed geometry into a uniform coarse lat-
tice, where free-form deformation is driven by a small number of
lattice control points. To better accommodate complex geometries
and enable spatially varying control resolution, Huang et al. [2008]
extends this idea to coarse tetrahedral control mesh embeddings,
which conform more naturally to the underlying shape. Deforma-
tion graph representations further improve geometric adaptability
by expressing deformation through a sparse set of local affine trans-
formations defined on graph nodes [Sumner et al. 2007]. Beyond
the construction of control geometry, a complementary line of work
focuses on how deformation is interpolated from the control space
to the high-resolution mesh: within the cage-based framework, var-
ious coordinate-based interpolation schemes have been proposed,
including mean value [Ju et al. 2005], harmonic [Joshi et al. 2007],
and Green coordinates [Lipman et al. 2008]. While such geomet-
ric reduction alleviates artificial stiffening commonly observed in
model reduction, it typically smooths out fine-scale local details.

2.4 Parallelization
With recent advances in hardware, exploiting parallelism on multi-
core CPUs and GPUs has become an increasingly important direc-
tion for accelerating simulation. A straightforward idea to address
the linear solving bottleneck would be to split the linear system
into several independent smaller systems, with constraints enforced
on boundaries. Farhat and Roux [1991] introduces a dual approach
using Lagrangian multipliers to enforce continuity across subdo-
mains, with an extension incorporating a dual-primal coarse space
for improved conditioning and scalability [Farhat et al. 2001]. [Man-
del 1993] instead adopts a primal variant, enforcing continuity
via coarse corrections with error balancing. This formulation later
evolved into Dohrmann [2003] for scalability.
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However, domain decomposition methods are poorly suited to
GPUs, as each subdomain requires solving moderate-sized linear
systems with irregular memory access and synchronization over-
head. Several works have adapted Newton-based formulations to
GPU architectures through eigenanalysis of Hessian structures and
improving conditioning through inexact Newton-PCG solvers and
GPU-friendly sparse representations [Guo et al. 2024; Huang et al.
2024]. However these methods still rely on synchronization-heavy
globally coupled linear solves. This motivates GPU-native formula-
tions that completely avoid global solves.
Motivated by these limitations, recent work seeks GPU-native

formulations that eliminate global linear solves entirely. Since do-
main decomposition still involves solving moderately sized linear
systems that are costly on GPUs, a natural progression is to further
refine the partitioning until each subdomain becomes small enough
to admit inexpensive GPU execution, which ultimately leads to per-
vertex local updates. A representative work is Vertex Block Descent
(VBD) [Chen et al. 2024b], which performs inexpensive Gauss-Seidel-
style updates on one vertex position per iteration and is therefore
trivially parallelizable. However, as each update ignores contribu-
tions frommost other vertices, convergence can be slow for strongly
coupled systems. Plainly integrating over all other vertices will not
work either, as this will involve accumulating contributions of the en-
tire geometry, causing per-update cost scaling with system size and
quickly harming performance due to GPU memory bandwidth. To
address this limitation, Lan et al. [2025] introduces a cubature-based
sparse integration scheme combined with a corotated subspace for-
mulation. By factoring out per-node rigid rotations, the method
ensures compatibility with the original cubature approach while
enabling more efficient and accurate handling of large deforma-
tions in vertex-based solvers. With appropriate selection of training
poses, this approach achieves near-second-order convergence. The
stability and accuracy of data-driven sparse integration schemes,
and the resulting convergence rate, however, is highly dependent
on the quality and representativeness of the training data. This limi-
tation motivates alternative formulations that preserve locality and
sparse integration while relying on well-defined, non-data-driven
integration rules.

3 Second-order Jacobi
To make the paper self-contained, we start with a brief review of
JGS2 [Lan et al. 2025]. JGS2 is a GPU-based simulation framework,
and its overall computational procedure is similar to conventional
Jacobi (or GS) methods, which solve sub-instances of the total varia-
tional optimization at mesh nodes in parallel.

Suppose that we concern the elastodynamics of a deformable ob-
ject such as a soft body or a piece of garment with the implicit Euler.
At each time step 𝑡 + 1, we solve the variational optimization [Kane
et al. 2000] of:

𝒖𝑡+1 = arg min
𝒖

𝐸, 𝐸 =
1

2Δ𝑡2 ∥𝒖−
(
𝒖̂+Δ𝑡 ¤̂𝒖+Δ𝑡2𝑴−1𝒇𝑒𝑥𝑡

)
∥2𝑴+Ψ (𝒖) ,

(1)
where 𝒖 ∈ R3𝑁 is the unknown vector of the mesh displacement
with 𝑁 being the total number of nodes on the model. 𝒖̂ and ¤̂𝒖 are
the known displacement and velocity vectors from the previous

time step. 𝒇𝑒𝑥𝑡 is the external force; 𝑴 is the constant mass matrix;
and Δ𝑡 is the time step size.
To find 𝒖𝑡+1 in Eq. (1), each (global) Newton iteration solves a

linearized system for a displacement increment 𝛿𝒖:

𝑯 (𝑘 )𝛿𝒖 (𝑘 ) = −𝒈 (𝑘 ) , (2)

where 𝒈 (𝑘 ) = 𝜕𝐸
𝜕𝒖

��
𝒖=𝒖 (𝑘 ) and 𝑯 (𝑘 ) = 𝜕2𝐸

𝜕𝒖2

��
𝒖=𝒖 (𝑘 ) are the global

gradient and Hessian of 𝐸. The update of 𝒖 (𝑘+1) ← 𝒖 (𝑘 ) + 𝛿𝒖 (𝑘 ) is
expected to lower 𝐸 quadratically if 𝒖 (𝑘 ) is not far away from 𝒖∗

i.e., the actual minimizer of 𝐸.
When a Jacobi-like GPU parallelization is invoked, Eq. (1) is de-

composed into so-called subproblems at each node 𝑖: arg min𝒖𝑖 𝐸 (𝒖𝑖 ).
Each subproblem is of low dimension and can therefore be solved
efficiently using local Newton of 𝜕2𝐸

𝜕𝒖2
𝑖

𝛿𝒖𝑖 = − 𝜕𝐸
𝜕𝒖𝑖

in parallel. It is
known that such block-descent-like strategy suffers from slow con-
vergence for stiff problems [Nocedal and Wright 2006].

For node 𝑖 , one can rearrange all the nodal DOFs as:

𝒖 =
[
𝒖⊤𝑖 , 𝒖

⊤
1 , . . . , 𝒖

⊤
𝑖−1, 𝒖

⊤
𝑖+1, . . . , 𝒖

⊤
𝑁︸                            ︷︷                            ︸

𝑖

]⊤
,

which allows us to partition Eq. (2) block-wisely as:[
𝑯𝑖,𝑖 𝑯𝑖,𝑖

𝑯⊤
𝑖,𝑖

𝑯𝑖,𝑖

] [
𝛿𝒖𝑖
𝛿𝒖𝑖

]
=

[
−𝒈𝑖
−𝒈𝑖

]
. (3)

JGS2 shows that the convergence of Jacobi iteration can be signifi-
cantly improved (to match the Newton’s convergence) by predicting
how an increment at 𝛿𝒖𝑖 propagates to the rest of the model. To
this end, we can set 𝛿𝒖𝑖 = 𝒆𝑥 = [1, 0, 0]⊤, 𝛿𝒖𝑖 = 𝒆𝑦 = [0, 1, 0]⊤, and
𝛿𝒖𝑖 = 𝒆𝑧 = [0, 0, 1]⊤, and compute the corresponding responses at
𝒖𝑖 . This leads to:

𝛿𝒖 = 𝝓𝑖 (𝛿𝒖𝑖 ) =
[
𝛿𝒖𝑖
𝛿𝒖𝑖

]
=

[
𝑰3

−𝑯−1
𝑖,𝑖

𝑯⊤
𝑖,𝑖

]
𝛿𝒖𝑖 . (4)

Substituting Eq. (4) into the subproblem of arg min𝒖𝑖 𝐸 (𝒖𝑖 ), the local
Newton becomes:

𝑯̃𝑖,𝑖𝛿𝒖𝑖 = −𝒈̃𝑖 , (5)

where 𝑯̃𝑖,𝑖 =

(
𝜕𝝓𝑖

𝜕𝒖𝑖

)⊤
𝑯 𝜕𝝓𝑖

𝜕𝒖𝑖
, and 𝒈̃𝑖 =

(
𝜕𝝓𝑖

𝜕𝒖𝑖

)⊤
𝒈 denote the reduced

Hessian and gradient within the perturbation subspace spanned by
the Jacobi of 𝝓𝑖 . While 𝜕𝝓𝑖

𝜕𝒖𝑖
is nonlinear and varies w.r.t. 𝒖, it can be

well-approximated with a co-rotated formula:

𝜕𝝓𝑖
𝜕𝒖𝑖
≈ 𝑼𝑖 ≜

[
𝑰3

−𝑹𝑖 𝑯̄−1
𝑖,𝑖

𝑯̄⊤
𝑖,𝑖
𝑹𝑖

]
, (6)

where 𝑹𝑖 ∈ R3(𝑁−1)×3(𝑁−1) and 𝑹𝑖 ∈ R3×3 are two block-diagonal
matrices. Each of their 3 × 3 diagonal blocks represents the corre-
sponding nodal rotation w.r.t. the rest shape, which can be efficiently
computed via the polar decomposition in parallel. The notation ¯(·)
suggests variables are defined in the rest shape, and 𝑯̄−1

𝑖,𝑖
𝑯̄𝑖,𝑖 is

pre-computed. In other words, the nonlinearity of 𝜕𝝓𝑖

𝜕𝒖𝑖
is moved to

node-wise rotations, and the resulting Jacobi iterations converge
nearly as effectively as Newton.
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x y z x y z

Fig. 2. Kernel visualization on a square board. This figure illustrates the spatial variation of the 𝜕𝝓𝑖
𝜕𝒖𝑖

for a simple square board at its rest shape. It
intuitively visualizes how 𝛿𝒖𝑖 propagate cross the model when unit perturbations 𝒆𝑥 , 𝒆𝑦 , and 𝒆𝑧 are applied at two nodes for 𝑖 = 1, 245 (at the center) and

𝑖 = 6 (at the corner). The 𝑥 , 𝑦, and 𝑧 components of 𝜕𝝓𝑖
𝜕𝒖𝑖

are plotted as the height fields. This plot supports the key argument of JGS2-GQ that 𝜕𝝓𝑖
𝜕𝒖𝑖

can be
well-approximated with a low-degree polynomial locally. In fact, the local region of kernel peaks can accurately fit a five-degree polynomial with a fitting error
smaller than 5%.

3.1 Cubature integration
The real challenge for JGS2 is the subspace integration of reduced
force 𝒈̃𝑖 and 𝑯̃𝑖,𝑖 in Eq. (5). In theory, each subproblem needs to tra-
verse all the elements on the model. Thus, a JGS2 iteration performs
𝑁 model-wise traversals of all the subproblems. Lan et al. [2025]
proposed to use Cubature [An et al. 2008] to accelerate the runtime
performance by approximating the subspace Hessian and gradient
via:

𝑯̃𝑖,𝑖 =
∑︁
𝑒

(
𝑼 𝑒⊤
𝑖 𝑯𝑒𝑼 𝑒

𝑖

)
≈

∑︁
𝑠∈S

(
𝑤𝑠𝑼 𝑠⊤

𝑖 𝑯𝑠𝑼 𝑠
𝑖

)
,

𝒈̃𝑖 =
∑︁
𝑒

(
𝑼 𝑒⊤
𝑖 𝒈𝑠

)
≈

∑︁
𝑠∈S

(
𝑤𝑠𝑼 𝑠⊤

𝑖 𝒈𝑠
)
,

(7)

where 𝑼 𝑒
𝑖
∈ R12×3 is the element subspace matrix, which extracts

pertaining rows from 𝑼𝑖 and𝑤𝑠 is is the non-negative weight coef-
ficient. The superscript 𝑠 suggests the element becomes the sample
set S of Cubature.

On the one hand, Cubature sampling substantially accelerates sim-
ulation performance since it assembles the reducedHessian/gradient
only at a sparse set of S. On the other hand, Cubature is sensitive
in JGS2 and often fails to work robustly. This issue likely arises
from two factors. First, Cubature is designed for integrating sub-
spaces spanned by low-frequency modes, assuming the training
bases represent dominant global deformations. In JGS2, however,
the perturbational influence from a node is often localized and high-
frequency. Second, Cubature training is most effective for linear
subspaces with constant basis vectors, whereas JGS2 subproblems
involve nonlinear bases as defined in Eq. (6). Our key argument is
that while 𝜕𝝓𝑖

𝜕𝒖𝑖
contains a locally salient signal at node 𝑖 , it remains

smooth enough for low-degree polynomial approximation. Fig. 2
visualizes the 𝑥 , 𝑦, and 𝑧 components of 𝜕𝝓𝑖

𝜕𝒖𝑖
as height fields for two

nodes on a square board. They form kernel-like distributions cov-
ering the model. Nevertheless, their distributions within the local
region e.g., the three-ring neighbor of node 𝑖 , accurately fit a five-
degree polynomial with a fitting error below 5%. This observation
inspires us to opt for a training-free subspace integration strategy
based on Gaussian quadrature.

4 GaussianQuadrature
Numerical quadrature approximates definite integrals over an inter-
val i.e., [−1, 1] using a finite set of weighted samples:

∫ 1
−1 𝑓 (𝑥)d𝑥 ≈∑

𝑤𝑘 𝑓 (𝑥𝑘 ). Gaussian quadrature or GQ smartly chooses sample
points and their associated weights such that an 𝑛-point rule exactly
integrates polynomials of degree up to 2𝑛 − 1.

Such superior accuracy and efficiency come from the connection
to orthogonal polynomials. Two scalar-value functions 𝑓1 (𝑥) and
𝑓2 (𝑥) are considered orthogonal on [−1, 1] if their inner product
is vanished i.e., ⟨𝑓1, 𝑓2⟩ =

∫ 1
−1 𝑓1 (𝑥) 𝑓2 (𝑥)d𝑥 = 0. GQ picks sample

points for an integral of
∫ 1
−1 𝑓 (𝑥)d𝑥 as the roots of Legendre polyno-

mials, defined as:

𝐿𝑛 (𝑥) =
1

2𝑛𝑛!
d𝑛

d𝑥𝑛
(
𝑥2 − 1

)𝑛
, (8)

where 𝑛 denotes the degree of the polynomial. The Legendre polyno-
mial of degree 𝑛 is orthogonal to any polynomial of a degree lower
than 𝑛 over [−1, 1].
Let 𝑃2𝑛−1 (𝑥) be a polynomial of degree 2𝑛 − 1. One can apply

the polynomial division to obtain:

𝑃2𝑛−1 (𝑥) = 𝑄𝑛−1 (𝑥)𝐿𝑛 (𝑥) + 𝑅(𝑥), (9)

where𝑄𝑛−1 (𝑥) is a polynomial of degree up to 𝑛−1 i.e., the quotient
polynomial, and 𝑅(𝑥) is a polynomial whose degree is lower than
𝑛 i.e., the remainder polynomial. The integral of 𝑃2𝑛−1 (𝑥) then
becomes:∫ 1

−1
𝑃2𝑛−1 (𝑥)d𝑥 =

∫ 1

−1
𝑄𝑛−1 (𝑥)𝐿𝑛 (𝑥)d𝑥 +

∫ 1

−1
𝑅(𝑥)d𝑥 . (10)

Since𝑄𝑛−1 (𝑥) is a lower-degree polynomial than 𝐿𝑛 (𝑥), the orthog-
onality of Legendre polynomials makes the first term on the r.h.s.
vanished, and the integral of 𝑃2𝑛−1 (𝑥) reduces to the integral of
𝑅(𝑥).

Setting the sample points 𝑥𝑘 as the roots of 𝐿𝑛 (𝑥) i.e., 𝐿𝑛 (𝑥𝑘 ) = 0,
the Gauss-Legendre weights𝑤𝑘 can be calculated via the moment-
fitting method and have the following closed form:

𝑤𝑘 =
2(

1 − 𝑥2
𝑘

) [
𝐿′𝑛 (𝑥𝑘 )

]2 . (11)
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Here, 𝑤𝑘 are uniquely determined by enforcing exactness for all
polynomials of degree at most 𝑛 − 1, or mathematically:

𝑛∑︁
𝑘=1

𝑤𝑘𝑃𝑚 (𝑥𝑘 ) =
∫ 1

−1
𝑃𝑚 (𝑥)d𝑥, ∀𝑚 ≤ 𝑛 − 1. (12)

Because 𝑅(𝑥) is a polynomial of a degree at most 𝑛, the 𝑛-point GQ
rule integrates 𝑅(𝑥) exactly. Therefore, we have:

𝑛∑︁
𝑘=1

𝑤𝑘𝑃2𝑛−1 (𝑥𝑘 ) =
∫ 1

−1
𝑅(𝑥)d𝑥 =

∫ 1

−1
𝑃2𝑛−1 (𝑥)d𝑥 . (13)

As a result, our assumption that 𝜕𝝓𝑖

𝜕𝒖𝑖
can be well-approximated by

low-degree polynomials puts GQ a strong candidate for subspace
integration of the reduced gradient/Hessian at each subproblem.
We only need to determine the order of the integration (i.e., the
degree of 𝑃 (𝑥)), and the optimal GQ points 𝑥𝑘 as well as the weight
coefficients𝑤𝑘 become readily available.
Besides the Gaussian-Legendre rule, other GQ schemes are also

available, such as the Gaussian-Chebyshev and Gaussian-Hermite
quadrature. These variations generalize the Gaussian-Legendre to
accommodate the weighted integral of

∫ 1
−1 𝑓 (𝑥)𝜌 (𝑥)d𝑥 for a pre-

scribed density function 𝜌 (𝑥). In our setting, however, we are inter-
ested in the reduced force integral

∑
𝑒 𝑼

𝑒⊤
𝑖

𝒈̃𝑖 , where the distribution
of 𝒈̃𝑖 is unknown. Introducing a biased choice of 𝜌 (𝑥) may therefore
lead to a more biased approximation and eventually crash the simu-
lation. Gaussian-Legendre quadrature corresponds to the uniform
density 𝜌 (𝑥) = 1, which turns out to be the most stable and generic
integration scheme for JGS2. Therefore, we will use GQ to refer to
the Gaussian-Legendre rule in the rest of the paper.

5 JGS2 with GaussianQuadrature
As discussed in Sec. 3, the key challenge in a 2nd-order Jacobi itera-
tion is to evaluate 𝒈̃𝑖 i.e., the reduced gradient for each subproblem
𝑖 . It should be noted that 𝒈̃𝑖 itself is a numerical approximation of
the gradient integral:

𝒈̃𝑖 ≈
∫
Ω
𝒇𝑖 (𝝃 )d𝝃 , 𝒇𝑖 ≜

𝜕𝝓𝑖
𝜕𝒖𝑖
(𝝃 )⊤𝒈(𝝃 ). (14)

Here, 𝒇𝑖 (𝝃 ) ∈ R3 for 𝝃 ∈ Ω is the spatially varying gradient
density defined on the model’s volume Ω, which can be understood
as the projection of the energy density’s gradient 𝒈(𝝃 ) onto the
tangent manifold of 𝝓𝑖 . Under FEM (finite element method), this
volumetric integral is approximated piece-wisely and summed up
across elements, and further sparsified with Cubature samples in
vanilla JGS2. Alternatively, we calculate Eq. (14) in a non-FEM way
based on GQ without resorting to pre-simulation of training poses.
While GQ possesses many desirable properties for fast gradient

integration, it does not apply to Eq. (14) naïvely. Dimensionality
is the first incompatibility. Standard GQ numerically integrates a
scalar-value function over a one-dimensional interval. In our case
however, 𝒇𝑖 is three-dimensional, and Ω represents an irregular
volumetric domain. Another concern regards the polynomiality
of 𝒇𝑖 . Given the uncertainty of 𝒈, it is challenging to estimate the
polynomial degree that always well matches 𝒇𝑖 across Ω.

Interval 1 Interval 2 Interval 3

Fig. 3. Local GQ. The integral of
a wiggly function 𝑓 (𝑥 ) can be ap-
proximated at non-overlapping in-
tervals with low-degree polynomials.
The setup of GQ remains unchanged
regardless of the specific polynomi-
als used for the local approximation.
Those local polynomials do not need
to form a continuous global approxi-
mation of 𝑓 (𝑥 ) .

We show that those two issues
can be resolved handily. It is pos-
sible to escalate the integration
domain to three dimensions us-
ing the tensor product of one-
dimensional GQ rules for an axis-
aligned 3D box region. While find-
ing a global polynomial to fit 𝒇𝑖
may be tricky, 𝒇𝑖 can be well ap-
proximated locally as the com-
position of a collection of low-
degree polynomials. Since Eq. (14)
only concerns the integral of 𝒇𝑖 ,
localized polynomials do not need
to be continuous across Ω. In other
words, we can use discontinuous
polynomials to approximate the
integration of 𝒇𝑖 at different re-
gions as shown in Fig. 3.

5.1 Mesh voxelization
Generalizing one-dimensional GQ to three-dimensional volumes
of regular geometries, like sphere, cylinder [Canuto et al. 2006]
or polyhedral [Keast 1986] is possible. Yet, the most convenient
integration domain is an axis-aligned box region, which is often
believed to have the best accuracy [Gerstner and Griebel 2003].
Bearing this in mind, we generate integration domains based on the
voxelization of an input 3D model.

The voxelization procedure first computes the axis-aligned bound-
ing box (AABB) of the input mesh. Given a user-specified resolution
1/ℎ, we build a slightly expanded bounding box to avoid floating-
point ambiguity. The resulting AABB is then rasterized into a voxel
grid of the size 𝐻𝑥 ×𝐻𝑦 ×𝐻𝑧 . For each surface triangle, we perform
a box-triangle intersection test [Akenine-Möller 2005] and generate
a chunk of a face-connected voxel enclosure of this triangle. These
voxels are then labeled as flag = 0, meaning they are surface voxels.

If the model’s surface is watertight, the superset of all the triangle
voxelization is also watertight, which partitions the AABB into the
interior and the exterior. It should be noted that interior voxels
and exterior voxels are not face-connected in general. In order to
correctly label all the interior voxels, we perform BFS (breadth-first
search) at any unlabeled voxel that resides on the surface of the
AABB until all the grid’s surface voxels are marked. This is because
any voxel at the top, bottom, left, right, front, or back face of the grid
is an exterior voxel if it has not been flagged as surface. All of its
face-connected neighbors that are not yet flagged should be exterior
voxels as well. By traversing all the non-flagged voxels on the surface
of the AABB, we identify all the exterior voxels (flag = 2), and the
remaining unlabeled voxels are the interior ones (flag = 1). We
employed a grid resolution ranging from 603 to 2003. A reasonable
voxel size is selected to roughly match the characteristic size of
the elements. Furthermore, we adaptively adjust the resolution to
ensure that tetrahedra that are spatially proximal but topologically
disjoint are not erroneously merged due to voxelization artifacts.
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100 Expansions 2,000 Expansions 4,000 Expansions A�er pruningInitial cuboid

Fig. 4. Cuboid flooding & pruning. To facilitate GQ-based integration, we generate a collection of axis-aligned cuboids as discrete integration domains.
Starting from the voxel containing node 𝑖 , we iteratively expand the integration volume while maintaining its rectangular shape. Once C0 (𝑖 ) is formed
(left-most subfigure), we evaluate its six faces and attempt to attach adjacent cuboids. This process operates on a voxelized grid until all voxels are enclosed. In
this example, the domain is fully covered after 4, 000 expansions. Finally, we prune nonessential cuboids to retain a sparse, efficient set of quadrature points for
integration (right-most subfigure).

5.2 Cuboid generation
For the subproblem 𝑖 (i.e., the 𝑖-th node), we generate a set of box-
shaped integration domains, and we name each domain a cuboid
based on the rasterized model V(Ω). The node 𝑖 should be contained
by a certain voxel 𝑣 , which forms the initial setup of the seed cuboid.
The procedure is outlined in Alg. 1 — we keep performing an axis-
aligned expansion of the cuboid whenever possible. This is done
under the greedy choice: given the current configuration of the seed
cuboid 𝑪0 (𝑖) which spans all the voxels ranging from [xmin, xmax],
[ymin, ymax], and [zmin, zmax], we pick its largest cross-section, say
𝑥𝑦 section, and check if 𝑪0 (𝑖) can be expanded via either increasing
zmax of decreasing zmin by one. Here, x, y, z denote the integer-value
voxel indices. The expansion is considered legit only when all the
voxels on the slice of zmin − 1 (or zmax + 1) within [xmin, xmax] and
[ymin, ymax] are all inV(Ω) i.e., with flag = 0 or flag = 1. If expand-
ing along 𝑧 is not possible, we check the second-largest cross-section,
and then the third, trying to expand 𝑪0 (𝑖) in a similar fashion. This
procedure stops when 𝑪0 (𝑖) cannot be further expanded along any
axis. In other words, 𝑪0 (𝑖) represents a maximal rectangular inte-
gration domain enclosing node 𝑖 , and we label all the voxels in 𝑪0 (𝑖)
with flag = 3. The initial cuboid is generated following a greedy
heuristic designed to maximize the box-shaped volume encompass-
ing the current subproblem. This strategy focuses computational
effort on the most influential region for high-quality integration
(see Fig. 2). While alternative partitioning strategies exist—such as
SVD-based alignment or energy-weighted distribution—the greedy
choice provides an optimal balance between geometric coverage
and low computational overhead. In practice, this ensures that the
Gaussian Quadrature points are situated within regions of high
energy density, which is critical for maintaining the convergence
stability of our localized integration scheme.
After the seed cuboid is ready, more cuboids are appended to

populate the remaining voxelized volume of the model V(Ω) \ C0 (𝑖).
A stack of cuboids S is built with only 𝑪0 (𝑖) at the top. We then set
the current cuboid as the top of the stack (S.top()), and check neigh-
boring voxels of the up face of the current cuboid. If the neighboring
voxel is also on the model i.e., flag = 0 or flag = 1, we initialize
it as a candidate cuboid and expand it in the same way as we did
for 𝑪0 (𝑖). Out of all the candidate cuboids, the one with the largest

volume is chosen to be the new cuboid 𝑪1 (𝑖), which is up-adjacent
to 𝑪0 (𝑖), and we push 𝑪1 (𝑖) into S. All the voxels within 𝑪1 (𝑖) are
flagged as flag = 3. The same greedy strategy is used to append
a cuboid (whenever possible) for the bottom, left, right, front, and
back faces of 𝑪0 (𝑖). Since all six faces of 𝑪0 (𝑖) are now processed,
we remove 𝑪0 (𝑖) out of the stack by S.pop() and include it into the
cuboid set of subproblem 𝑖 i.e., C𝑖 ← C𝑖 ∪ {C0 (𝑖)}. In this example,
𝑪1 (𝑖) becomes the new stack top and current cuboid, and we pro-
ceed with appending new cuboids to 𝑪1 (𝑖)’s faces. Since voxels on
the model are face-connected, this simple routine guarantees that
any voxel will be included by a certain cuboid eventually. Neverthe-
less, we terminate it when a majority of model voxels e.g., ≥ 80%
are marked by flag = 3. As shown in Fig. 4, this 80% coverage
threshold is more than sufficient for pruning. Such coverage reliably
captures the primary volumetric bulk and core structural topology
of the model. Forcing the algorithm to cover the remaining marginal
voxels would primarily generate an excessive number of drastically
smaller cuboids along complex, high-curvature boundaries, thereby
inflating the computational overhead while yielding diminishing
returns for the pruning phase. The pseudo code of the described
cuboid flooding procedure is provided in Alg. 2. Fig. 4 reports the
configurations of the cuboid set for a node on the surface of the
dragon model after 100, 2, 000, and 4, 000 expansions, respectively.

Alg. 2 always generates a large number of cuboids. Consequently,
a subproblem involves a lot of GQ sampling points even if we only
use the one-point rule at each cuboid. How to reduce the number of
cuboids while preserving the accuracy of GQ integration becomes
the key obstacle we face.

5.3 Cuboid pruning & subdividion
Alg. 2 constructs cuboids to approximate the voxelized volume using
3D rectangular boxes. This geometry-oriented construction, how-
ever, has not taken the target function 𝒇𝑖 (𝝃 ) into account. According
to Eq. (14), 𝒇𝑖 (𝝃 ) is the product of 𝜕𝝓𝑖

𝜕𝒖𝑖
and 𝒈. The landscape of 𝜕𝝓𝑖

𝜕𝒖𝑖
is

well-understood especially when 𝒈 is induced by a smooth external
force e.g., gravity. As explained in Sec. 3, 𝜕𝝓𝑖

𝜕𝒖𝑖
spans a subspace de-

scribing the propagation of a deformation increment 𝛿𝒖𝑖 from node
𝑖 across the model. This perturbation peaks at 𝑖 and decays with
distance. Consequently, a cuboid distant from 𝑖 is hardly affected
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Algorithm 1: Cuboid generation
Input: seed voxel 𝑣, voxelized model V with flags
Output: a cuboid𝐶
// Initialize cuboid with the seed voxel

1 𝐶 ← {𝑣};
// Greedy expansion along axes

2 while𝐶 can be expanded along some axis do
3 Find axis with largest cross-section of𝐶 (e.g., 𝑥𝑦, 𝑦𝑧, 𝑧𝑥 );
4 foreach direction in increasing, decreasing along the axis do
5 if all new voxels on the candidate slice have flag = 0 or 1

then
6 Expand𝐶 along the axis in the direction;
7 break;

8 Mark all voxels in𝐶 with flag = 3;
9 return𝐶 ;

Algorithm 2: Cuboid flooding
Input: seed voxel 𝑣, voxelized model V with flags, coverage

threshold 𝜏 (e.g., 𝜏 = 80%)
Output: a set of cuboids C

1 Function GenerateSingleCuboid(𝑣, V):
2 return result of Alg. 1 with inputs 𝑣 and V

// Main algorithm body begins here

3 Initialize: empty stack 𝑆 , cuboid set C← ∅, coverage← 0;
// Generate the initial seed cuboid using Alg. 1

4 𝐶0 ← GenerateSingleCuboid(𝑣, V);
5 C← C ∪ {𝐶0};
6 𝑆.push(𝐶0 ) ;
7 Update coverage;
// Flooding process to populate the model with cuboids

8 while 𝑆 is not empty and coverage < 𝜏 do
9 current← 𝑆.top( ) ;

10 foreach face in top, bottom, left, right, front, back do
11 candidates← ∅;
12 foreach voxel 𝑣 adjacent to current on face do
13 if 𝑣.flag = 0 or 1 then

// Call Alg. 1 to generate a new cuboid

from candidate voxel

14 cand← GenerateSingleCuboid(𝑣, V);
15 candidates← candidates ∪ {cand};

16 if candidates ≠ ∅ then
17 bestCand← candidate with largest volume from

candidates;
18 C← C ∪ {bestCand};
19 𝑆.push(bestCand) ;
20 Update coverage;
21 if coverage ≥ 𝜏 then
22 break from while loop;

23 𝑆.pop( ) ;
// Remove current cuboid after processing all faces

24 return C;

by 𝛿𝒖𝑖 . Intuitively, we want to favor cuboids located near node 𝑖 . A
more grounded way is to quantify the influence of 𝛿𝒖𝑖 based on the
shape of 𝜕𝝓𝑖

𝜕𝒖𝑖
.

5.4 Cuboid pruning

Since 𝜕𝝓𝑖

𝜕𝒖𝑖
can be well-approximated with a co-rotated formula of

Eq. (6), we estimate the influence of 𝛿𝒖𝑖 at each node 𝑗 , based on
the rest-shape 𝑼̄𝑖 defined as:

𝑼̄𝑖 =

[
𝑰3

−𝑯̄−1
𝑖,𝑖

𝑯̄⊤
𝑖,𝑖

]
. (15)

Calculating 𝑼̄𝑖 does not introduce additional overheads to the sim-
ulation pipeline because 𝑯̄−1

𝑖,𝑖
𝑯̄⊤
𝑖,𝑖

is already pre-computed at each
subproblem.

𝑼̄𝑖 ∈ R3𝑁×3 can be viewed as a tensor field, which assigns each
node 𝑗 a 3× 3 matrix i.e., 𝑼̄𝑖, 𝑗 representing its sensitivity of displace-
ment to the initial perturbation 𝑰3 at node 𝑖 . A standard metric to
convert this tensor-valued response into a positive scalar measuring
the magnitude of the influence is the Frobenius norm:

𝜔 𝑗 =

√︂
tr

(
𝑼̄⊤
𝑖, 𝑗
𝑼̄𝑖, 𝑗

)
, (16)

which maps 𝑼̄𝑖 to 𝜔𝑖 ∈ R𝑁
+ .

𝜔𝑖 offers an objective measure of the influence from a unit per-
turbation applied at node 𝑖 . Out of it, we assign each subproblem 𝑖

an average influence density defined as:

𝜌𝑖 =
1
|Ω |

∫
Ω
𝜔𝑖 (𝝃 )d𝝃 , (17)

where 𝜔𝑖 (𝝃 ) can be easily obtained by barycentric or trilinear in-
terpolation of the discretized 𝜔𝑖 . Similarly, we can also estimate the
influence density 𝜌 (Cℓ (𝑖)) for the ℓ-th cuboid associated with the
subproblem 𝑖 . Let 𝑙𝑥

ℓ
(𝑖), 𝑙𝑦

ℓ
(𝑖), and 𝑙𝑧

ℓ
(𝑖) be the three edges of Cℓ (𝑖),

and𝑉ℓ (𝑖) be its volume such that𝑉ℓ (𝑖) = 𝑙𝑥
ℓ
(𝑖)𝑙𝑦

ℓ
(𝑖)𝑙𝑧

ℓ
(𝑖). 𝜌 (Cℓ (𝑖)) is

the volume-normalized sum of 𝜔𝑖 over all the voxels within Cℓ (𝑖). If
𝜌 (Cℓ (𝑖)) ≤ 0.05𝜌𝑖 , Cℓ (𝑖) is considered less important for subspace
integration and discarded. As shown in the right-most subfigure of
Fig. 4, such influence density-based pruning excludes most cuboids
remote from 𝑖 , while the integration accuracy is barely impacted.

5.4.1 Cuboid subdivision. Another aspect of enabling both accuracy
and sparsity in GQ integration is the cuboid size. A larger cuboid
covers more volume, but the polynomiality of 𝒇𝑖 within becomes
compromised, and a higher-order integration rule is likely necessary.
Conversely, a smaller cuboid allows far fewer GQ points for a high-
quality integration, but only for a limited volume.

The optimal trade-off can also be determined based on the influ-
ence density. Since the influence 𝜔𝑖 (𝝃 ) diminishes as one moves
away from node 𝑖 , the integration accuracy naturally hinges pri-
marily on its immediate vicinity. Alg. 1, however, only seeks the
largest possible rectangular domain C0 (𝑖) housing 𝑖 . In an extreme
case, for instance when Ω is itself a rectangular box, C0 (𝑖) for any
subproblemwould cover the entire Ω. This is equivalent to replacing
the original model with a single (high-order) hexahedral element.
Based on this analysis, we subdivide C0 (𝑖) into three smaller

cuboids along its longest edge if 𝜌 (C0 (𝑖)) ≤ 0.7𝜌𝑖 . This subdivision
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ensures the assignment of GQ points at C0 (𝑖) is more effective for
improving integration accuracy.

6 GQ Integration
With the integration domains established, we apply the 3D GQ rule
to each cuboid. Unlike Cubature, the optimal quadrature points and
weights are analytically determined as long as an integration order
is chosen, making JGS2-GQ training-free.

6.1 Cubic Gaussian quadrature
The most convenient way to lift a one-dimensional GQ to 3D is
via the tensor-product construction. Let 𝑃 (𝑥) denote a polynomial
integrand and {(𝑥𝑘 ,𝑤𝑘 )}𝑛𝑘=1 be the 𝑛-point GQ rule associated with
the Legendre polynomial 𝐿𝑛 (𝑥).
Consider the integration of a polynomial 𝑃 (𝑥,𝑦, 𝑧) over a rect-

angular domain i.e., a cuboid C = [𝑎𝑥 , 𝑏𝑥 ] × [𝑎𝑦, 𝑏𝑦] × [𝑎𝑧 , 𝑏𝑧]. By
applying an affine change of variables in each direction, the integral
over C can be mapped to the reference cube [−1, 1]3 as:∫

C
𝑃 (𝑥,𝑦, 𝑧) d𝑥 d𝑦 d𝑧 = 𝐽

∫ 1

−1

∫ 1

−1

∫ 1

−1
𝑃 (𝑥,𝑦, 𝑧) d𝑥d𝑦d𝑧, (18)

where 𝑃 denotes the integrand expressed in the reference coordi-
nates, and we have

𝐽 =
(𝑏𝑥 − 𝑎𝑥 ) (𝑏𝑦 − 𝑎𝑦) (𝑏𝑧 − 𝑎𝑧)

8 , (19)

which is the Jacobian determinant of the domain transformation.
The 3D GQ rule is then obtained as the tensor product of the

corresponding 1D rules,∫ 1

−1

∫ 1

−1

∫ 1

−1
𝑃 (𝑥,𝑦, 𝑧)d𝑥d𝑦d𝑧

≈
𝑛𝑥∑︁

𝑘𝑥=1

𝑛𝑦∑︁
𝑘𝑦=1

𝑛𝑧∑︁
𝑘𝑧=1

𝑤𝑘𝑥𝑤𝑘𝑦𝑤𝑘𝑧 𝑃 (𝑥𝑘𝑥 , 𝑦𝑘𝑦 , 𝑧𝑘𝑧 ). (20)

Similar to its 1D counterpart, the resulting 3D quadrature rule in-
tegrates exactly all polynomials whose degree in each coordinate
direction does not exceed 2𝑛 − 1.
𝒇𝑖 (𝝃 ) represents a vector field of the reduced gradient with cou-

pled 𝑥 , 𝑦, and 𝑧 components. Fortunately, GQ depends only on
the degree of the underlying polynomial approximation. If the 𝑥-
component 𝑓𝑖,𝑥 (𝝃 ) is well-approximated by an 𝑛-degree polynomial
𝑃𝑥𝑛 (𝑥), it is reasonable to assume that 𝑓𝑖,𝑦 (𝝃 ) and 𝑓𝑖,𝑧 (𝝃 ) are also
well-approximated by 𝑛-degree polynomials 𝑃𝑦𝑛 (𝑦) and 𝑃𝑧𝑛 (𝑧). Al-
though these polynomials may take drastically different forms, GQ
yields accurate integration as long as their orders are properly esti-
mated. The process is agnostic to the specific coupling between the
components.

6.2 Order policy
The final piece of the missing puzzle is the integration order, i.e., how
many GQ points we should use at each cuboid. Pushing the accuracy
requires higher-order integration with more GQ points, while an
efficient runtime simulation favors fewer GQ points, considering
that each subproblem is executed on a single CUDA thread. Given
the nature of tensor expansion, we focus on GQ orders of one, two,

and three. A higher-order GQ rule is less profitable in practice, and
subdividing the integration domain with multiple lower-point rules
is more effective and efficient.
While all cuboids are rectangular, their aspect ratios can vary

significantly, ranging from near-equilateral volumes to compressed
planes or elongated sticks. Standard expansion of 1D GQ to 3D
based on the reference cube [−1, 1]3 typically implies the same in-
tegration orders in all three directions. However, when a cuboid
becomes nearly collinear or planar, we should decouple these or-
ders by employing a higher-order rule along the dominant dimen-
sions and a lower-order rule along the compressed ones. This geo-
metric information is extracted by evaluating the ratios between
{𝑙𝑥
ℓ
(𝑖), 𝑙𝑦

ℓ
(𝑖), 𝑙𝑧

ℓ
(𝑖)} and theirmaximumvaluemax{𝑙𝑥

ℓ
(𝑖), 𝑙𝑦

ℓ
(𝑖), 𝑙𝑧

ℓ
(𝑖)}.

The influence density 𝜌 (Cℓ (𝑖)) remains an informative checkpoint.
We previously utilized this metric to exclude less significant cuboids
(see Sec. 5.3). A low 𝜌 (Cℓ (𝑖)) suggests that it is safe to downgrade
the corresponding GQ integration to a lower order. In addition to
density, the total influence encompassed by Cℓ (𝑖) should be consid-
ered as well. A large integration domain remains worthy of sampling
even if its density is low, as its cumulative contribution to the global
response can still be substantial.

Putting those together, we design an order score for each dimen-
sion of Cℓ (𝑖) denoted as 𝑆𝑥

ℓ
(𝑖), 𝑆𝑦

ℓ
(𝑖), and 𝑆𝑧

ℓ
(𝑖) such that:

𝑆
𝑥,𝑦,𝑧

ℓ
(𝑖) = 𝛼1

𝑙
𝑥,𝑦,𝑧

ℓ
(𝑖)

max{𝑙𝑥
ℓ
(𝑖), 𝑙𝑦

ℓ
(𝑖), 𝑙𝑧

ℓ
(𝑖)}

+ 𝛼2
𝜌 (Cℓ (𝑖))

max{𝜌 (Cℓ (𝑖))}
+ 𝛼3

𝜌 (Cℓ (𝑖))𝑉ℓ (𝑖)
max{𝜌 (Cℓ (𝑖))𝑉ℓ (𝑖)}

. (21)

This scoring system incorporates the three factors previously dis-
cussed: geometric shape, influence density, and total influence. Each
component is normalized to the range [0, 1], with weights empir-
ically set to 𝛼1 = 0.4, 𝛼2 = 0.3, and 𝛼3 = 0.3. Finally, the order
score 𝑆𝑥,𝑦,𝑧

ℓ
(𝑖) determines the GQ degree along each dimension via

a staggered mapping:

Deg𝑥,𝑦,𝑧
ℓ
(𝑖) =


1, if 𝑆𝑥,𝑦,𝑧

ℓ
(𝑖) < 1/3,

2, if 1/3 ≤ 𝑆
𝑥,𝑦,𝑧

ℓ
(𝑖) < 2/3,

3, if 𝑆𝑥,𝑦,𝑧
ℓ
(𝑖) ≥ 2/3.

(22)

6.3 GQ (integrand) or Cubature (integral)
While both GQ and Cubature [An et al. 2008] are effective numerical
integration schemes, we would like to emphasize that GQ is not
the best solution for reduced simulations in general. We apply 3D
GQ here specifically because each subproblem is rank-three. At this
dimension, it is reasonable to assume a low-degree polynomial well
fits the target function 𝜕𝝓𝑖

𝜕𝒖𝑖
over a wide region e.g., a cuboid. In

other words, JGS2-GQ aims to approximate the integrand for the
reduced integration. On the other hand, a typical model reduction
employs tens or hundreds of subspace bases. At this rank, reduced
gradient and Hessian could lose the low-degree polynomiality over
a coarser integration domain. Therefore, GQ becomes less effective
(if not useless). Cubature directly learns the integral, rather than
the integrand, based on sampled deformations. If the simulation
results are covered by the training data, Cubature is highly effective
since the training at the integral-level hides the complexity of the
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integrand, allowing even fewer sampling points. As with other data-
driven methods, its accuracy may be undermined for previously
unseen states. Nevertheless, Cubature remains the most practical
and effective approach for general reduced simulations.

7 JGS2-GQ for Contacts
The presence of collision, contact, and friction introduces an added
layer of challenge. A fully implicit collision alters the systemHessian
and couples the DOFs involved in colliding primitives. A naïve
treatment is to augment the local Hessian in subproblem 𝑖 such
that 𝑯̃𝑖,𝑖 ← 𝑯̃𝑖,𝑖 + 𝜕2𝐶

𝜕𝒖2
𝑖

for some contact penalties 𝐶 . However,
this strategy fails to account for the body-level coupling induced
by contact, leading to degraded convergence when models remain
in contact for prolonged periods. To address this, we propose an
efficient improvement by modifying the global 𝑼̄𝑖 , and extend this
idea to handle the friction. Our key observation is: the coupling
between bodies is enabled through the 12×12 collision stencil, while
the within-body perturbation subspace is largely unchanged.

7.1 Contact-modified subspace
Without loss of generality, we consider two objects 𝐴 and 𝐵 col-
liding with each other via a node-triangle pair, where the collid-
ing node is on body 𝐴, and the triangle is on body 𝐵. In this case,
𝒖 = [𝒖𝐴⊤ , 𝒖𝐵⊤ ]⊤ includes all the DOFs on both bodies. We denote
the global indices of the colliding node on 𝐴 as 𝑎, and three triangle
nodes on 𝐵 as 𝑏1, 𝑏2, and 𝑏3.

When𝐴 and 𝐵 are separate, 𝑯 is block diagonal, and all the DOFs
on𝐴 and 𝐵 are decoupled. In this case, 𝝓𝑎 (𝛿𝒖𝑎) vanishes on 𝐵. When
𝐴 and 𝐵 are in contact, we note that the perturbation of 𝛿𝒖𝑎 also
produces 𝛿𝒖𝐵 if the perturbation tends to reduce the node-triangle
distance. Therefore, 𝝓𝑎 (𝛿𝒖𝑎) consists of two parts. 𝝓𝐴𝑎 represents
the propagation of the nonlinear elasticity on 𝐴, which can still be
calculated via Eq. (6). On the other hand, 𝝓𝐵𝑎 embodies the coupling
through the collision. We model such contact-based coupling as a
two-stage perturbation propagation: how the perturbation applied
at 𝑎 reaches 𝑏1, 𝑏2, and 𝑏3 via the contact model, and how the
perturbation further distributes over 𝐵 from 𝑏1, 𝑏2, and 𝑏3.
Let 𝐶 (𝒖𝑎, 𝒖𝑏1 , 𝒖𝑏2 , 𝒖𝑏3 ) be the contact potential associated with

this node-triangle pair, such as IPC [Li et al. 2020], and 𝑯𝐶 ∈ R12×12

be the corresponding collision stencil. We partition 𝑯𝐶 into four
blocks:

𝑯𝐶 =

[
𝑯𝐶
𝑎,𝑎 𝑯𝐶

𝑎,𝑏

𝑯𝐶⊤

𝑎,𝑏
𝑯𝐶
𝑏,𝑏

]
,

where 𝑯𝐶
𝑏,𝑏

is a 9× 9 sub-matrix corresponding to 𝑏1, 𝑏2, 𝑏3 on body
𝐵. 𝛿𝒖𝑎-triggered perturbation arriving at the triangle is computed
via:

𝛿𝒖𝑏 =


𝛿𝒖𝑏1
𝛿𝒖𝑏2
𝛿𝒖𝑏3

 =

(
−𝑯𝐶−1

𝑏,𝑏
𝑯𝐶⊤

𝑎,𝑏

)
𝛿𝒖𝑎 . (23)

Since 𝑯𝐶
𝑏,𝑏

is a small-size matrix, solving Eq. (23) is efficient and can
be parallelized at all the contact pairs.

Technically, 𝛿𝒖𝑏 should also accommodate the elasticity response
from 𝐵, which would require solving the global system in Eq. (3)
with time-varying collision Hessian. It is clearly prohibitive and

cannot be pre-computed. We opt for a simplified one-way collision-
elasticity coupling to facilitate the construction of the perturbation
subspace. We argue that this treatment is reasonable given the fact
that collision stiffness is typically orders of magnitude stronger
than elasticity. Therefore, the collision potential is insensitive to
the body’s elastic deformation. For instance, in IPC, the sharply
increasing barrier prevents the node-triangle distance from being
significantly reduced by elasticity alone. In practice, the colliding
pair can even be treated as rigid, simplifying Eq. (23) to:

𝛿𝒖𝑏 =

(
−𝑯𝐶−1

𝑏,𝑏
𝑯̄𝐶⊤

𝑎,𝑏

)
𝛿𝒖𝑎 ≈

(
13×1 ⊗

(
𝒏𝒏⊤

) )
𝛿𝒖𝑎, (24)

which passes the normal perturbation from 𝑎 to 𝑏1, 𝑏2, and 𝑏3. Here,
𝒏 is the contact normal. In other words, we have 𝛿𝒖𝑏1 = 𝛿𝒖𝑏2 =

𝛿𝒖𝑏3 = (𝒏𝒏⊤)𝛿𝒖𝑎 .
After 𝛿𝒖𝑏 is obtained, 𝝓𝐵𝑎 becomes the superposition of three

body-wise perturbations induced by 𝒖𝑏1 , 𝒖𝑏2 , and 𝒖𝑏3 , and we have:

𝜕𝝓𝐵𝑎
𝜕𝒖𝑎

=
𝜕𝝓𝐵𝑎
𝜕𝒖𝑏1

𝜕𝒖𝑏1

𝜕𝒖𝑎
+ 𝜕𝝓𝐵𝑎
𝜕𝒖𝑏2

𝜕𝒖𝑏2

𝜕𝒖𝑎
+ 𝜕𝝓𝐵𝑎
𝜕𝒖𝑏3

𝜕𝒖𝑏3

𝜕𝒖𝑎

=
𝜕𝝓𝐵

𝑏1

𝜕𝒖𝑏1

𝜕𝒖𝑏1

𝜕𝒖𝑎
+
𝜕𝝓𝐵

𝑏2

𝜕𝒖𝑏2

𝜕𝒖𝑏2

𝜕𝒖𝑎
+
𝜕𝝓𝐵

𝑏3

𝜕𝒖𝑏3

𝜕𝒖𝑏3

𝜕𝒖𝑎
. (25)

Here,
𝜕𝝓𝐵

𝑏1
𝜕𝒖𝑏1

,
𝜕𝝓𝐵

𝑏2
𝜕𝒖𝑏2

, and
𝜕𝝓𝐵

𝑏3
𝜕𝒖𝑏3

can be calculated via Eq. (6) efficiently

using the co-rotated formula. Meanwhile, 𝜕𝒖𝑏1
𝜕𝒖𝑎

, 𝜕𝒖𝑏2
𝜕𝒖𝑎

, and 𝜕𝒖𝑏3
𝜕𝒖𝑎

are
the top, middle, and bottom 3 × 3 blocks of −𝑯𝐶−1

𝑏,𝑏
𝑯𝐶⊤

𝑎,𝑏
or simply

𝒏𝒏⊤ if Eq. (24) is used.

7.2 Frictional contacts
When collisions and contacts are frictional, we cannot formulate
the entire system as a potential-based minimization problem, and
JGS2 may not be directly applicable. However, it is possible to ap-
proximate the friction as a lagged penalty e.g., in [Li et al. 2020].
During the construction of subspace for each subproblem, the

Coulomb friction can be conveniently modeled as a perturbation
amendment. Taking the same node-triangle collision as an example,
we first estimate a contact force increment of this collision pair
based on the nodal velocity from the previous time step:

𝛿𝒇 =

[
𝛿𝒇⊤𝑎 , 𝛿𝒇⊤

𝑏1
, 𝛿𝒇⊤

𝑏2
, 𝛿𝒇⊤

𝑏3

]⊤
= 𝑯𝐶

[
¤̂𝒖⊤𝑎 , ¤̂𝒖⊤𝑏1

, ¤̂𝒖⊤
𝑏2
, ¤̂𝒖⊤

𝑏3

]⊤
. (26)

We keep our focus on node 𝑎 as the current subproblem. If there
exists relative sliding velocity among 𝑎, and 𝑏1, 𝑏2, 𝑏3 at the collision
tangent, we modify 𝜕𝒖𝑏

𝜕𝒖𝑎
to reflect the Coulomb model. Specifically,

𝜕𝒖𝑏
𝜕𝒖𝑎

= 13×1 ⊗
(
𝒏𝒏⊤ +

𝒖 ∥𝛿𝒖
⊤
𝑎

𝛿𝒖⊤𝑎 𝛿𝒖𝑎

)
, (27)

where

𝒖 ∥ ≜ 𝜇





𝛿𝒇𝑎 − 1
3

(
𝛿𝒇𝑏1 + 𝛿𝒇𝑏2 + 𝛿𝒇𝑏3

)



 (
𝑰3 − 𝒏𝒏⊤

)
𝛿𝒖𝑎

(𝑰3 − 𝒏𝒏⊤)𝛿𝒖𝑎

 . (28)

In other words, we include a tangential perturbation to predict the
Coulomb effect, which induces stickiness on the contact tangent such
that 𝛿𝒖𝑎 and 𝛿𝒖𝑏1,2,3 are coupled. If the contact plane is friction-free,
𝛿𝒖𝑎 does not affect 𝑏1,2,3 tangentially, and thus 𝒖 ∥ = 0. Otherwise,
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Fig. 5. Comparison with JGS2-Cubature. Convergence comparison on
an Asian dragon model (1M DOFs) under sharp local deformations. While
Cubature with scene-specific training (i.e., pre-simulation or PS) matches
Newton-like speed, it fails to converge when trained on global modes using
modal analysis (MA). In contrast, our training-free JGS2-GQ consistently
achieves reliable convergence without any prior data.

𝛿𝒖𝑎 imposes a tangential perturbation, the magnitude of which is
estimated based on the Coulomb frictional coefficient 𝜇.

We emphasize that Eqs. (24) and (27) are not intended to solve the
unknown displacement vector 𝒖. Rather, they are used to build an
informative subspace characterizing how a small perturbation ap-
plied at 𝑖 propagates to other DOFs in the system within the current
tangent space. This information makes each subproblem globally
aware, ensuring that local optimization is unlikely to overshoot.
While the variational optimization in Eq. (1) remains unchanged, a
high-quality subspace promotes better convergence of the Jacobi
iterations, matching the rate of Newton’s method.

7.3 Adaptive GQ order
Along with collisions and contacts come repulsive forces from colli-
sion penalties, such as IPC barriers. These penalties generate strong,
high-frequency, and localized gradients of 𝒈 that alter the landscape
of 𝒇𝑖 (𝝃 ). To ensure these sharp signals are not overlooked, we share
cuboids across different subproblems and adjust the integration order
on-the-fly when necessary.

Normally, the set of cuboids and their quadrature points are gen-
erated specifically for the subproblem 𝑖 , to cover the most salient
features of 𝜕𝝓𝑖

𝜕𝒖𝑖
. Suppose an abrupt gradient 𝒈 occurs at node 𝑗

( 𝑗 ≠ 𝑖) due to a high-speed collision or sharp external force. If 𝑗 falls
within a cuboid Cℓ (𝑖) ∈ C𝑖 , we simply escalate its integration order.
This adjustment is efficient because 3D GQ points and weights are
available in closed-form for any given order. Switching from a one-
point rule to a two-point or a three-point rule, for example, requires
no additional pre-computation. However, if 𝑗 is not enclosed by any
existing cuboids for node 𝑖 , which can occur since C𝑖 only encom-
passes sparse volumes of Ω (e.g., see Fig. 4), we leverage the fact
that 𝑗 is always contained by its own C0 ( 𝑗). We then expand the
cuboid set of 𝑖 such that C𝑖 ← C𝑖 ∪ {C0 ( 𝑗)}. This flexibility allows
GQ-based integration to adaptively adjust the domains and orders
to capture dominant variations in the field.
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Fig. 6. Integration vs convergence.We study the relation between GQ
integration accuracy and simulation performance in the same simulation
as in Fig. 5. As the number of GQ points increases, the iteration count de-
creases, and the convergence improves. Such improvement plateaus when
the total number of GQ points goes beyond 98. When evaluating the error
reduction speed (i.e., convergence rate per unit of time), a sparser set of
quadrature points provides higher computational efficiency. We also visual-
ize the corresponding configuration of the cuboid set for the mesh node at
the leg of the dragon.

54 x 27 x 45 104 x 50 x 85

Mesh

Voxels

Simulation

Fig. 7. Ablation study on different voxelizations. Evaluation of the octo-
pusmodel under varying resolutions. The results show that with a consistent
average of 33 quadrature points, the overall outcomes and computational
costs remain stable and comparable across different voxelization levels.

Cost Details
Initial: 1.0 μs (4.5%)
Flooding: 17.0 μs (76.2%)
Pruning: 4.0 μs (17.9%)
Misc: 0.3 μs (1.3%)

Total: 21.3 μs

Cost Details
Initial: 1.0 μs (10.8%)
Flooding: 6.0 μs (64.5%)
Pruning: 2.0 μs (21.5%)
Misc: 0.3 μs (3.2%)

Total: 9.3 μs

Fig. 8. Cuboid generation cost breakdown. This figure compares the
average computational overhead for each vertex across two voxelization
resolutions (left: 54× 27× 45, right: 104× 50× 85). In both cases, the flooding
stage constitutes the primary bottleneck, accounting for approximately
65–76% of the total generation time, while initial selection and pruning
remain relatively consistent.
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Table 1. Statistics for experiments. This table details the total numbers of tetrahedra (#tets), Degrees of Freedom (#DOFs), and surface triangles (#tris). We
employ Neo-Hookean [Heyliger 2008] as the constitutive model for deformable bodies, while using BW98 [Baraff and Witkin 1998] with quadratic bending
[Bergou et al. 2006] for cloth simulation. Key simulation parameters such as time step (Δ𝑡 ), Young’s Modulus (𝐸), Poisson’s ratio (𝜈), friction coefficient (𝜇)
the average number of quadrature points (𝑁 ) are provided. Additionally, the table includes the average CCD time per step, the average number of Newton
iterations per step and the average solver time per step. We use the convergence condition of ∥Δ𝒙 ∥ = 10−3 for the experiments listed below.

Example #tets #DOFs #tris Δ𝑡 (s) 𝐸 (Pa) 𝜈 𝜇 𝑁 CCD time (s) #iters solver time (ms)
Puffer balls 3.8M 5.4M 3.6M 1/100 1e7/5e5 0.4 0.1 34 6.7 43 742

Brush armadillos 1.7M 1.7M 1.2M 1/150 1e9/1e7/5e5 0.4 0.1 49 7.1 36 118
Brushes x140 7.4M 9M 6M 1/100 1e9/1e7 0.4 0.1 54 18.6 55 1,146

Staircase (𝜇 = 0) 582K 371K 490K 1/30 1e7 0.45 0 33 0.9 47 121
Staircase (𝜇 = 0.5) 582K 371K 490K 1/30 1e7 0.45 0.5 33 1.7 56 215
Twisted armadillos 157K 236K 233K 1/30 1e7/5e5/1e9 0.4 0.1 26 3.2 51 746

Armadillos bowl (𝐸 = 1e6 Pa) 799K 721K 480K 1/30 1e6 0.45 0.1 47 1.1 39 127
Armadillos bowl (𝐸 = 5e5 Pa) 799K 721K 480K 1/30 5e5 0.45 0.1 47 1.3 56 142

Shooting armadillos 16K 229K 479K 1/30 1e7/1e9 0.4 0.3 25 2.7 37 181
iPhone pocket 1.2M 1.5M 987K 1/100 1e8/1e9 0.4 0 41 9.2 94 816

Multilayer cloths - 706K 480K 1/30 - - 0.1 12 12.2 62 387
A puffer ball 190K 174K 87K 1/100 1e6 0.4 0.3 34 2.8 22 125

8 Experimental Results
We implemented the proposed JGS2-GQ framework on a desktop
computer with an intel i7-12700 CPU (for computing 𝑼̄𝑖 ) and
an Nvidia 3090 RTX GPU (for runtime simulation). Tab. 1 provides
detailed experimental setups and timing statistics. Please also refer
to the supplementary video for more animation results. Given that
our experiments often involve stiff, extensive, and high-speed colli-
sions among complex deformable objects, we employ line search
filtering based on CCD (continuous collision detection) as described
in [Li et al. 2020] to ensure the penetration-free state after each
iteration. Consequently, repetitive CCD invocation becomes the pri-
mary computational bottleneck in our implementation. If the strict
penetration-free guarantee is lifted and replaced by soft collision
handling methods, such as those based on penetration depth [Chen
et al. 2023], the overall performance can be further improved by at
least one order.

8.1 Ablation on Cuboid Generation & Cost Breakdown
Cuboid generation follows three stages: initial selection, flooding,
and pruning. Since voxelization resolution determines the input for
all subsequent steps, we performed an ablation study to measure
its impact.Fig. 7 illustrates two models generated at resolutions of
54× 27× 45 and 104× 50× 85. Both configurations yield an average
of 33 quadrature points and exhibit similar performance (75ms/9
iterations vs. 81ms/10 iterations), suggesting that resolution has a
negligible effect on efficiency. As shown in the cost breakdown (Fig.
8), flooding remains the primary bottleneck, consuming roughly
70% of the total computation time.

8.2 Comparison with JGS2 using Cubature
In the first experiment, we compare two integration schemes i.e., Cu-
bature and GQ, within the framework of JGS2 [Lan et al. 2025]. Being
a data-driven method, Cubature sampling points and weights are
optimized via NNLS iteratively. As discussed, the efficacy of Cuba-
ture training depends on the quality of the training set. Specifically,
Cubature is most effective if the training set spans the simulation
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Fig. 9. Comparison with GPU block descent-based methods. We com-
pare our method against state-of-the-art block descent-based GPU solvers,
including VBD [Chen et al. 2024b], SSD [Lan et al. 2023], and Chebyshev
Jacobi [Wang and Yang 2016]. We pin the back of the dragon model and
simulate its gravitational deformation without collision resolution. Because
existing methods rely on local relaxation and neighbor-to-neighbor infor-
mation propagation, they suffer from inefficient convergence and numerical
overshooting on high-resolution meshes. In contrast, JGS2-GQ incorporates
global context through 𝜕𝝓𝑖

𝜕𝒖𝑖
, enabling significantly faster error reduction

and superior stability across various complex deformation scenarios.

results. When the training poses diverge from the simulation, we
observe a substantial drop in the convergence rate. That said, the
Cubature-trained model extrapolates poorly, leading to inaccurate
force/Hessian approximations.

Fig. 5 provides a side-by-side comparison illustrating this behavior.
We fix the feet of an Asian dragon model (1M DOFs) and apply
sharp external forces to its back and head, triggering large local
deformations. This scene is simulated using our method and vanilla
JGS2. For Cubature, we evaluate two training sets. The first set is
obtained by pre-simulating the scene with Newton’s method and
extracting the first 30 principal components via PCA (principal
component analysis). With this highly relevant training set (labeled
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Fig. 10. A lot of brushes. There are 140 brushes dropping into the bowl under gravity. The yellow bristles are 20× stiffer (𝐸 = 107 𝑃𝑎) than the grey ones
(𝐸 = 5 × 105 𝑃𝑎), while the handles are nearly rigid (wooden, 𝐸 = 109 𝑃𝑎). Such a heterogeneous system is beyond the capability of regular block descent-based
methods like VBD. JGS2-GQ offers better robustness than the vanilla JGS2, and it remains highly efficient without training. In this example, all the collisions
are resolved at each time step using IPC, and our method is 5× faster than GPU-IPC [Guo et al. 2024], and 100× faster than PD-IPC [Lan et al. 2022b]. The
convergence comparison is reported in Fig. 11.
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Fig. 11. Comparison with GPU-based IPC solvers. We compare our
method with GPU-based IPC solvers. When massive collisions are present,
IPC-based collision resolution is often considered the default option to avoid
interpenetration. Our method outperforms CPU-based Newton-Krylov
methods as we use optimized the vector inner products that typically bot-
tleneck Krylov iterations. The plots correspond to a representative frame
from the experiment in Fig. 10. Even in the scenario with extreme stiffness
disparity, JGS2-GQ is 5× faster than GPU-IPC [Guo et al. 2024] and over
100× faster than PD-IPC [Lan et al. 2022b] as the latter struggles to converge
under high stiffness.

as PS), Cubature effectiveness is maximized — only 7 integration
points allow JGS2 to achieve a convergence rate nearly identical to
Newton’s method. At the other extreme, we generate 30 training
poses using modal analysis (MA) [Pentland and Williams 1989] to
extract low-frequency eigenvectors. Since these global deformations
differ significantly from the actual local response, the simulation
fails to converge, even though 63 sampling points are used per node
and the training error is low. Consequently, our method achieves
over 84× speedup compared to JGS2-Cubature (MA), demonstrating
its robustness and training-free advantage.
Our method resides between these two extremes. The cuboids

for each subproblem consistently capture the dominant information
of the kernel function 𝜕𝝓𝑖

𝜕𝒖𝑖
. Consequently, JGS2-GQ offers reliable

performance without relying on any prior simulation data. In this
example, our method uses an average of 37 quadrature points. While
it is slightly outperformed by the perfectly optimized Cubature (PS),
the latter requires a pre-simulated training set. This raises a practical
contradiction: if the scene has already been simulated to generate
training data, there is little motivation to simulate it again with
JGS2-Cubature.

Fig. 12. Twisted Armadillos. Two Armadillos with distinct stiffness are
twisted by four elastic rods, creating strong coupling between barrier-based
friction and large nonlinear deformations. While VBD, SSD, and Chebyshev
solvers fail to complete the simulation, our method maintains stability.
The proposed subspace justification strategy plays an essential role for the
improved performance. Compared with vanilla JGS2 [Lan et al. 2025], our
method effectively reduces the average iteration count and doubles the
simulation efficiency. The convergence curves are reported in Fig. 13.
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Fig. 13. Adaptive subspace modification. We plot the iteration count
and simulation time needed for each time step with and without subspace
justification for the experiment of Fig. 12. Adaptively altering subspace
reduces the average iteration count from 26.7 to 15.7 and delivers a 2×
speedup (10.8s to 4s per frame).

8.3 Integration vs. convergence
Using the same simulation of the Asian dragon model in Fig. 5, we
quantitatively evaluate the relationship between GQ integration
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Finite Element Method

Initial state

Frame 25

Frame 49

Frame 61
Frame 85 Frame 123

Fig. 14. Comparison with FEM.We compare our method against a stan-
dard FEM simulation. Our approach achieves a 33× speedup (125ms per
step) while maintaining high visual fidelity and similar deformation charac-
teristics across various frames.

Frame 100 Frame 500 Frame 100 Frame 500

Fig. 15. Sliding dragons. Three dragon models slide down on a spiral stair-
case with 𝜇 = 0 (no friction) and 𝜇 = 0.5. Our method captures the energy
dissipation induced by the frictional collisions, resulting in a stable pile at
the base of the stairs in the frictional case. The adaptive perturbation sub-
space ensures that the complex contact constraints remain well-conditioned
throughout the simulation.

accuracy and simulation convergence. Increasing the number of GQ
points improves integration accuracy, driving the convergence up
at the cost of higher runtime computation. This trend is illustrated
in Fig. 6, where the number of iterations decreases as more GQ
points are used. In this example, exceeding 98 GQ points does not
yield further meaningful improvement in convergence. Interestingly,
when considering the rate of error reduction per unit of time, a lower
number of GQ points may be more efficient. Nevertheless, GQ-based
JGS2 never diverges because of unseen deformations, and it is training-
free. We would like to remind that Figs. 6 and 5 use a simulation with
extreme deformations. In practice, the difference in using varying
numbers of GQ points is not obvious. Using 36 or 48 GQ points is
often a good default choice in practice.

8.4 Comparison with FEM
We also conducted a comparative experiment against a traditional
FEM using IPC for contact handling. As illustrated in Fig. 14, which
depicts a puffer ball sliding down a slope, both methods produce
visually and physically consistent results. While both solvers are
GPU-accelerated, our method only requires 125ms per step on aver-
age, achieving a significant 33× speedup over the FEM baseline. This
performance gain is primarily attributed to our use of 2nd-order

Jacobi iterations with Gaussian Quadrature. Unlike the costly global
linear system solves often required in traditional FEM, our approach
leverages a localized integration scheme that is highly amenable to
parallelization. This allows for significantly higher throughput on
the GPU while maintaining the convergence characteristics neces-
sary for complex geometries like the puffer ball.

8.5 Comparison with other GPU algorithms
Next, we compare ourmethodwith other state-of-the-art GPU-based
simulation algorithms, including Vertex Block Descent (VBD) [Chen
et al. 2024b], second-order Stencil Descent (SSD) [Lan et al. 2023],
and Chebyshev Jacobi [Wang and Yang 2016] without using IPC
barriers. Those methods share a similar underlying parallelization
modality that optimizes subproblems defined either on a node (VBD,
Chebyshev) or on an element (SSD). Intuitively, those methods re-
lax local strain within the subproblem in parallel at each iteration.
The updated local information is shared via the interface of a sub-
problem to the neighbor DOFs at the next iteration, and a local
relaxation follows. Such local information exchange is inefficient
on a high-resolution model since the local solve always overshoots.
Our method solves local problem bearing 𝜕𝝓𝑖

𝜕𝒖𝑖
in mind. Therefore, it

is not surprising to see that our method substantially outperforms
existing methods. The simulation tested is quite straightforward,
where the Asian dragon deforms under gravity with its back pinned.
Our convergence curve resembles Newton’s method. Through GPU
parallelism, JGS2-GQ delivers a clear performance advantage.

When the simulation employs IPC-based collision resolution, the
nonlinearity induced by IPC barriers poses fundamental challenges
for block descent-like methods. In these cases, JGS2-GQ outperforms
such peers by a much larger margin, and block descent solvers are
no longer our primary competitors. Instead, GPU methods tailored
specifically for IPC are more relevant. To this end, we report a
complex simulation as shown in Fig. 10 to illustrate the difference
between our method, GPU-IPC [Guo et al. 2024], and PD-IPC [Lan
et al. 2022b]. In this experiment, 140 brush models fall into a bowl.
The hairs on the brush are with different stiffnesses (𝐸 = 107Pa
and 𝐸 = 105Pa) and interact under extensive collisions/contacts.
The handle of the brush is wooden with the Young’s modulus of
𝐸 = 109Pa.

Existing GPU-IPC algorithms normally employHessian-free solve
at each Newton step, such as PCG (preconditioned conjugate gradi-
ent). The key computation of this category of method is the sparse
matrix-vector multiplication, which is naturally compatible with
GPU parallelization. However, the bottleneck of New-PCG is the
model-wise vector inner product i.e., the high-resolution discrete
integration. This is exactly what our method is optimized for. There-
fore, our method has a clear advantage over those methods. In the
example shown in Fig. 10, our method runs 5× faster than existing
GPU-IPC and over 100× faster than PD-IPC, and the convergence
plots are reported in Fig. 11.

8.6 JGS2-GQ with frictional contacts
In addition to GQ-based sparse integration, our framework adap-
tively adjusts per-node perturbation subspaces to improve conver-
gence during contact and friction. Fig. 12 highlights this advantage
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Frame 75
Frame 95(a) μ = 0.1

Frame 75
Frame 95(b) μ = 0.5

Frame 75
Frame 95(c) μ = 0.6

Initial

Fig. 16. Inclined plane test. A cube slides down from a 30◦ inclined plane
under varying friction coefficients 𝜇. (a) shows the initial configuration. In
(b) with 𝜇 = 0.1, the cube slides in an accelerated manner between frames 75
and 95. As the coefficient increases in (c) 𝜇 = 0.5 and (d) 𝜇 = 0.6, the sliding
motion becomes more restrained accordingly. The test confirms the model’s
accuracy: when 𝜇 exceeds tan 30◦, the cube’s kinetic energy is dissipated,
and it comes to a complete stop, consistent with the transition from kinetic
to static friction on the incline.

by comparing iteration counts with and without the subspace modi-
fication discussed in Sec. 7. In this experiment, a soft (blue) and a stiff
(golden) Armadillo are tightly twisted by four elastic rods. Although
the total DOF count (236K) is moderate, the scene is numerically
challenging due to the strong coupling among barrier-based friction,
contact, and large nonlinear deformations. While VBD, SSD, and
Chebyshev solvers fail, our method maintains stability throughout
the simulation. In this example, subspace justification achieves a 2×
speedup, reducing average per-frame computation time from 10.8s
to 4s and decreasing the average iteration count from 26.7 to 15.7.
The comparative convergence plots are reported in Fig. 13

Fig. 15 provides an additional example where three dragon mod-
els slide down a spiral staircase under varying friction coefficients.
When 𝜇 = 0, the dragons glide unimpeded to the floor. As the coeffi-
cient is increased to 𝜇 = 0.5, the kinetic energy of the falling models
is significantly dissipated, causing them to decelerate and eventually
stack at the base of the stairs. Another quantitative comparison is
reported in Fig. 16 as a standard inclined plane test. Frictional con-
tacts are handled with much higher accuracy and stability when the
perturbation subspace is modified according to the Coulomb friction
model. This adjustment ensures that local subproblems anticipate
the stick-slip transitions and frictional constraints, leading to better
convergence compared to the unmodified baseline.

8.7 More results
We report more simulation results using JGS2-GQ here. Most ex-
periments involve high-resolution geometries, large variations of
material stiffness, and frequent collision events. As a result, we use
IPC together with CCD-based line search filtering at each JGS2
iteration.

Fig. 18 is a straightforward test, where we place Armadillo mod-
els into the bowl. Our method maintains consistent convergence
under different material stiffnesses and exhibits minor fluctuations
in iteration counts even under a large time step i.e., Δ𝑡 = 1/30s.
Another example is shown in Fig. 17. In this experiment, we

constrain the feet of eight Armadillo models to the ground and
brush over them with a high-resolution, dense-bristle brush (with
500 bristles). The resulting frictional contacts and collisions cause
the Armadillos to sway and collide with one another. This scenario
involves intricate contact between the fine bristles and the large-
scale geometries, creating complex, high-frequency impact signals.

JGS2-GQ robustly manages these interactions, maintaining stable
convergence even as the dense hair-to-surface collisions trigger
rapid local deformations. There are 1.7M DOFs in the experiment,
and our method uses 118 ms to simulate one time step.
Our method is also effective for cloth or co-dimensional simula-

tion. When the geometry of the model degenerates, the integration
domain reduces to 2D and becomes more regular. This contributes
to a smaller number of quadrature points compared to volumetric
models. We further evaluate this feature using a multi-layer cloth
clamping experiment as shown in Fig. 19. In this setup, three square
tablecloths are draped over a hollow cylinder with four deep, in-
terior cylindrical slots. Four rigid pillars then move downwards to
press the cloth layers into these slots, subjecting the material to
concentrated local stretching and compression. This scenario poses
a significant challenge for parallel solvers due to the dense self-
collisions between the cloth layers and the high-stiffness coupling
at the sharp boundaries of the slots. Despite the large membrane
strains and the intricate contact configurations, JGS2-GQ resolves
the deformation field robustly. The localized nature of the deforma-
tion is effectively captured by our adaptive integration domains so
that the sharp stress gradients near the slot edges do not compromise
global convergence.

Fig. 20 shows another example of two-way coupling between vol-
umetric bodies and thin shells. In this experiment, nine Armadillo
models are initially pulled into a high-stiffness circular elastic shell.
Upon release, the shell acts as a slingshot, propelling the models
at high velocity toward another square shell on the right. The Ar-
madillos eventually fall into a chain net composed of interlocking
stiff rings. This scenario incorporates diverse elements, including
highly stiff thin shells, high-resolution deformable bodies, and a
near-rigid chain net. Our method robustly completes the simulation
despite the numerical challenges brought by large stiffness ratios
and high-frequency impacts. In contrast, VBD, SSD, and Chebyshev
solvers fail to maintain stability and cannot complete the simulation.
Fig. 21 demonstrates the capability of JGS2-GQ in a yarn-level

simulation i.e., the tessellation of the mesh is at the yarn level. A
knitted iPhone pouch consists of 1.2M elements, with each element
assigned a high stiffness (𝐸 = 108Pa) to reflect the nearly inextensi-
ble nature of knitwear. As the iPhone model falls into the pouch, our
method captures the intricate interactions between the cell phone
and the fabric, as well as the dense self-collisions within the knit
structure. JGS2-GQ robustly resolves the intense contact forces and
maintains stable convergence, delivering vivid yarn-level effects
that accurately represent the physical behavior of high-stiffness
textiles.

Finally, we showcase our method’s performance in a large-scale,
high-fidelity scenario as shown in the teaser figure (Fig. 1). Ten puffer
balls, each consisting of 3.8M elements, are dropped into a pumpkin-
shaped container. To test numerical robustness, the orange balls
are assigned a stiffness 20× greater than the green ones, creating a
highly heterogeneous system. As the balls impact the interior and
squeeze through the narrow opening, the elastic bristles generate
massive, dense self-collisions and contact constraints. Even when
integrated with the IPC framework, which is known for its high
computational cost in contact-rich scenes, JGS2-GQ resolves the
entire system of 5.4M DOFs with exceptional efficiency. Our method
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Fig. 17. Brushing Armadillo. Eight Armadillos are fixed on the ground at their feet, subjected to sweeping motions from a brush with 500 bristles. JGS2-GQ
robustly resolves the high-frequency frictional contacts and inter-body collisions as the models sway and hit each another. There are 1.7M DOFs in the test,
and our method uses on average 118 ms to simulate one frame.
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Fig. 18. Armadillos in the bowl. Our method is insensitive to the material
stiffness and time step size. In this example, we drop 8 Armadillos into the
bowl. The red Armadillo has Young’s modulus of 𝐸 = 106Pa while the blue
one has Young’s modulus of 𝐸 = 5 × 105Pa. There are 721K DOFs in this
test, and our method uses equable number of iterations for each time step
Δ𝑡 = 1/30s.

maintains a stable convergence rate, requiring only 742 ms per time
step, effectively bridging the gap between high-fidelity physics and
high-performance GPU simulation.

8.8 Other implementation detail
Our implementation is matrix-free, and the per-node 3×3 Newton is
solved analytically. The overall computational pipeline of JGS2-GQ
is similar to the Jacobi method. Each node 𝑖 maintains its cuboid
set C𝑖 along with the corresponding GQ points and weights. We
restrict the integration order to a maximum of three. Most cuboids
employ a one- or two-point rule according to the policy in Sec. 6.2,
while C0 (𝑖) may use the three-point rule. In practice, we cap the
total number of GQ points for each subproblem at 64 to prevent
GPU load imbalance.
Unlike other GPU-based iterative algorithms, JGS2-GQ is insen-

sitive to material stiffness and performs equally well for both soft
and stiff materials. These properties are not a coincidence. For soft
materials, the perturbation of 𝜕𝝓𝑖

𝜕𝒖𝑖
is smooth and highly localized,

Fig. 19. Multilayer cloths. Three layers of square tablecloths are draped
over a cylinder and subsequently clamped into four deep slots by rigid
pillars. This scenario triggers intense local stretching and complex self-
collision among the layers. JGS2-GQ successfully resolves the high-stiffness
coupling between the cloth and the sharp slot boundaries, maintaining
stable convergence despite the large membrane strains and intricate contact
configurations.

Fig. 20. Slingshot. This figure shows the results of a multi-stage dynamical
simulation with big stiffness disparity and fast-moving impacts. Nine Ar-
madillos are propelled by a high-stiffness “slingshot” shell and hit another
elastic shell on the right before being caught by a nearly rigid-link net.
JGS2-GQ robustly handles the interactions between these heterogeneous
materials, whereas other peer methods (VBD, SSD, Chebyshev) are unable
to complete this simulation.
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(a) Initial setup (c) Back view

(b) Front view

Fig. 21. Knitwear simulation. We show a yarn-level simulation by tessel-
lating the tetrahedron mesh at the yarn threads of a knitted iPhone pouch.
The model is composed of 1.2M elements with high stiffness to model the
inextensibility of the yarn. The knitting structure involves massive self-
collisions and intricate contact with the rigid device. JGS2-GQ achieves
stable, high-fidelity convergence, effectively capturing the characteristic
mechanical response of dense knitwear without any numerical instabilities.

allowing the GQ integration at C0 (𝑖) to accurately capture domi-
nant global information for better convergence. Conversely, stiff
materials also benefit JGS2-GQ because the polynomiality of 𝜕𝝓𝑖

𝜕𝒖𝑖
improves, making lower-degree GQ integration more effective. This
feature stands as a noteworthy advantage of JGS2-GQ over other
GPU-based parallel solvers.
Dirichlet boundary conditions are common in simulation, often

used to fix specific nodes on a mesh. A standard approach is to re-
move the corresponding rows and columns from the system matrix,
and JGS2-GQ accordingly skips local solves for these constrained
nodes. However, since these nodes bear strong constraint forces
to maintain prescribed positions, we still build C0 (𝑖) for them and
include these cuboids in the cuboid sets of other subproblems.

In general, block-descent-like methods such as PD [Bouaziz et al.
2014], XPBD [Macklin et al. 2016], and VBD [Chen et al. 2024b]
prefer small time steps. JGS2-GQ is less sensitive to step size be-
cause each subproblem is globally aware, yet its convergence can
still be substantially improved by a sub-stepping strategy [Macklin
et al. 2019]. A conservative step adds mass-damping to 𝜕𝝓𝑖

𝜕𝒖𝑖
, which

increases its polynomiality effectively. Furthermore, a smaller step
suggests the perturbation is more localized, which enhances the ac-
curacy of the integration at C0 (𝑖). This makes sub-stepping JGS2-GQ
double-rewarding.

9 Conclusion & Limitation
This paper presents JGS2-GQ, a training-free framework for parallel
GPU physical simulation. By replacing data-driven Cubature with
an analytical integration scheme based on 3D GQ, we eliminate the
requirements for offline data generation and pre-computation. We

represent subproblem perturbation fields as discontinuous piece-
wise polynomials, allowing for the direct evaluation of reduced
gradients and Hessians. This approach ensures numerical robust-
ness even when the simulation involves novel deformations that
deviate from typical training sets. Furthermore, we introduce a two-
stage coupling algorithm to handle frictional contacts by dynami-
cally adjusting the perturbation subspace. This method accounts for
both primitive-level collisions and body-level elastic propagation,
maintaining stability under complex contact constraints.

JGS2-GQ also has some limitations. Our current implementation
is designed for meshes with a fixed topology. Because the adaptive
integration regions are constructed based on the initial subproblem
partitioning, the framework does not support simulations involv-
ing topological changes such as fracturing or cutting, which would
necessitate re-initialization of the integration structures. Further-
more, the integration regions are currently restricted to cuboidal
boxes. While efficient, these axis-aligned shapes may not optimally
conform to the curved or irregular boundaries of diverse simulation
models. Extending the framework to support alternative integration
volumes, such as spheres or cylinders, would provide better geomet-
ric alignment with complex organic or mechanical structures.
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